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PREFACE 


While  this  book  presents  a  thoroughly  practical  kind  of 
mathematics,  as  do  also  Books  I  and  II,  it  is  the  purpose  of 
the  book  to  make  the  treatment  sufficiently  formal  to  enable 
the  student  to  appreciate  more  fully  the  nature  of  pure  mathe¬ 
matics.  It  is  only  by  so  doing  that  the  door  of  the  science  can 
be  opened  sufficiently  to  enable  him  to  determine  whether  he 
should  pursue  the  subject  further.  In  Book  I  the  work  in 
arithmetic  was  extended,  the  subject  of  intuitive  geometry 
was  introduced,  and  the  algebraic  formula  was  used  when 
needed ;  in  Book  II  the  work  in  arithmetic  was  continued, 
particularly  as  it  refers  to  the  ])roblenis  of  everyday  life,  and 
such  algebra  as  is  essential  in  various  practical  lines  was  set 
forth ;  and  now  Book  III  offers  a  htting  close  to  an  introduc¬ 
tory  course  in  mathematics  by  extending  the  work  in  practical 
algebra,  by  showing  the  nature  and  some  of  the  practical  uses 
of  trigonometry,  and  by  introducing  the  student  to  the  first 
steps  of  demonstrative  geometry. 

The  student  who  expects  to  eiiter  college  will  iind  that  the 
algebra  given  in  this  series  satisfies  the  recpiirements  in  many 
cases  and  that  even  the  highest  requirements  in  both  algebra 
and  geometry  can  be  met  in  a  year  or  a  year  and  a  half  more. 
The  authors  have  had  in  mind  the  needs  not  only  of  this  class 
of  students  but  also  of  those  students  who  do  not  expect  to 
enter  college  and  yet  who  wish  for  and  are  entitled  to  have  a 
general  survey  of  elementary  algebra,  an  introduction  to  the 
meaning  and  the  practical  uses  of  trigonometry,  and  an  idea 
of  scientific  demonstration  as  it  appears  in  its  most  available 
form,  the  elements  of  geometry. 
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PREFACE 


As  to  sequence,  algebra  has  the  first  place  in  this  book 
for  the  reason  that  the  student  is  already  familiar  with  the 
subject  and  needs  to  use  it  in  the  trigonometry.  Trigonometry 
is  next  studied  for  the  reason  tliat  it  requires  algebra  but 
in  its  first  stages,  whicli  are  here  })resented,  makes  no  use  of 
demonstrative  geometry,  depending  rather  upon  the  intuitive 
geometry  already  studied.  Demonstrative  geometry  comes  last 
for  the  reason  that  it  requires  more  maturity  of  judgment  than 
the  kind  of  algebra  and  trigonometry  given  in  this  book.  It  is 
feasible,  however,  to  carry  the  algebra  and  geometry  parallel 
if  desired,  or  to  reverse  the  order, 

8j)ecial  attention  is  called  to  the  sequence  of  the  work  in 
the  first  steps  in  demonstrative  geometry,  independent  deduc¬ 
tion  preceding  the  formal  ])roof  and  a  large  number  of  practi¬ 
cal  exercises  following  each  ])roposition.  The  exercises  are 
simple  in  their  nature,  as  they  should  be  at  this  early  stage, 
but  they  are  sutficient  to  encourage  that  independence  of  mind 
whicli  is  far  more  valuable  than  a  knowledge  of  a  conventional 
number  of  formal  pro])ositions.  In  the  treatment  of  the  basal 
])ropositions  themselves  an  atteinjit  has  been  made  to  depart 
from  that  extreme  formality  that  is  often  discouraging  to 
students  at  this  stage  of  their  development. 

The  authors  wish  to  express  their  indebtedness  to  Mr.  T.  M. 

(  deland  for  his  artistic  treatment  of  the  full-page  illustrations. 
They  feel  that  these  illustrations  have  not  merely  an  esthetic 
value  but  an  important  educational  value  as  well,  showing  as 
they  do  the  geometric  figures  in  immediate  relation  to  their 
liractical  applications. 
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SYMBOLS  AND  ABBREVIATIONS 


14ie  foil 

owing  are  tlie  most 

im])ortant  symbols  used  : 

-h 

l)lus 

II 

})arallel 

— 

minus 

_L 

perpendicular 

X  or  . 

times 

Z 

angle 

/,  or 

:  divided  by 

A 

triangle 

V 

S(|uare  root  of 

□ 

rectangle 

7dh  root  of 

O 

jiarallelogram 

— 

is  eipial  to,  e(pials, 

st. 

straight 

is  equivalent  to 

rt. 

right 

(r 

square  of  a 

Ax. 

axiom 

c" 

7dli  power  of  a 

Post. 

])Ostulate 

and  so  on 

Ex. 

exercise,  example 

> 

is  greater  than 

Const. 

construction 

< 

is  less  than 

Def. 

definition 

therefore 

Cor. 

corollary 

Symbols  of  ag-gTegution  are  used  as  explained  in  the  text. 

There  is  no  generally  accepted  symbol  for  is  congruent  to.” 
The  sign  =  is  commonly  employed,  the  context  telling  whether 
equality,  equivalence,  identity,  or  congruence  is  to  be  under¬ 
stood  ;  but  some  teachers  use  =,  =,  or  =  for  congruence. 

SUGGESTIOXS  AS  TO  OMISSIONS 

Students  who  have  completed  Books  I  and  II  may  briefly 
review  jiages  1-34  and  begin  their  advanced  work  on  page  35 
In  geometry  they  may  liriefly  review  pages  135-164  and  begin 
with  demonstrative  geometry  on  page  165.  The  more  difiicult 
])ro])ositions  in  tlie  exercises  in  geometry  are  placed  towards  the 
end  of  each  exercise  and  may  be  assigned  to  specially  qualified 
students.  Pages  95-106  and  257-270  may  be  omitted  if  desired. 
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JJOOK  III 

PART  I.  ALGEBRA 

I.  INTRODUCTION 

1.  Nature  of  the  Work.  Students  who  liave  completed 
Books  I  and  1 1  have  learned  the  nature  of  algebra.  They 
have  learned  its  importance  in  the  understanding  of  for¬ 
mulas,  graphs,  and  ecpiations ;  the  use  of  the  negative 
number ;  and  the  applications  of  the  science  to  measure¬ 
ments  of  various  kinds  and  to  the  solution  of  the  problems 
of  arithmetic.  They  are  therefore  prepared  to  undertake 
the  study  of  a  more  advanced  kind  of  algebra. 

Just  as  those  Avho  know  short  methods  in  arithmetic 
can  frequently  obtain  a  result  in  less  time  than  those 
who  do  not  know  them,  so  those  Avho  know  even  the 
first  part  of  algebra  can  often  save  much  time  in  the 
solution  of  problems  in  arithmetic.  Those  who  study 
more  algebra  will  be  still  better  prepared.  Such  students 
will  better  understand  the  formulas  which  they  will  meet 
in  books  and  periodicals  relating  to  mechanical  work, 
domestic  art,  construction,  aviation,  and  similar  subjects, 
ddiey  will  also  be  the  better  able  to  develop  for  themselves 
such  formulas  when  they  need  them. 
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2.  Shorthand  of  Algebra.  Algebra  employs  a  universal 
shorthand  of  great  labor-saving  value.  We  may  not  be  able 
to  read  or  to  speak  a  foreign  language  ;  but  anyone  who 
has  studied  a  little  algebra  and  who  sees  the  expression 

2x-h7=19 

in  a  book  in  such  a  language  knows  exactly  what  it  means 
and  what  he  is  expected  to  do  with  it.  It  is  a  shorthand 
way  of  writing  this  problem :  Find  the  number  which  be¬ 
comes  19  when  7  is  added  to  its  double.  We  may  state 
it  in  other  words  and  in  other  languages,  but  everyone 
in  the  world  who  knows  algebra  knows  its  meaning. 

3.  Rules  in  Shorthand.  Practically  all  of  our  computa¬ 
tions  are  made  without  stopping  to  think  of  the  reasons 
involved.  If  we  wish  to  find  the  area  of  a  rectangle,  we 
simply  multiply  the  length  ))y  tlie  width ;  we  would  waste 
time  if  we  stopped  to  think  of  the  reason,  after  having 
once  understood  it  and  learned  the  rule.  We  may  not 
remember  the  exact  words  of  the  rule  in  the  book  that 
we  studied,  but  we  renieml^er  the  idea. 

We  learned  this  rule  for  finding  the  area  of  a  triangle: 

To  find  the  area  of  a  trianf/le  take  half  the  prodnet  of'  the 
haae  and  heirjht. 

.Vlgebra  enables  us  to  express  this  in  shorthand,  thus: 
A  =  i  hh. 

In  expressing  this  rule  in  shorthand  we  let  A  stand  for 
area,  but  we  may  use  a  small  letter  if  we  prefer.  We  let 
h  stand  for  ha.s-e  and  h  stand  for  hei(fht.  When  a  number 
and  a  letter  or  when  two  letters  have  no  sign  between 
them,  multi})lication  is  always  to  be  understood. 

Thus  u/>  means  n  x  /> ;  2  al)  means  2  X  n  x  t> ;  bh  means  ^  of  x  h. 
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Exercise  1.  Shorthand  of  Algebra 

Examples  1  to  18,  oral 

1.  As  in  §  2,  state  the  meaning  of  the  expression 
3  =  6. 

2.  State  the  meaning  of  the  expression  ^’  +  5  =  17. 

State  the  meatiing  of  each  of  the  folloivimj  expressiois : 

Z.  x-2  =  ^.  5.  Ta:=5.  7.  2:r  +  5=ll. 

4.  a:--2  =  9.  6.  f.r=6.  8.  3:r-5=13. 

9.  If  a  stands  for  5  and  h  stands  for  7,  what  is  the 
value  of  ah  ? 

We  usually  say,  ”  If  a  =  5  and  h  —  7,  then  oh  =  5x7=  do.” 

10.  If  «  =  7  and  h  =  9,  what  is  the  value  of  ah  ? 

If  a  —  d  and  h  —  10,  state  the  value  of  each  of  the  folloivinfi : 

11.  ah.  13,  a-\-h.  15.  h a.  17.  fa. 

12.  f  ah.  14.  h  —  a.  16.  a  h.  18.  ^  h. 

19.  Write  the  following  rule  in  algebraic  shorthand; 
To  find  the  area  of  a  rectangle  take  tlie  product  of  the 

base  and  height. 

20.  If  =  37  and  />  =  42,  lind  tlie  value  of  f  ah. 

21.  If  a=  22^  and  h  =  39,  find  the  value  of  ah. 

22.  If  r  represents  tlie  radius  of  a  circle  and  c  repre¬ 
sents  the  circumference,  express  in  algebraic  shorthand 
this  rule : 

To  find  the  circumference  of  a  circle  take  6^  times 
the  radius. 

23.  Two  of  the  sides  of  a  rectangle  being  a  and  h,  write 
in  algebraic  shorthand  the  rule  for  finding  the  perimeter  2?. 
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4.  Symbols  of  Algebra.  Most  of  the  symbols  used  in 
algebra  are  the  same  as  those  used  in  arithmetic.  The 
most  important  of  these  symbols  are  given  below. 

Addition.  Addition  is  indicaterl  by  the  plus  sign,  +. 

This  is  not  always  the  case.  In  arithmetic  we  write  24  when  we 
mean  2  +  |.  In  algebra  we  write  a  +  4  if  we  wish  to  indicate  the 
simi  of  4  and  some  nnniber  which  we  represent  by  a. 

Subtraction.  Subtraction  is  indicated  by  the  minus 
sign,  — . 

Thus,  a  —  t>  means  that  a  number  indicated  l)y  h  is  to  be  subtracted 
from  a  number  indicated  by  a.  If  a  is  10  and  h  is  o,  then  a  —  h 
means  10  —  d,  and  its  value  is  7. 

Multiplication.  IMultiplication  is  indicated  in  algebra  by 
the  symbol  x,  by  a  dot,  or  by  the  absence  of  a  sign. 

Thus,  the  product  of  two  numbers  which  we  may  re[)resent  by  it 
and  h  may  be  expressed  l)y  A  x  //,  A  •  A,  or  bh.  The  last  of  these  forms 
is  the  one  generally  nsed  in  algebra,  but  in  arithmetic  we  cannot 
write  85  for  8  x  5,  l)ecause  85  means  80  +  5. 

Diviskni.  Division  is  rarely  indicated  in  algebra  by  the 
syndx)l  h-.  The  division  of  a  by  h  is  more  commonly  indi¬ 
cated  ]jy  the  fraction  form,  j ;  for  convenience  in  printing, 

liowever,  it  is  often  indicated  by  a/h  or  by  a:  h. 

Ikjualitt/.  Equality  is  indicated,  as  in  arithmetic,  by  the 
symbol  — ,  read  "  is  ecjual  to  ”  or  equals.” 

For  exanii)le,  in  arithmetic  we  have  2  +  8  =  5.  In  algebra,  if 
a  =  7  and  A  =  1  in  some  }>robleni,  then 

rt  +  A  =  7  +  1=11, 

-  A  =  7  -  1  =  8, 
c/A  =  7  X  1  =  28, 


and 
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5.  Symbols  of  Powers  and  Roots.  In  arithmetic  we  rarely 
use  any  symbols  except  those  given  on  page  4,  but  in  alge¬ 
bra  many  practical  problems  involve  powers  and  roots. 

Poiver.  If  we  multiply  a  number  by  itself,  we  may  in¬ 
dicate  tlie  operation  in  various  ways.  For  example,  the 
product  of  4  and  4  may  be  indicated  by  4  x  4  or  by  4^, 
the  latter  being  read  "  4  square  ”  or  "  4  to  the  second 
IJowerT  In  algebra  we  usually  write  for  na,  while  in 
arithmetic  we  usually  write  4x4  instead  of  4^. 

Idiere  are  other  powers  besides  the  second  power.  Thus, 

aaa  =  read  "  a  cube  ”  or  "  a  to  the  third  power  ”  ; 

xxxx  =  2^,  read  "  x  to  the  fourth  powei’,” 

and  so  on  to  whatever  power  we  wish  to  use. 

The  product  of  two  or  more  equal  factors  is  called  a 
power  of  any  one  of  the  equal  factors. 

In  a  case  like  rd  the  5  is  called  an  exponent. 

If  tliere  is  no  exponent,  the  exponent  1  is  understood  ;  thus,  a  =  (d. 

Boot.  One  of  the  equal  factors  whose  product  is  a  given 
number  is  called  a  root  of  the  number ;  one  of  the  two 
equal  factors  of  a  number  is  called  the  sepinre  root  of  the 
number;  one  of  three  equal  factors,  the  cube  root\  one  of 
four  equal  factors,  the  fourth  root ;  and  so  on. 

We  indicate  the  square  root  of  2  by  the  symbol  V2,  the  cube  root 
of  a  by  the  symbol  fa,  and  so  on. 

Because  3x3=9,  we  see  that  3  is  the  square  root  of  9. 

Because  4^  =  64,  we  see  that  4  is  the  cube  root  of  64. 

Similarly,  ^16  =x/2  x  2  x  2  x  2  =  2,  and  =  m. 

In  a  case  like  Va,  the  n  is  called  the  mdex  of  the  root. 

The  index  2  is  not  written  in  the  case  of  a  square  root. 

A  number  may  not  have  an  exact  root.  Thus  V2  =  4.44  •  •  •,  and 
we  say  that  1.4  is  the  square  root  of  2  to  one  decimal  jdace ;  1.41,  to 
two  decimal  places ;  and  so  on. 
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Exercise  2.  Symbols 

All  work  oral 

1.  What  is  meant  by  the  expression  +  2  ?  What  is 
its  value  when  />  =  5  ?  when  h  =  7  ?  when  />  =  10  ? 

2.  What  is  meant  by  the  expression  n'^  —  7?  What  is 
its  value  when  w  =  10  ?  when  )i  =  20  ?  when  =  30  ? 

3.  What  is  meant  by  tlie  expression  3.r?  What  is  its 

value  when  x  —  7>?  when  ^’  =  10  ?  when  a-  — 1000  ? 

4.  What  is  meant  by  the  expression  ?  What  is  its 

value  when  >a  =  2  ?  when  )i  =  3  ?  when  n  =  10  ? 

State  the  rneaninu  of  each  of  the  following  expressions  and 
state  its  value  when  a  =  10  and  h  —  2: 

5.  a  [  Ir.  7.  a-lf.  9.  alf.  11.  a/XO.  13.  30  :  u. 

6.  8.  1  10.  ",  12.  1  14. 

0  h  h  a  10 

15.  What  is  the  exponent  in  the  expression  2'^?  What 
does  it  indicate  ?  State  the  value  of  the  expression. 

16.  Read  the  expression  and  state  its  value  when 
a.  =  5  ;  when  «  =  6  ;  when  a  =  S  \  when  a  =  10. 

17.  State  the  value  of  nd  when  m  =1  ;  when  m  =  3. 

Notice  that  iiA  =  mmrnm  =  nrnr.  Hence  o'*  =  3“  X  o". 

18.  What  is  the  exponent  in  the  expression  ad  ?  What 
does  it  indicate?  State  the  value  of  2’^  wdien  2^  =  10. 

19.  Read  the  expression  V49,  and  state  its  value. 

A  table  of  square  roots  and  cube  roots  is  given  on  page  280,  and 
may  be  used  at  any  time. 

20.  Read  the  expression  ^16  ;  state  the  index  of  the 
root  and  also  the  value  of  the  expression. 
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6.  Formula.  When  we  state  a  rule  in  the  shorthand  of 
algebra,  we  call  the  expression  ‘dj  formula. 

The  student  is  already  familiar  with  many  rules  used  in 
measuring,  either  from  the  preceding  books  of  this  series 
or  from  arithmetic.  A  few  of  these  rules  will  now  be 
stated,  and  the  formula  will  be  given  under  each. 

The  student  should  be  certain  that  he  understands  how  the 
formula  represents  the  rule. 

AVhile  it  is  better  to  use  initial  letters  in  a  formula,  other  letters 
may  be  used  if  desired. 

There  is  no  general  custom  as  to  using  ca})ital  letters  or  small 
letters.  Each  represents  a  number. 

The  area  of  a  reetanefle  is  equal  to  the  qyroduct  of  the  base 
aud  height.  ^  ___ 

This  means  that  the  number  of  s(piare  units  of  area  is  e(puil  to 
the  product  of  the  number  of  linear  units  of  the  base  by  the  number 
of  linear  units  in  the  height,  and  so  for  other  similar  cases. 

The  area,  of  a.  triangle  is  equal  to  half  the  qyroduct  of  the 
base  and,  height.  ^  _  j 

The  volume  of  a  rectangular  .solid,  is  equal  to  the  qrroduct 
of  the  length.,  width.,  and  height. 

U=  Iwh. 


The  circumference  of  a  circle  is  equal  to  it  times  the  diameter, 
c  =  ird. 


The  ( r reek  letter  TT  (pT)  stands  for  a  number  that  is  ap[)roxima.tcly 
•bllK).  For  common  measurements  we  use  3},  or  for  tt,  and  the 
student  may  do  this  unless  required  to  use  3.1dl(). 

Since  d  is  twice  the  radius,  we  may  write  the  formula  c  =  2  tt/-. 


The  area  of  a  circle  is  equal  to  it  times  the  square  of  the 


radius. 


A  =  'Trr^. 
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Exercise  3.  Formulas 

Write  the  folloiving  rules  as  formulas^  using  initial  letters: 

1.  The  area  of  a  parallelogram  is  equal  to  the  product 
of  the  base  and  height. 

2.  The  area  of  a  square  is  equal  to  the  second  power 
of  a  side. 

This  is  why  the  second  }»ower  of  a  number  is  called  its  square, 
and  similarly  for  the  cube  in  Ex.  3. 

3.  The  volume  of  a  cube  is  equal  to  the  third  power  of 
an  edge. 

4.  The  volume  of  a  cylinder  is  equal  to  the  product  of 
the  height  and  tt  times  the  square  of  the  radius. 

'Ihe  result  is  the  product  of  the  height  and  Trr-.  It  may  l)e  indi¬ 
cated  by  ^7rr“,  but  it  is  customary  to  write  tt  first,  thus  :  7r/?r^,  or  irr-h, 
either  being  proper.  Now  write  the  equation  for  V. 

The  teacher  should  observe  that  only  right  circular  cones  and 
right  circular  cylinders  are  considered  in  this  book. 

5.  The  volume  of  a  pyramid  is  equal  to  one  third  the 
product  of  the  base  and  height. 

6.  The  volume  of  a  cone  is  equal  to  one  third  the  product 
of  the  height  and  tt  times  the  square  of  the  radius. 

7.  The  curve  surface  of  a  cylinder  is  equal  to  the 
product  of  the  height  and  tt  times  the  diameter. 

Use  S  or  C  for  curve  surface. 

8.  The  curve  surface  of  a  cone  is  equal  to  half  the 
product  of  the  slant  height  s  and  tt  times  the  diameter. 

I'lie  slant  height  is  the  length  of  the  slanting  line  from  the  point 
of  the  cone  to  the  circumference  of  the  base. 

9.  The  volume  of  a  sphere  is  equal  to  of  tt  times  the 
cube  of  the  radius. 
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7.  Formulas  and  Rules.  We  have  seen  how  rules  that 
are  already  made  can  be  expressed  much  more  conveniently 
as  formulas.  We  shall  now  proceed  to  make  formulas,  and 
then  to  write  rules  from  these  formulas. 

1.  Write  a  formula  for  the  cost  of  a  certain  number  of 
articles  wlien  tlie  cost  of  one  is  known.  From  the  formula 
thus  obtained  write  a  rule. 

In  all  such  cases  the  articles  are  supposed  to  be  alike  iu  kind 
and  iu  price  unless  the  contrary  is  stated. 

Suppose  that  each  article  costs  d  dollars  and  that  there  are  // 
articles.  Then  n  articles  will  cost  nd  dollars. 

That  is,  the  total  cost  C  is  given  by  the  foruiula 

C  =  nd. 

To  find  the  co.d  of  a  (/icen  nionhor  (f  ort/cles  of  the  .same  hi/uf  niultipl/j 
the  cost  of  ea(dt.  article  hi/  the  namher  of  articles. 

2.  Write  a  formula  for  reducing  yards  to  inches,  and 
then  express  the  formula  as  a  rule. 

Since  iu  1  yd.  there  are  oG  in.,  evidently  i,  the  uiiiuber  of  inches, 
is  8G  times  y,  the  number  of  yards  ;  that  is, 

{  —  GG  )/. 

To  find  the  number  of  inches  in  a  yiren  number  of  yards,  midtiply  the 
number  of  yards  by  36. 

Of  course  in  arithmetic  we  multiply  GG  in.  by  the  number  of  yards, 
but  in  algebra  we  do  not  ordinarily  label  the  numbers. 

3.  In  cooking  a  certain  kind  of  beef  there  should  be 
allowed  a  quarter  of  an  hour  for  every  pound,  and  then 
twenty  minutes  in  addition  to  this.  Express  this  rule  as 
a  formula. 

If  p  is  the  nnml)er  of  pounds  and  t  is  the  time  in  hours,  then,  since 
20  min.  =  h  hr., 

^  =  ip  +  i- 

The  number  of  hours  required  to  cook  this  kind  of  beef  is  found  by 
dividing  the  number  of  pounds  by  4  and  then  adding 
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Exercise  4.  Formulas  and  Rules 

Write  formulas  and  rules  for  finding  the  folloiving : 

1.  The  number  of  nickels  equal  in  value  to  a  given 
number  of  dollars. 

2.  The  number  of  dollars  equal  in  value  to  a  given 
number  of  nickels. 

3.  The  cost  of  each  article,  given  the  total  cost  and 
the  number  of  articles. 

4.  The  number  of  inches  in  a  given  number  of  feet 
and  inches. 

Let  n  be  the  number  of  inches  required,  f  the  given  number  of 
feet,  and  i  the  given  number  of  inches. 

5.  The  number  of  pounds  in  a  given  number  of  ounces. 

6.  John’s  age,  it  being  known  that  he  is  28  yr.  younger 
than  his  father,  and  his  father’s  age  being  known. 

].et  ./  represent  the  nund)er  of  years  in  John’s  age,  and  F  the 
nnnd)er  of  years  in  his  father’s  age. 

7.  The  profit  that  a  grocer  makes  on  a  certain  number 
of  eggs,  the  profit  per  dozen  being  known. 

8.  The  cost  of  an  excavation  I  feet  long,  tc  feet  wide, 
and  d  feet  deep,  at  c  cents  per  cubic  yard. 

9.  The  cost  C  of  keeping  house  one  week  for  n  persons 
at  1 2. 75  per  person  and  t7.50  for  general  expenses. 

10.  The  cost  of  running  the  schools  of  a  city,  given  the 
average  cost  per  jtupil  and  the  number  of  pupils. 

11.  The  cost  of  coal  for  the  schools  of  a  city,  given  the 
cost  per  ton  and  the  number  of  tons. 

12.  The  number  of  cubic  feet  to  be  allowed  for  a  room 
in  a  new  school  building,  the  number  of  pupils  and  the 
number  of  cubic  feet  per  pupil  being  known. 
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8.  Parentheses.  The  area  of  a  trapezoid  is  equal  to 
half  the  product  of  the  height  multiplied  by  the  sum  of 
the  bases.  It  we  try  to  express 
this  rule  as  a  formula,  we  find  h' 

that  we  need  another  symbol ;  for 
if  we  use  h  to  represent  the  height, 
b  and  1/  (read  "  b  prime  ”)  the  bases, 
and  A  the  area,  we  have 

A  —  ^lbX  the  sum  of  b  and  b'. 

This  is  an  awkward  expression,  and  therefore  we  use 
parentheses  to  assist  us,  thus : 

A=^  h(J)  +  />'). 


This  means  that  the  operation  indicated  within  the 
parentheses  is  to  be  performed  first. 

For  example,  a{J)  +  c)  means  a  times  the  sum  of  h  and  c,  while 
ah  +  c  means  that  c  is  added  to  the  product  of  a  and  h.  If  a  =  2,  h  ■=^  5, 
and  c  =  3,  then 

a  (!)  +  c)  =  2  X  (5  +  3)  =  2  X  8  =  16, 
and  ah  +  c  =  2  x  5  +  3  =  10  +  3  =  13. 


Sometimes  we  need  to  mclose  parentheses  within  paren¬ 
theses,  thus:  a(l) -\- (^c  —  a)').  In  such  a  case  we  avoid 
confusion  by  using  brackets  for  the  outside  parentheses, 
thus:  +  ((?  —  «)]. 

Occasionally  we  use  other  symbols  for  this  purpose. 
Thus,  the  following  all  have  the  same  meaning :  (a  +  b')  x, 
[a  +  />]  X,  {a  +  x^  and  a -]-bx. 

Usually,  however,  the  parentheses  answer  all  purposes, 
because  we  do  not  often  need  very  complicated  expressions. 

Such  symbols  as  these,  used  to  collect  certain  terms, 
are  called  symbols  of  aggregation.  The  word  farentlieses  is 
often  used  to  mean  all  kinds  of  symbols  of  aggregation. 
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9.  Order  of  Operations.  In  our  study  of  algebra  we  are 
beginning  to  meet  with  expressions  that  are  sufficiently 
complicated  to  re({uire  that  we  should  know  the  order 
in  which  the  indicated  operations  are  to  be  performed. 
Unless  we  do  this  we  sliall  not  know  whether  in  such 
an  expression  as  4  -1-  8  h-  2  x  we  are  first  to  add  4 
and  8,  or  first  to  divide  8  by  2,  or  first  to  perform  some 
otlier  operation. 

44ie  order  in  whieii  tlie  operations  are  to  be  performed  is 
a  matter  of  agreement  among  matliematicians.  Tliis  agree¬ 
ment  is  substantially  tliat  this  oivler  is  to  be  followed: 

1.  J^oirers  and  rootH. 

2.  Multiplications  and  divisions  in  the  order  they  occur. 

3.  Additions  and  suhtraetions  in,  the  order  they  occur. 

Idle  above  order  may  be  modified  by  the  use  of  paren¬ 
theses,  the  o[)erations  indicated  within  the  parentheses 
taking  the  precedence. 

'rims,  4  -I-  8  2  X  I)-  4  +  S  2  X  U 

=  4  -r  4  X  !  ) 

=  4  -f-  o(J 
=  40, 

while  (4  -r  8)  -e  (2  X  :>-)  =  12  -e  (2  x  !)) 

=  12  -  18 


O 

tf* 


The  fraction  bar  not  only  indicates  division  but  it  also 
has  the  force  of  parentheses. 


'rims  (I  + 


h  4- 
d 


means  that  h  is  first  to  he  added  to  e,  this  sum  is 


then  to  he  divided  hy  d,  and  the  quotient  is  to  he  added  to  a.  If 
u  =  ‘2,  t>  =  7,  (■  =  8,  and  d  =  5,  we  have 
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Exercise  5.  Order  of  Operations 

Kjcamples  1  to  30,  omt 

Slate  the  value  of  each  of  the  foUo'/vin;/  ej-j>res-slo)(i< : 


1. 

2‘^  +  3. 

6.  3  +  2x5. 

11. 

52-10-^2. 

2. 

2  +  3^. 

7.  (3  +  2j  X  5. 

12. 

(5-^ -10)  ^2, 

3. 

(2  +  3/. 

8.  8  +  4^2. 

13. 

2  +  VYb  -  3. 

4. 

2  X  32. 

9.  (8+4j)+2. 

14. 

2  +  V2.5  - 

5. 

(2  X  3)^. 

10.  8^2  +  4. 

15. 

82  +  1/8+1. 

If 

r.  =  fb  =  l. 

c  —  2,  state  the  values 

of  the  following : 

16. 

a^  +  h. 

21.  a  +  h  c. 

26. 

afh  +  c). 

17. 

a  —  c\ 

22.  (rt  +  /))-r-(7. 

27. 

ah  +  c. 

18. 

{a  —  (j)2. 

23.  Va  +  5A 

28. 

a  —  c  —  h. 

19. 

v/  +  12. 

24.  Vrt  +  5A 

29. 

a  -  (,.  _  /,). 

20. 

Va  +  12. 

25.  (/>  +  (’)  (7,. 

30. 

a  —  (c  +  h). 

If  a  =  9,  h  =  S, 

c  —  32,  find  the  vahies  of  the  following  : 

31. 

V~a3-^lu 

35.  'Ve  -f 

39. 

c  —  a  —  h. 

32. 

V(i  + 

36.  ld-~cI-\, 

40. 

c  —  fa  —  hf 

33. 

- 1 

41. 

a  ~t~  h  -)—  c 

c 

h 

7 

34. 

- h  a. 

c 

»■ 

42. 

h  c 
a  + 1 

Taking  the  value  of  n  as  given,  and  using  the  table  of  roots 
on  page  280  ivhen  necessary ,  find  the  value  of  each  of  the  follow¬ 
ing  expressions,  carrying  the  result  to  three  decimal  places  : 

43.  n=l,  15,  30.  45.  n=%  5,  17. 

44.  4  Vw  ;  n  =  5,  20,  32.  46.  rd^n',  =  4,  6,  15, 
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10.  Equation.  When  we  state  the  formula  fcu’  the 
circumference,  ^ 

C  =  7T((j 

we  assert  tliat  a  is  ecjual  to  and  we  may  therefore 
think  of  the  formula  as  an  equation. 

Ill  this  case  e  is  the  Jirst  vieinher  of  the  equation  and 
ird  is  the  second  memher. 

We  also  S})eak  of  the  members  of  an  equation  as  the  sides  of  the 
ecqiation,  using  either  "members  ”  or  "sides  ”  as  we  prefer. 

If  we  know  the  diameter  of  a  circle,  we  can  find  the 
circumference  from  this  formula.  If  we  know  the  circum¬ 
ference,  it  is  often  necessary  to  find  tlie  diameter.  This 
can  easily  be  done ;  for,  evidently,  if  we  divide  equal 
numbers  by  the  same  number,  the  results  will  be  equal. 
We  therefore  divide  these  two  ecjuals  by  tt  and  we  have 


TT 


AVe  must  remember  that  tt  =  approximately,  so  that  we  have 
r  —  d,  or  2% 

For  those  who  have  studied  Book  II  of  this  series  the  above  solu¬ 
tion  will  be  easily  understood.  Others  will  see  from  it  the  necessity 
for  studying  the  equation,  and  for  them  the  subject  must  l)e  treated 
in  the  simple  manner  shown  on  jtages 

11.  Unknown  Quantity.  In  the  equation  x  =  7rd  we  can 
liiid  the  value  of  x  if  we  know  the  value  of  d.  In  this 
case,  d  is  a  knofcn  quantitji  because  it  is  stated  that  "  we 
know  the  value  of  d,'’  and  x  is  an  utiknown  qiiantity. 

d'he  unknown  quantity  is  often  called  the  nnknoien. 

Idle  finding  of  the  value  of  the  unknown  quantity  is 
called  the  solution  of  the  equation.  When  this  value  is 
found,  the  equation  is  solved,  and  the  value  itself  is  often 
called  the  solution  of  the  equation. 
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12.  Letters  used  in  Equations.  In  the  equation  e  =  ird 
we  have  used  initial  letters,  and  this  is  a  common  cnstom. 
When  it  is  not  convenient  to  use  initials  the  letter  x  is 
generally  used  for  the  nnknown  quantity. 

In  the  case  of  easy  equations  we  can  often  state  at 
sight  the  value  of  the  unknown  quantity.  Tims,  if 

.r  +  5  -  9, 


we  see  at  once  that  x  =  4,  becanse  4  +  5  =  9. 

20  4 

Similarly,  if  —  =  5,  then  -  =  1,  and  so  x  must  be  4. 

X  X 


Ill  the  following  exercise  the  students  are  siin])ly  ex]»ecte(l  to  use 
their  judgment,  iinhain})ered  by  any  idea  of  formal  axioms. 


'  Exercise  6.  Solving  Equations  at  Sight 

^tate  at  sight  the  value  of  the  uriJoiown  quantitg  in  each 
of  the  following  equations  : 


1. 

a;  +  5  =  8. 

13. 

7a^  =  14. 

25. 

4 

o 

tH 

11 

o 

CM 

2. 

X  +  3  =  5. 

14. 

7  a;  =  35. 

26. 

30  =  3  a-. 

3. 

:r  +  9=12. 

15. 

8  a;  =  24. 

27. 

40  =10  a’. 

4. 

a;  +  7  =  15. 

16. 

9  X  =  90. 

28. 

30  a-  =  30. 

5. 

a;  —  1  =  1. 

17. 

+  8  =  1  8. 

29. 

12  a;  =  24. 

6. 

a^  -  5  =  2. 

18. 

8  +a— 10. 

30. 

100  =10  a-. 

7. 

rr-7=8..  , 

19. 

a:-4=ll. 

31. 

500  =  5  a-. 

8. 

a:-10  =  8. 

20. 

9  ~  a^  =  1. 

32. 

25  a:  =50. 

9. 

2a:  =  6. 

21. 

3  a;  =  300. 

33. 

25  a:  =  75. 

10. 

3. a:  =  15. 

22. 

10  a;  =  300. 

34. 

100  a:  =  50. 

11. 

i*  =  7. 

23. 

-|-a;  =  10. 

35. 

T^=2. 

12. 

Ur 

X 

24. 

E  =  5. 

X 

36. 

1^  =  10. 

X 
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13.  Axioms.  In  solving  tlie  equations  on  page  15  no 
explanation  was  necessary,  the  solutions  ])eing  quite 
eviflent.  What  is  really  done,  however,  is  to  consider  the 
two  e([nal  inem])ers  as  just  balancing,  thus: 

X  +  5  8 

- ^ - 

^  +  5  jnst  l)alances  8 

It  is  evident  that  if  we  take  5  from  each  of  these  two 
ecpials,  the  results  will  jnst  balance  ;  that  is, 

.r  jnst  balances  8  —  5, 
or  .r  =  o. 

In  this  case  we  have  assumed  that  if  equals  are  sub¬ 
tracted  from  equals,  tlie  remainders  are  equal. 

Such  a  common-sense  statement  is  called  an  axiom. 

ddie  axioms  needed  at  present  are  as  follows : 

1.  If  equals  are  addeel  to  equals,  the  sums  are  equal. 

'that  is,  4=4 

Adding  4  =  4 

we  have  7  =  7 

2.  If  equals  are  suhtraeted  from  equals,  the  irmainders 
are  eipial. 

44iat  is,  7  =  7 

Subtracting  4=4 

we  liave  4  =  4 

8.  If  equals  are  multiplied  hy  equals,  the p>roducts  are  equal. 

Tlie  student  should  illustrate  axioms  4  and  4  as  above,  taking 
!)  =  0  and  multiplying  each  meml)er  of  the  e(piation  by  4  and  also 
dividing  each  member  by 

4.  If  equals  are  divided  hy  equals,  the  quotients  are  equal. 
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Exercise  7.  Uses  of  Axioms 

Exam 2)1 6S  1  to  6,  oral 

1.  If  3  a:  =  15,  what  is  the  value  of  AVhat  axiom 
is  used  in  finding  the  value  ? 

2.  If  ^x  =  l^  what  is  the  value  of  x‘l  What  axiom 
is  used  in  finding  the  value  ? 

3.  If  a:  — 7=10,  what  is  the  value  of  2-?  A¥hat  is 
added  to  x  —  1  to  make  x  ?  AVhat  must  then  be  added 
to  10  ?  AVhat  axiom  is  used  in  finding  the  value  ? 

4.  If  X  +  8  =18,  what  is  the  value  of  2??  AVhat  axiom 
is  used  in  finding  the  Audue  ? 

5.  If  2.r  +  3  =  13,  what  is  the  value  of  2;r?  AVhat 
axiom  is  used?  If  2:r  =  10,  Avhat  is  the  value  of  .r? 
Wliat  axiom  is  used  in  finding  the  value  ? 

6.  If  -|.c  — 4  =  5,  what  is  the  value  of  — 4  +  4, 
or  jx?  AVhat  must  then  be  done  to  find  the  value  of  3.^’? 
AVliat  must  then  be  done  to  lind  the  Amine  of  x?  AVhat 
axiom  is  used  in  each  ease  ? 

Ei/id  the  value  of  x  in  each  of  the  following  equations^ 
stating  the  axiom  or  axiotns  used : 


7. 

5  a:  =  75. 

16. 

I- 

=  9. 

25.  ;^’  +  17  —  17. 

8. 

9  a;  =  333. 

17. 

=  16. 

26.  2.f:  +  9  =  27. 

9. 

17^  =  102. 

18. 

I- 

=  15. 

cs 

1 

11 

p 

10. 

|2:=3. 

19. 

=  24. 

28.  22  -  7  =  15. 

11. 

2+  ^  _  01 

10  - ^-L. 

20. 

1- 

=  90. 

29.  ^.r  +  4  =  9. 

12. 

oJL_  ^  _  01 

X - 1. 

21. 

8 

10 

,r  =  90. 

30.  f2’-2  =  7. 

13. 

2.8  2:  =  19.6. 

22. 

0.4 

2- =  1.6. 

31.  §2:  +  3  =  28. 

14. 

7.4  2’=  22.2. 

23. 

0.9 

2’  =  8.1. 

32.  3§2:-7  =  5. 

15. 

8|x=52. 

24. 

0.6 

2^=21. 

33.  -f^x-l  =  9. 
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14.  Simple  Equation.  An  equation  wliicli  contains  the 
first  power  and  no  higher  power  of  the  unknown  quantity 
is  called  a  simple  equation. 

A  simple  equation  is  also  called  a  linear  ei/iiation  or  au  equation  of 
the  first  degree. 

15.  Identity.  An  equation  which  is  true  for  any  value 
whatsoever  of  any  letter  or  letters  is  called  an  identity. 

For  example,  {a  +  —  cr  +  2  «/>  +  Id  is  an  identity,  for  it  is 

true  whatever  values  we  give  to  a  and  h. 

An  equation  involving  only  known  numbers,  like  o  +  7  =  10,  is 
also  called  an  identity. 

An  identity  is  sometimes  expressed  by  the  symbol  =,  as  in 
2’“  +  y"  =  read  +  if  is  identical  to  if  + 

16.  Root  of  a  Simple  Equation.  The  quantity  that  sub¬ 
stituted  for  the  unknown  quantity  reduces  a  simple  equa¬ 
tion  to  an  identity  is  called  the  root  of  the  equation  and 
is  said  to  satisfy  the  equation. 

Thus,  if  a:  -1-  3  =  7,  we  see  that  x  =  4  ;  that  is,  4  is  the  root  of  the 
equation  and  it  satisfies  the  equation. 

If  nx  =  rd  and  we  consider  x  as  the  unknown  quantity,  we  divide 
both  members  by  n  and  we  then  see  that  x  =  n.  Hence  n  is  the  root 
of  this  equation. 

17.  Transposition.  Suppose  that  we  have  to  solve  tlie 
equation 

If  we  add  7  to  each  member,  we  have 
.r-7  +  7  =  18+7, 
or  .r  =  1 8  +  7. 

We  then  say  that  we  have  transposed  7. 

The  word  "transpose  ”  is  evidently  not  necessary,  since  we  can  use 
"  subtract  ”  or  "  add  ”  in  its  stead,  but  it  is  a  word  that  is  commonly 
employed  in  algebra. 
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18.  Illustrative  Problems.  1.  Six  times  a  certain  number 
is  54.  Find  the  number. 


Let 

X  =  the  -numl)er. 

Then 

G  X  =  six  times  the  number. 

But 

54  =  six  times  the  number. 

Therefore 

6  X-  =  54. 

Dividing  by  6, 

:r  =  9.  Ax.  4 

Therefore  the  required  number  is  9. 

Check.  Substituting  iu  the  statement  of  the  problem,  6  x  9  =  54. 
2.  Nine  times  a  certain  number  is  equal  to  the  number 


increased  by  96. 

Let 

Find  the  number. 

X  =  the  nund)er. 

Then 

9  x  =  nine  times  the  number, 

and 

X  +  96  =  the  nundjer  increased  by  96. 

Therefore 

9  X  =  X  +  96. 

Subtracting  x, 

S  X  =  96.  Ax.  2 

Dividing  by  8,  x  =  12.  ,  Ax.  4 

Therefore  the  required  number  is  12. 

Check.  Substituting  in  the  statement  of  the  problem, 

9  X  12  =:  12  +  96. 

3.  The  sum  of  two  numbers  is  87,  and  one  of  them  is 
nine  more  than  three  times  the  other.  Find  the  numbers. 


Let 

X  =  the  smaller  number. 

Then 

3  X-  +  9  =  the  larger  number. 

Therefore 

3  X  +  9  +  .r  =  3  / . 

Combining, 
Subtracting  9, 
Dividing  by  4, 

4  X  +  9  =  37. 

4  X  =  28.  Ax.  2 

X  =  7.  Ax.  4 

Then  3  x’ +  9  =  3x7  +  9=  30. 

Therefore  the  required  numbers  are  7  and  30. 
Check.  7  +  30  =  37,  and  30  =  3  X  7  +  9. 
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Exercise  8.  Problems 

1.  Five  times  a  certain  number  is  equal  to  15,145. 
Find  the  number. 

2.  Five  times  a  certain  number  is  equal  to  the  same 
number  increased  by  16.  Find  the  number. 

3.  If  from  seven  times  a  certain  number  we  subtract 
2,  the  result  is  51.  Find  the  number. 

4.  If  to  nine  times  a  number  we  add  7,  the  result  is 
106.  Find  the  number. 

5.  The  sum  of  two  numbers  is  18,  and  one  of  them  is 
four  more  than  the  other.  Find  the  numbers. 

6.  Tlie  sum  of  two  numbers  is  57,  and  one  of  them  is 
two  more  than  ten  times  the  other.  Find  the  numbers. 

7.  The  difference  between  two  numbers  is  6,  and  one 
of  them  is  four  times  tlie  other.  Find  the  numbers. 

8.  One  of  two  numbers  is  jIq  of  the  other,  and  the 
sum  of  tlie  numbers  is  88.  Find  the  numbers. 

9.  One  of  two  numbers  is  10%  of  the  other,  and  the 
difference  between  the  numbers  is  153.  Find  the  numbers. 

10.  If  we  divide  180  by  a  certain  number,  the  (|uotient 
is  36.  Find  the  number. 

If  =  o(),  what  two  o})erations  are  necessary  in  order  to  find 

the  value  of  x?  What  axioms  are  used? 

11.  If  we  divide  182  by  a  certain  number,  the  quotient 
is  45.5.  Find  the  number. 

12.  One  student  asked  another  to  think  of  a  number, 
multiply  it  by  7,  add  4,  add  twice  the  original  number, 
subtract  2,  subtract  nine  times  the  original  number,  and 
gave  tlie  result  as  2.  How  did  he  know  the  result  ? 

13.  Hake  a  puzzle  problem  like  the  one  given  in  Ex.  12. 
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19.  Further  Uses  of  Axioms.  In  Exercise  7  the  axioms 
chiefly  used  were  those  of  subtraction  and  division,  although 
some  use  was  made  of  the  axiom  of  multiplication.  In 
actual  work  with  practical  formulas  all  four  axioms  are 
needed,  as  will  be  seen  in  the  following  solutions : 

1.  From  the  formula  IF  —  25  c  =  h,  hud  a  formula  for  IF. 
Adding  25  c  to  eacli  niend^er,  we  have 

]F=5  +  25r,  Ax.  1 

for  it  is  easily  seen  that  IF  —  25  c  +  25  c  is  the  same  as  TF. 

This  is  a  formula  which  may  he  used  in  finding  the  weight  of  a 
box  containing  25  cans,  the  weight  of  the  emjhy  box  being  5  })Ounds 
and  the  weight  of  eacli  can  being  c  ])onnds.  Similarly,  the  other 
formulas  given  on  tliis  page  have  practical  uses,  although  we  are  not 
at  present  concerned  witli  the  nature  of  these  uses. 

2.  From  the  formula  TF=  ^  +  ne,  find  a  formula  for  A 
Subtracting  nc  from  each  member,  we  have 

IF  —  nc  =  />,  Ax.  2 

or  5  =  IF  —  //(’, 

since,  in  an  equation,  we  may  evidently  interchange  the  two  members. 

3.  From  the  formula  f  =  F/.%  find  a  formula  for  F. 

Multi]  )lying  each  member  by  .s’,  we  have 

ts’  =  F,  Ax.  3 

or  F=  ts. 

4.  From  the  formula  f  =  (F—  40) /s,  find  a  formula  for  s. 

IMultiplying  each  member  l)y  s,  we  have 

?,>^  =  F-40.  Ax.  3 

Dividing  each  mend:>er  by  f,  we  have 

F  -  40 


f 


Ax.  4 
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20.  Formulas  used  in  Industries.  The  formulas  given 
in  the  following  exercise  are  all  used  in  various  industries. 
It  is  not .  necessary  for  our  present  purposes  to  explain 
the  meaning  of  each  formula,  but  it  suffices  to  say  that  the 
formulas  re})resent  real  eases. 

Exercise  9.  Formulas  used  in  Industries 

Criven  the  following  formulas^  derive  the  formulas  required^ 
and  state  the  axiom  used  in  each  step : 

1.  T=WV‘^lolL.f  a  formula  used  in  connection  with 
the  pulley.  Derive  a  formula  for  TC. 

2.  From  the  formula  in  Ex.  1  derive  a  formula  for  V, 

3.  3|-(if  +  r)  +  !2  (/,  a  formula  used  in  connection 
with  a  crossed  belt  on  two  pulleys.  Derive  a  formula  for  d. 

4.  From  the  formula  in  Ex.  3  derive  a  formula  for  B. 

5.  H.  P.  =  I>^Ny2.534,  a  formula  used  in  connection 
with  power  boats.  Derive  a  formula  for  N. 

In  this  case  II.  P.  stands  for  horse  power  and  should  he  consid¬ 
ered  as  a  single  letter. 

6.  From  the  formula  in  Ex.  5  derive  a  formula  for  D. 

7.  T—  33,000  II.P./27rr>S',  a  formula  used  in  connection 
with  revolving  sliafts.  Derive  a  formula  for  S. 

See  the  note  under  Ex.  5. 

8.  JT  =  0.02iirV64.4  D,  a  formula  used  in  connection 
with  pumps.  Derive  a  formula  for  V. 

9.  7y2”  —l)=  IF,  a  formula  used  in  connection  with 
pulleys.  Derive  a  formula  for  P ;  for  2". 

10.  >S'D  =  n  JV  X  33  X  10^,  a  formula  used  in  connection 
witli  steel  springs.  Derive  a  formula  for  IF;  for  r. 
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21.  Graph  of  a  Formula.  On  page  9  the  formula  derived 
for  the  cost  of  n  articles  at  d  dollars  each  was 

nd. 

d'aking  some  particular  value  for  c?,  say  1^,  the  formula 
becomes 

it  being  the  custom  to  write  the  number  before  the  letter. 

If  we  give  different  values  to  we  can  hud  the  cor¬ 
responding  values  of  C\  as  shown  in  the  following  table: 


n  = 

0 

1 

0 

0 

0 

4 

5 

6 

0 

L 

01 

^  0 

n 

5 

We  may  now  represent  the  formula  by  a  figure.  Taking 
paper  ruled  in  squares  as  liere  shown,  we  mark  the  values 
of  n  on  the  line  marked  axis  of  n,  and 
the  corresponding  values  of  C  on  the  lines  7 
drawn  perpendicular  to  tliis  axis.  That  ^  5 
is,  when  n=  1,  C=  1;^,  so  we  make  a  dot  |  3 
or  a  small  circle  units  above  the  axis  ^ 
of  n  and  1  unit  to  the  right  of  the  axis 
of  C ;  when  n  =  2,  C  —  2^-,  so  we  make 
a  dot  or  a  small  circle  2^  units  above  the 
axis  of  n  and  2  units  to  the  right  of  the  axis  of  and 
similarly  for  other  values  of  n. 

Connecting  these  points,  we  have,  in  this  case,  a  straight 
line  which  is  called  the  (jraph  of  the  equation  C= 

If  we  wish  to  lind  the  value  of  C  when  n  =  7,  we  may 
simply  extend  the  graph  and  see  where  it  cuts  the  perpen¬ 
dicular  from  the  point  7  on  the  axis  of  n. 

If  necessary  the  teacher  should  explain  the  axis  of  C.  The  im¬ 
portance  of  graphs  should  be  explained  as  in  Book  II  of  this  series. 
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22.  Curve  Graph.  (Iraplis  are  not  always  straight  lines ; 
indeed,  they  are  generally  not  straight  lines  except  when 
both  letters  are  of  the  first  power  (§  5). 

Consider,  for  example,  the  graph  of  the  important  formula 
for  the  area  of  a  circle, 

A  =  irr^. 


Since  we  may  take  3y  for  tt,  this  formula  becomes 
A  =  ^ 

Giving  to  /•  various  values,  we  have  this  tal)le : 


/•  = 

0 

1 

2 

o 

4 

J  = 

0 

oy 

12  i 

28  4 

503 

Since  the  values  of  A  increase  very  rapidly,  we  may 
take  a  different  unit  in  measuring  on  the  axis  of  A,  or 
the  .4-axis.  Letting  one  space  represent  10  units  on  the 
.4 -ax is,  we  have  the  graph  here  shown.  This 
line  is,  then,  the  graph  of  the  equation 
A  =  31  rl 

If  the  same  unit  were  taken  on  the  axis  of  .1  as  on 
the  axis  of  r,  the  figure  would  l)e  ten  times  as  high  as 
this  one,  l>ut  the  general  nature  of  the  graph  would  he  the  same. 
Students  shoidd  use  their  judgment  as  to  taking  different  units; 
if  the  numhers  are  all  small,  the  same  unit  should  be  used.  In  most 
of  the  examples  given  in  this  elementary  presentation  of  the  subject 
the  same  unit  can  be  used  for  both  axes.  In  Exs.  9  and  10  on  page  25, 
however,  it  is  legitimate  to  use  different  units. 

For  example,  if  the  equation  were  P  =  r  u-,  we  should  have 


0  12  3  4 


71  = 

0 

1 

2 

3 

4 

P  = 

0 

1 

2 

2 

41 

8 

In  this  case  we  could  easily  use  the  same  unit  for  both  axes. 
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Exercise  10.  Graphs 

Represent  hy  yraphs  tJte  folloiving  fornmlas : 

1.  A=^h.  2.  A  =  ^  li.  3.  G  =  3  d.  4.  n  =  5  c. 

5.  Represent  by  a  graph  the  equation  A='2e  and  from 
the  graph  determine  the  value  of  A  when  e  =  2^ ;  when 

=  3^  ;  when  c  — 

This  is  done  by  measuring  the  distance  to  the  graph  from  the 
points  2^,  and  4^  on  the  c-axis. 

6.  Draw  the  graph  of  e  =  ^t.  From  the  graph  deter¬ 
mine  the  value  of  e  when  ^  =  3^ ;  when  t  ==  4^. 

7.  Represent  grapliically  the  equation  2- -f  3  From 
the  graph  determine  the  value  of  y  Avhen  a’ = 

Three  different  expressions  relating  to  the  drawing  of  graphs 
have  been  used  in  Exs.  5-7,  and  tlie  student  should  become  familiar 
with  each  of  them. 

8.  In  a  eertain  shop  the  workmen  receive  45 per 

hour;  that  is,  ir=0.45A,  where  IF  is  the  total  amount  of 
a  man’s  wages  and  li  is  the  number  of  hours  he  works. 
Draw  a  graph  of  the  formula  for  A  =  0,  1,  •  •  8.  From 

the  graph  determine  his  wages  for  3  hr.;  5  hr.;  7  hr.; 
21  hr.;  31  hr.;  5^  hr. 

The  student  should  now  see  that  he  can  save  time  and  labor  by 
first  letting  h  =  0,  then  letting  h  =  8,  and  joining  the  corresponding 
points  for  IF  by  a  straight  line.  This  could  not  be  done  if  IF  and 
li  were  not  both  of  the  first  power. 

9.  Draw  a  graph  of  the  formula  >S^  =  4  tt A  F'rom  the 

graph  find  the  approximate  value  of  S  when  r  =  ;  when 

r  =  £ ;  when  r  =  4^ ;  when  r  =  1^. 

10.  Draw  a  graph  of  the  formula  V=f'7rr^.  From  the 
graph  find  the  approximate  value  of  F  when  r  =  ^. 
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23.  Function.  In  the  formula  for  the  circumference  of 
a  circle,  c  =  ird^  we  see  that  c  has  different  values  as  d 
takes  different  values.  That  is,  if  d  =  1,  c  =  3y  ;  if  =  2, 
6' =  6|- ;  if  (Z  =  3,  c  =  9^;  and  so  on.  In  other  words,  c 
depends  on  d  for  its  value. 

When  one  quantity  depends  on  another  for  its  value, 
it  is  said  to  be  di  function,  of  that  other  quantity. 

In  the  case  of  .1  =  tt/--,  O  is  a  function  of  r ;  in  the  case  of  C  —  nd, 
C  is  a  function  of  both  n  and  d. 

In  the  case  of  A  =  irr^,  r  is  also  a  function  of  A,  for 


so  that  as  A  changes  in  value,  r  also  changes.  Similarly,  in  the  case 
of  c  =  TTc/,  d  is  a  function  of  c. 

In  every  example  in  arithmetic  we  found  that  the  result 
depended  on  some  other  quantity  given  in  the  example ; 
in  other  words,  the  examples  in  arithmetic  illustrate  the 
great  importance  of  functions  in  mathematics. 

tt'  e  may  say,  "  tVe  will  buy  it  if  we  have  the  money,”  the  act  of 
buying  depending  upon  the  amount  of  money  we  have.  In  the  same 
way  we  say  in  algebra,  ”  The  circumference  of  the  circle  is  3p  if 
the  diameter  is  1,”  the  circumference  depending  on  the  diameter. 
Likewise,  we  say,  "  The  man’s  wage  will  be  $I  to-day  if  he  receives 
50^  })er  hour  and  works  8  hr.  that  is,  the  wage  for  the  day  is  a 
function  of  the  wage  per  hour  and  also  of  the  number  of  hours. 

To  express  the  fact  that  W  is  a  function  of  we  write 
W  =  f(x)  and  read  this,  "  7U  is  a  function  of  x.” 

If  2^  is  a  function  of  y  and  we  write  x=f(^y,  z) 
and  read  this :  "  x  is  a  function  of  y  and  2.” 

IMathematics  is  largely  a  science  of  functions.  It  is  not  necessary 
to  make  frequent  use  of  the  word  ”  function  ”  or  of  the  symbols 
f(x)  and  /’(//,  ~),  but  it  is  advantageous  to  have  the  idea  well  fixed 
in  mind,  particularly  if  the  student  is  to  take  up  the  study  of 
trigonometry  as  presented  in  Part  II  of  this  book. 
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Exercise  11.  Functions 

Examples  1  to  4,  oral 

In  each  of  the  following  formulas  state  one  letter  that  is  a 
function  of  another : 

1.  6'  =  2  7rr.  2.  V=:e\  3.  U  =  |  irr\  4.  >S'  =  4  irr^ 

Dra^v  graphs  of  the  following  formulas  : 

5.  d  =  10  t'.  6.  N  =  6  .S‘.  7.  A  =  8.  A  =  (3  s\ 

From  each  of  the  follmving  formulas  derive  a  formula  for 
X,  and  then  write  a  statement  that  x  is  a  function  of  some 
special  letter : 

bx  =  l  y.  10.  H- 3  =  j/ +  8.  11.  2x4-7=  a +  9. 

12.  From  the  equation  x  -f  2  ^  4-  6  write  a  statement 

showing  that  one  letter  is  a  function  of  the  other,  draw  a 
graph  of  the  equation,  and  from  the  graph  find  the  value 
of  X  when  y  —  3^. 

In  each  of  the  folloiving  formulas  write  a  statement  that 
one  letter  is  a  function  of  tivo  other  letters^  using  for  this 
purpose  the  form  x—f(py^  z):- 

13.  3  X  =  7  3/  4-  14.  N  =  ^  hh.  15.  V  —  irrVi. 

16.  Draw  a  graph  of  the  formula  V  =  e^  and  from  the 
graph  find  an  approximate  value  of  V  when  e  =  2|-. 

17.  Draw  a  graph  of  the  formula  V=^  irrVi  when  h  =  6. 

This  evidently  reduces  to  the  problem  of  drawing  a  graph  of  the 
formula  V  =  ^  Trr^d  =  2  irr-  =  2  x  ?  ^1^^^  is,  of  V  =  (If  r^. 

18.  Express  in  algebraic  shorthand  the  statement  that 
m  is  a  function  of  w,  and  then  write  three  equations  in 
which  m  is  such  a  function. 

JM3 
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24.  Negative  Number.  When  the  temperature  is  70° 
above  zero  we  say  that  the  temperature  is  70°.  If  the 
temperature  falls  70°,  we  then  say  that  it  is  zero,  or  0°. 
If  it  falls  10°  more,  we  say  that  it  is  10°  below  zero,  and 
we  usually  indicate  this  by  the  symbol  —10°.  We  read 
this  symbol  "minus  10° "  or  sometimes  "negative  10°.” 
This  does  not  mean  tliat  10°  has  been  subtracted  from 
anything ;  it  simply  means  that  10°  is  to  be  considered 
below  zero.  IVe  call  — 10  a  negative  number. 

Ordinary  numbers,  like  5,  2^,  and  47.25  are  called  joo.si'n’re  numhers. 
It  is  not  the  custom  to  write  the  +  sign  before  a  positive  number,  but 
it  is  always  necessary  to  write  the  —  sign  before  a  negative  number. 

Sometimes  a  negative  number  has  a  meaning  that  is 
easily  understood,  and  sometimes  it  has  no  such  meaning. 
For  example,  it  means  nothing  to  say  that  there  are  —10 
students  in  a  recitation  room,  but  it  is  veiy  convenient  to 
speak  of  —10°  of  temperature. 

It  is  convenient  to  think  of  a  negative  number  as 
simply  a  number  on  the  other  side  of  zero  from  a  positive 
number.  Thus,  if  we  speak  of  — , — , — , — i — | — , — , , , ^ 

.,1  -4-3-2-1  0  12  3  4 

west  longitude  as  positive, 

then  east  longitude  is  negative ;  whereas  if  we  speak  of 
east  longitude  as  positive,  then  west  longitude  is  negative. 

The  following  are  other  simple  illustrations  of  positive  , 
numbers  and  negative  numbers,  or  of  directed  numbers.,  as 
the  two  together  are  called : 

I)  irection.  If  north  is  positive,  soutli  is  negative ;  if  up 
is  positive,  down  is  negative. 

Moneg.  If  a  man’s  resources  or  assets  are  positive,  his 
debts  are  negative. 

Weight.  If  weight  (downward  force  of  gravity)  is  pos¬ 
itive,  an  inflated  balloon  may  be  thought  of  as  having 
negative  weight. 
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25.  Addition  involving  Negative  Numbers.  Some  opera¬ 
tions  with  negative  numbers  are  very  simple,  while  others 
require  some  explanation.  For  example,  if  a  man  is 
flO  in  debt,  we  may  say  that  he  is  worth  —  |10.  If  he 
gets  $20  more  in  debt,  we  may  tliink  of  his  capital  as 

—  $10  and  —  $20  ;  that  is,  he  is  $30  in  debt,  and  we  say 
that  -  $10  +  (-  $20)  =  -  $30. 

If  the  man  now  earns  $50,  he  can  evidently  pay  up  his 
debt  and  have  $20  over;  that  is,  —  $30  +  $50  =  $20.  If, 
however,  a  man  has  —  $30  (is  $30  in  debt)  and  earns  $25, 
he  can  evidently  pay  up  $25  of  his  debt  and  then  have 

—  $5 (be  $5  in  debt)  ;  that  is,  —  $30  +  $25  =  —  $5. 

To  add  a  negative  munher  to  a  negative  }mmhe}\  add  as 
if  the  numbers  ivere  positive  and  then  prefix  the  negative  sign. 

Thus,  -7-t  (- 0)  =-l(h 

The  —  0  is  inclosed  in  parentheses  to  avoid  the  confusion  of  signs. 

To  add  a  positive  number  to  a  negative  number,  consider 
the  numbers  as  positive,  find  their  diferenee,  and  then  prefix 
the  sign  of  the  numerieallg  larger  nunder. 

Thus,  -7+9  =  2, 

and  —  7  +  4  =  —  3. 

The  numerically  larger  number  is  the  numl)er  that  is  larger 
without  reference  to  the  sign,  —  3  being  numerically  larger  than  2. 

Addition  involving  negative  numbers  will  be  more 
clearly  understood  by  answering  the  following  questions : 

If  your  score  in  a  game  is  —10  and  your  next  mark  is 

—  5,  what  is  then  your  total  score  ? 

If  your  score  is  —10  and  you  make  4,  what  is  then 
your  score  ? 

If  your  score  is  —15  and  you  make  25,  what  is  then 
your  score  ? 
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26.  Subtraction  involving  Negative  Numbers.  If  my  score 
ill  a  game  is  —  4  and  yours  is  12,  your  score  is  how  much 
more  than  mine  ?  Evidently  I  must  make  4  to  get  up  to 
zero,  and  12  more  to  get  up  to  your  score,  so  I  must  add 
16  to  my  score  to  get  up  to  yours.  That  is, 

12 -(-4)  =  16. 

The  subtraction  of  a  negative  number  is  the  same  as  the 
addition  of  the  positive  number  having  the  same  numerical 
value. 

As  will  be  inferred  from  page  29,  by  the  numerical  value  of  a  num¬ 
ber  is  meant  the  value  of  the  number  without  reference  to  the  sign. 

Now  consider  another  case:  What  must  be  added  to  $5 
to  make  —  $15  ;  that  is,  if  a  man  has  $5,  how  much  must 
he  lose  so  as  to  be  |15  in  debt?  Evidently  the  man  must 
lose  f5  to  be  worth  exactly  nothing,  and  he  must  go  in 
debt  tl5,  making  a  total  loss  of  $20,  to  be  $15  in  debt. 
That  is,  if  tve  take  $5  from  —  $15,  we  have  —  $20. 

Hence  -  $15  -  $5  =  -  $20. 

The  subtraction  of  a  positive  number  is  the  same  as  the 
addition  of  the  yiegative  number  having  the  same  numerical 
value. 

It  is  not  necessary  to  remember  these  principles,  for  all  we  need  do 
in  any  case  is  to  see  what  number  must  be  added  to  the  subtrahend 
to  make  the  minuend. 

Before  considering  Exercise  11  answer  these  questions 
and  illustrate  each  by  drawing  a  diagram  as  on  page  28 : 

What  must  be  added  to  —  9°  to  make  —  3°  ?  How 
much  is  — 3  —  (— 9)? 

What  must  be  added  to  —12°  to  make  10°  ?  How 
mucli  is  10  — (—12)? 

How  much  is  10  —  (—  20)  ?  10  —  (—  30)  ? 
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Exercise  12.  Addition  and  Subtraction 

1.  In  playing  a  game  the  scores  made  were  —  2,  6,  —  4, 
8,  7,  —  5,  3.  How  much  was  the  total  score  ? 

2.  A  ship  sails  from  a  place  in  —  8°  30'  latitude  to  a 
place  in  +11°  30'.  Through  how  many  degrees  of  latitude 
has  it  sailed  ?  Draw  a  rough  diagram. 

3.  On  a  winter  morning  in  Maine  the  temperature  was 
—  7°,  but  at  noon  it  was  19°.  How  many  degrees  had  the 
temperature  risen  ?  Draw  a  rough  diagram. 

4.  In  Ex.  3,  if  the  temperature  fell  20°  during  the 
afternoon,  what  was  it  then  ?  Draw  a  diagram. 

5.  A  man  having  a  balance  of  11250  on  Ins  account 
book  incurs  a  debt  of  |1500.  If  he  enters  tliis  debt  on 
liis  book,  what  is  then  liis  balance  ? 


Perform  the  foUotehia  additiotm  and  suhtraetion.^ : 


6.  82  +(-70). 

7.  82  -(-70). 

8.  150  -  320. 

9.  -150  -  320. 


13.  275  -  300. 

14.  275  -(-  300). 

15.  -  275  +  300. 

16.  -  275  -  300. 


10.  -150  +  320. 

11.  -150  -(-  320). 

12.  -  320  -(-150). 


17.  42.8  -  68.2. 

18.  -  42.8  +  68.2. 

19.  -  42.8  -(-  68.2). 


Performing  the  operations  in  the  order  indicateef  find  the 
value  of  each  of  the  folloiving  : 

20.  370  +  280  -  460  +  (-  20)  -  (-  40). 

21.  127.8  -  26.3  +  41.9  -  482.4  -  (-  48.3). 

22.  67  -  82.9  +  320  -(-  40.4)  +  72.8  -  482.6. 

23.  289.42  +  3.4  -  82.08  +  (-  43.8)  -  (-  275.4). 
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27.  Multiplication  involving  Negative  Numbers.  By  con¬ 
sidering  the  following  problems  we  can  easily  see  what 
meaning  we  should  give  multiplication  when  negative 
numbers  are  involved  : 

1.  If  a  man  saves  $15  a  month,  how  much  better  off 
will  he  be  f)  mo.  hence  ;  that  is,  -f  6  mo.  from  now  ? 

Evidently  he  will  he  better  oft  l)y  (5  x  $15,  or  $1)0. 

2.  If  a  man  saves  $15  a  month,  how  much  better  off  was 
he  b  mo.  ago  than  he  is  now  ;  that  is,  —  b  mo.  from  now  ? 

Evidently  he  was  worse  olf  by  0  x  $15,  or  $00;  that  is, 

(-  (j)  X  $15  =  -  $0O. 

3.  If  a  man  Avastes  $15  a  month,  that  is,  if  he  saves  —  $15 
a  month,  how  ninch  better  off  Avdll  he  be  b  mo.  hence? 

Evidently  he  will  be  worse  off  ly  (J  x  $15,  or  $90;  that  is, 

0  X  (  -  $15)  =  -  $90. 

4.  If  a  man  AA^astes  $15  a  month,  that  is,  if  he  saA^es 
—  $15  a  montli,  hoAV  much  better  off  because  of  the  waste 
Avas  he  b  mo.  ago,  that  is,  —  b  mo.  from  noAV  ? 

Evidently  he  has  Avasted  0  x  $15,  or  $90  ;  that  is, 
(-0)X(-$15)  =  $90. 

28.  LaAvs  of  Signs.  E^rom  the  above  problems  Ave  infer 
the  folloAving  laAvs : 

X  plus  =  plus, 

Mi)ius  X  plus  =  7)nm{s, 

Plus  X  'minus  —  mi  mis, 

Minus  X  minus  =  plus. 

These  laws  may  be  stated  more  concisely,  thus : 

Tn  'multi pi i cat iou  two  like  signs  produce  plus ;  two  unlike 
signs  produce  minus. 
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Exercise  13.  Multiplication 


1.  The  water  in  a  reservoir  is  d  feet  deep  and  increases 
finches  per  day.  Find  the  depth  when  =18,  f  =  4,  and 
the  number  of  days  is  —  8.  Explain  what  is  meant. 

2.  In  Ex.  1  find  the  depth  when  =  f  =  —  2,  and 
the  number  of  days  is  6.  Explain  what  is  meant. 

3.  In  Ex.  1  find  the  depth  when  cf  =  20,  i  =  —  6,  and 
the  number  of  days  is  —  3.  Explain  what  is  meant. 

4.  In  measuring  the  depth  of  the  water  in  a  harbor 

a  sailor  finds  that  the  depth  at  a  point  P  is  d  fathoms 
and  that  it  increases  regularly  f  fathoms  for  every  ^  mi. 
to  the  south  and  decreases  at  the  same  rate  to  the  north. 
Write  a  formula  for  the  depth  m  miles  south  of  F.  Find 
the  depth  when  =  20,  2,  and  =  3  ;  when  d  —  lO, 

/=  2,  and  w  =  — 2;  when  (f  =  14,  /  =  — 3,  and  m  = 
when  tf  =  12, /=— 2^,  and  m=— 1^. 

5.  If  a  man  saves  d  dollars  per  day,  how  much  will 
he  save  in  n  days  ?  Find  the  amount  the  man  will  save 
when  (/ =  2.50,  m  =  7;  when  r/=3.25,  //,  =— 4.  Explain 
the  meaning  of  the  second  of  these  numerical  cases. 

Perform  the  following  nmltiplieations  : 


6.  75  X  (—  37). 

7.  -75  X  (-  37). 

8.  4.8  X  (-  2.9). 

9.  -4.8  x(-  2.9) 


10.  6.82  x(-  3.75). 

11.  -6.72  X  4.8. 

12.  -  29.8  x(-  2.76). 

13.  -  3f  X  (-  2|). 


14.  If  a  dirigible  balloon  makes  d  miles  a  minute  against 
the  wind,  how  far  will  it  go  in  m  minutes  ?  Find  the  dis¬ 
tance  when  (f=0.9  and  m  =  7^.  Find  the  distance  when 
=  — 0.1  and  m=3^,  explaining  the  meaning  of  this  case. 
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29.  Division  involving  Negative  Numbers.  Since  division 
is  the  opposite  of  multiplication,  we  can  find  the  laws  of 
signs  very  easily.  That  is, 

Because  2  x  4  =  8,  we  see  that  8  4  =  2. 

Because  (—  2)  x  (—  4)  =  8,  we  see  that  8  4)  =  —  2. 

Because  (—  2)  x  4  =  —  8,  we  see  that  (—  8)  ^  4  =  —  2. 
Because  2  x  (—  4)  =  —  8,  we  see  that  (—  8)  -i-  (—  4)  =  2. 

We  may  state  these  laws  as  follows: 

Plus  phis  =  p)lus^ 

Plus  minus  =  minus, 

3Iinus  —  plus  =  minus. 

Minus  minus  =  plus. 

These  laws  may  be  stated  more  concisely,  thus: 

In  division  two  like  sif/ns  produce  plus ;  two  unlike  signs 
produce  minus. 

Exercise  14.  Division 

1.  A  slii})  sails  from  longitude  0°  to  longitude  —42°  30'. 
After  sailing  one  fourth  the  distance,  what  is  its  longitude  ? 

AVe  may  consider  —  12°  80'  to  inean  42°  80' E.,  and  by  distance 
we  mean  the  distance  measured  in  degrees  of  longitude. 

2.  The  longitude  of  A  is  42°  and  that  of  B  is  —  (38°. 
Find  the  longitude  of  a  place  halfway  from  A  to  B.  . 


Perforin  the  following  divisions  : 


3. 

-  345(3  - 

-144. 

9. 

-  98.04- 

K-7.6). 

4. 

-(3912-f 

■(-  288). 

10. 

44.(322  - 

(-  13.4). 

5. 

-17.28h 

hl.2. 

11. 

15.96 

-  0.038). 

6. 

-  3.456  - 

12. 

-  0.(3384 

^  0.42. 

7. 

13,824- 

(-14.4). 

13. 

-11.374 

^4.7. 

8. 

25(30  (- 

-  0.16). 

14. 

-  22.748 

^(-  2.2). 
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II.  ADDITION  AND  SUBTRACTION 

30.  Terms  used.  In  the  Introduction  we  have  used 
chiefly  the  terms  that  are  familiar  from  the  work  in  arith¬ 
metic.  There  are,  however,  certain  other  terms  that  we 
must  know  if  we  are  to  proceed  further  in  algebra. 

If  the  student  is  familiar  with  Book  II  of  this  series,  he  knows 
these  terms,  but  it  is  well  that  he  should  study  the  formal  definitions 
here  given.  For  this  reason  certain  terms  already  familiar  to  the 
student  of  arithmetic  are  now  defined.  It  is  not  so  important  to 
memorize  a  definition  as  to  be  able  to  use  the  word  intelligently. 

31.  Monomial.  An  algebraic  expression  in  which  the 
parts  are  not  separated  by  the  signs  -f  or  —  is  called  a 
monomial. 

Thus  a,  —  U,  and  are  monomials. 

32.  Polynomial.  An  algebraic  expression  consisting  of 
two  or  more  monomials  separated  by  the  signs  +  or  —  is 
called  a  'pohjnoinial. 

Thus  a  —  b,  I  x-  -t  7,  and  o  n  -f  2  Ir  —  Vc  are  polynomials. 

33.  Terms  of  a  Polynomial.  The  monomials  that  make 
up  a  polynomial  are  called  the  terms  of  the  polynomial. 

Thus  a  and  d  are  the  terms  of  the  polynomials  a  -f-  3  .U  and 
a  —  3  Since  we  may  write  a  —  3  xr  in  the  form  «  -f  (  —  3  x“),  we 
may  also  speak  of  a  and  —  3  x”  as  the  terms  of  a  —  3  x^. 

34.  Binomial  and  Trinomial.  A  polynomial  of  two  terms 
is  called  a  binomial ;  of  three  terms,  a  trinomial. 

Thus  5  a  —  7  is  a  binomial,  and  2  x-  —  3  x  -f  1  is  a  trinomial. 

35.  Absolute  Term.  If  a  polynomial  contains  a  numerical 
term,  that  term  is  called  the  absolute  term. 

Thus,  in  the  polynomial  a-  -f-  3  u  —  4  the  absolute  term  is  —  4,  and 
in  the  polynomial  3  x^  -f  V2  the  absolute  term  is  V2. 
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36.  Similar  Terms.  Monomials  that  have  a  common 
factor  are  called  similar  terms  or  similar  monomials  with 
respect  to  the  common  factor. 

Thus  2  X,  4:  X,  and  —  9  are  similar  with  respect  to  x;  I  Vo  and 
—  i  Vd  are  similar  with  respect  to  Vo  ;  5  •  (~  ^)  and  6  •  (—  8)  are 
similar  with  respect  to  —  8  ;  ^  ax  and  ^  bx  are  similar  with  respect  to 
.r;  and  3  and  bx'^  are  similar  with  respect  to  T“. 

Terms  that  are  not  similar  are  said  to  be  dissimilar. 

37.  Factor.  Any  one  of  two  or  more  algebraic  expres¬ 
sions  is  called  a  factor  of  the  product  of  those  expressions. 

Thus,  just  as  o  and  5  are  factors  of  15,  so  x  and  //  are  factors  of 
xij  ;  (1)  -\-  b')  and  h  are  factors  of  (5  -f  //)  h  ;  and  x  and  x  are  factors  of  x^. 

The  name  "  factor,”  familiar  from  arithmetic,  has  already  been 
introduced  informally  in  the  preceding  exercises. 

38.  Coefficient.  If  an  expression  is  the  product  of  two 
factors,  either  factor  is  called  the  coefficient  of  the  other. 

Thus  in  the  expression  ab,  a  is  the  coefficient  of  b,  and  b  is  the 
coefficient  of  a. 

In  any  algebraic  expression  the  factor  that  is  considered  the 
coefficient  is  usually  written  first.  Thus,  in  2  ttc,  2  is  the  coefficient 
of  TT/’,  and  2  tt  is  the  coefficient  of  r. 

The  coefficient  1  is  omitted,  x  being  the  same  as  1  x. 

39.  Exponent.  The  number  or  letter  placed  to  the  right 
and  slightly  above  another  expression  of  number  to  indi¬ 
cate  a  power  is  called  an  exponent. 

This  was  less  formally  defined  on  page  5. 

Thus  in  x"^,  3  is  the  exponent  of  x ;  in  {a  -1-  by\  n  is  the  exponent 
of  a  b\  and  in  3  rd/'",  x  is  the  exponent  of  b. 

d'lie  exponent  1  is  omitted,  l)eing  the  same  as  x. 

Tlie  terms  ”  coefficient  ”  and  "  exponent  ”  should  be 
carefully  distinguished.  The  coefficient  slwu's  the  number  of 
equal  addends;  the  exponent  shows  the  number  of  equal  factors. 

In  3  rr,  3  is  the  coefficient  of  and  2  is  the  exponent  of  a. 
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40.  Algebraic  Sum.  The  result  obtained  by  adding  two 
or  more  numbers,  considered  with  respect  to  their  signs  as 
well  as  to  their  values,  is  called  their  algebraic  sum. 

Thus  the  algebraic  sum  of  2  and  —  8  is  —  1,  although  2  +  3  =  5. 
Just  as  2  ft.  +  3  ft.  =  5  ft.,  so  2  •  5  +  3  •  5  =  5  •  5,  and  22’  +  3.r  = 
Similarly,  just  as  3  ft.  +  4  ft.  —  2  ft.  =  5  ft.,  so  3  ui  +  4  —  2  m  —  5  m. 

41.  Addition  of  Monomials.  To  add  similar  monomials.,  find 
the  algebraic  sum  of  the  coeffidents  of  the  common  factor  and 
prefix  this  sum  to  the  common  factor. 

For  this  purpose  we  may  consider  an  expression  like  3  («  +  h)  as 
a  monomial,  as  in  the  case  of  3  {a  +  /'>)  +  ! d  +  {a  +  h). 

To  add  dissimilar  monomials,  urrite  the  terms  one  after 
another,  each  with  its  proper  sign. 

Thus  the  sum  of  x,  3  //,  and  —  .r  is  2  +  3  y  —  z. 


Exercise  16.  Addition  of  Monomials 


Examples  1  to  8,  oral 

1.  Add  7  lb.  and  3  lb.;  7  I  and  3  ? ;  7-20  and  3  •  20. 

2.  Add  3  yr.,  2  mo.,  and  8  da.,  stating  the  result  as  a 

compound  number.  Add  3  2  m,  and  8  d. 

Notice  that  the  plus  signs  are  not  necessary  in  one  result. 


3.  Add  ^x,lx,  —  ^x,  y,  and  9  y. 
Add  the  folloiumg : 

4.  4  a",  3  X,  —  7 x. 

5.  9  rt,  7  a,,  4  a. 

6.  4  mn,  7  mn,  9  mn. 

7.  _  2  -  3  2’2, 


8.  lla\  \^a%,  19«25. 

9.  16  ax^,  —  4  ax‘^,  ad. 

10.  8  (a  +  />),  —  2  («  +  b'). 

11.  3|-  d,  —  4^  x^,  6  d. 


12.  The  lengths  of  two  lines  are  2  x  and  3  y.  How  long 
a  line  can  be  formed  by  these  lines  together  ? 
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42.  Addition  of  Polynomials.  If  we  have  to  add  3  ft.  4  in. 

and  8  ft.  2  in.,  we  simply  add  the  feet  and  the  inches 
separately,  the  result  being  11  ft.  6  in.  In  the  same  way, 
we  add  algebraic  expressions  by  adding  the  similar  terms. 
For  example: 


2^+8^ 
53-+  1/ 

7,r  +  4y 


9^:— 7^  +  32 
r  +  9  ^  —  2  2 
10  +  2  ^  2 


To  add  jiolynomiah  ter ite  similar  terms  in  the  same  column 
<(nd  add  these  terms,  writin(/  their  S7ims  as  a  polpiomial. 

In  a  case  involving  different  i)Owers  of  some  letter,  like  x,  it  is 
cnstoniary  to  write  the  liighest  power  first,  then  the  next  highest, 
and  so  on,  as  in  .r-  +  7  x-  +  ;  or  to  proceed  in  tlie  opposite  direction 

as  in  2  +  4  x  —  d  x-. 

43.  Check.  An  operation  that  tends  to  prove  the  cor¬ 
rectness  of  a  result  is  called  a  clieck  upon  that  result. 

Thus  in  addition  we  may  check  the  result  by  adding  in  the  other 
direction  from  that  first  taken. 

One  of  the  best  cliecks  on  the  operations  in  algebra  is 
the  substitution  of  any  values  we  please  for  the  letters, 
as  in  the  following  example,  where  we  let  x  =  l,  y  =  1, 
and  2  =  1. 


Check 

4  +  2-44-5  =  7 
2-7+9-3=l 
6_5+5+2=8 


Operatiox 
4a;  +  2^-42  +  5 
2x—ly^S^z  —  Z 
6  a:  —  5  y  +  5  2  +  2 


Here  we  have  simply  put  1  in  place  of  .r,  //,  and  c,  in  the  addends 
and  in  the  sum,  and  we  have  7  +  1  =  8.  Therefore  the  work  checks. 

We  may  have  an  error  in  spite  of  this  check,  as  would  be  the  case 
if  we  should  write  6  //  —  x  +  z  +  2  instead  of  fi  x’  —  5  y  +  5  2  +  2, 
or  if  we  should  make  an  error  in  computation  in  the  check.  In  case 
of  doubt,  especially  in  case  of  exponents,  use  other  values  than  1. 
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Exercise  16.  Addition  of  Polynomials 

1.  Add  the  following: 

7  /,  4-  4  ^  +  3  743 

9  A  +  2  ?';  +  4  ?/  924 

Compare  the  two'  problems  and  the  two  results,  and 
state  what  values  must  be  given  to  It,  and  u  in  order  to 
make  the  first  the  same  as  the  second. 

2.  Add  the  following  and  discuss  as  in  Ex.  1 : 

9  T+3A  +  5^  +  27/.  9352 

18  T+  h  +ln  18107 

3.  Add  the  following  and  explain  the  difference  in  the 
forms  of  the  results : 

8  T4-2//,4-7^  +  5i^  8275 

9  r+3A  +  6^  +  9?/  9369 

4.  Add  the  following  and  explain  the  difference  in  the 
forms  of  the  results : 

3  y  4-  2/+  7  i  3  yd.  2  ft.  7  in. 

2  y  +  2/4-  6;/  2  yd.  2  ft.  6  in. 

Add  the  folloiving  expressions  and  check  the  results  : 

5.  2  xy  -\-  if-,  —  4:  xy  if,  x^  -\-l  xy  -\-  y‘^. 

6.  4  x^~2  3  +  if,  +  4  y‘^,  x\  5  y^. 

7.  8  +  x^y  +  7  xif  +  y^,  3  ji?  —  8  ihj  +  9  xy‘^  —  5  y^, 

8.  9  —  8  4-.  7,  8  —  9  .r  +  4,  4-  2  .r  —  8. 

9.  x^  -\-Z  x^  —  3.^2  +  4^:  —  1,  x^  Z  X 

10.  oa*  x^  —  x^  x^,  a:  +  2. 

11.  3a4  4-2a:2  — 7,  4- 4  +  2  4- 4  2:  + 11. 

12.  —  x"^  +  xfi  —  +  X —  1,  x'^  —  x^  x^  —  X  +  2. 
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Rearrange  the  terms  as  necessary^  add,  and  eheck : 

13.  '3.r2  +  4.r-8,  5  -  7  .r  +  9,  .^2  ^  4  -  5  j’. 

14.  4  R  +  6  .r  +  7,  9  —  8  i’  +  6,  .r  —  4  + 

15.  5  .r  —  4  —  (3,  3  R  —  x  R'  +2  —  42’. 

16.  —  3  2’^  +  7  2-  +  5,  —  2-“  —  2  2’  +  3,  4  2’  +  2  +  8. 

17.  -8x-7  2’2  +  4,  -  20  2’  - 15  2’2  +  23,  3  2-2  -  9. 

18.  ^2  2  ah  +  />2,  ^2  _  2  ah  +  h‘^  -  «2  +  2  ah  -  i;\  a^  +  h\ 

19.  3  a^  +  ed  +  2  <7  +  4,  a  —  cd'  +  a^^  —  3,  a  +  cd  —  ad  +  3. 

20.  2’2  +  /  +  ^,  X^-y^  +  Z,  -2:2  +  /-  3^, 

21.  3  aR>  +  aid  +  8,  a%  +  aid  -  9,  aH>  -  4  aid,  -  8  adh. 

Simplify  the  folloiving  hy  eondnning  similar  terms: 

22.  .r2  +  4  /  -  4  +  +  2  2-2  -  7  /  +  3  2’2  -  4  /  +  ^2  __  :3  .,^2  ^  9. 

23.  4  r/S  +  2  a:d>  +  3  aid  +  Id  -  4  7/3  +  2  edh  -  3  aid  -  Id. 

24.  3  2’3  +  7  2’2  +  2  .7  —  5  +  3  X  +  8  ;/’2  +  6  —  2’3  —  9  2’2  -0  2’. 

25.  4  ni^n  +  mn^  +  3  mn  —  2  nud  —  mn,  +  5  ndn. 

■  26.  Add  5  d  +  4  ^2  4-  (3 1  +  3  and  3  +  2  ^2  2  ^  4-  4 ;  also 

54(33  and  3224.  What  do  the  polynomials  equal  if  ^  =  10? 

27.  How  much  is  5  ft. -f  8  ft.  ?  5’/+ 8./'?  // feet  +  f)  feet  ? 
af-\-  hf?  ax  +  hx  ?  am  +  hm  ?  5*5  +  8*5?  //•5  +  6-5? 

tVe  may  think  of  the  sum  of  a  feet  and  I>  feet  as  (a  +  h)  feet. 
Similarly,  e/’+  /+=  (a  +  />)/- 

That  is,  we  do  not  know  the  numerical  value  of  the  coefficients 
a  and  />,  so  we  indicate  their  sum. 

Add  as  directed,  indicating  the  sums  of  the  coefficients : 

28.  p  miles  +  q  miles  ;  qom  +  qm  ;  q)x  +  //.r  ;  je  •  8  +  /y  •  8. 

29.  ax  -\-  hx ;  ay  +  hy  ;  ax‘^y  +  hx'^y  ;  7/  •  3  •  4  +  /^)  •  3  •  4. 

30.  2:  Vy  +  3  ;  mqd  +  nqd  ;  x  V  (d  -f  h  y  ^ ad  h. 
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Exercise  17.  Equations  involving  Addition 

Exam] ties  1  to  9,  oral 

1.  What  must  be  added  to  each  member  of  the  equa¬ 
tion  9  a:  —  7  =  4  —  3  a;  in  order  to  liave  the  a:’s  in  one  member 
and  the  absolute  terms  in  the  otlier  ? 


Reduce  to  a  form  convenieoit  for  solvincL  as  in  Ex.  1 : 


2.  4  a:  —  2  =  4  —  3  a:. 

3.  7  a- -  20  =  40  -  2  a-. 

4.  9  a’  —  30  =  60  —  4  x. 

5.  3  a:  -  20  =  80  -  8  a-. 


6.  21  a*  +  4  a’ =  1 6. 

7.  30  a' -8 +  2  a’ =  42. 

8.  10a--4  +  3a’=  70. 

9.  40a-- 8  + 4a,’ =80. 


Solve  the  follo'iuine/,  and.  check  each,  .resalf  hi/  suhstitutini/ 
in  the,  orii/inal  equation  : 

10.  3  a’ +  7=  2  a’ +  9.  13.  4. r-  32  =  48. 

11.  7a:  +  2  =  2a’+77.  14.  4.7a’ -  9.2  =  3.7a’ +  7. 

12.  9a:-8  =  3.r  +  40.  15.  26  .r  -  1 22  =  -  1 8. 

16.  If  from  six  times  a  certain  number  Ave  subtract  16.4, 
the  result  is  13.6.  What  is  the  number? 

17.  If  from  nine  times  a  certain  number  we  subtract 
4.3,  the  result  is  20.  What  is  the  number  ? 

18.  If  from  42  times  a  certain  sum  of  money  we  take 
$10,  there  is  left  $200.  AUhat  is  the  sum  of  money  ? 

19.  If  from  16  times  a  certain  distance  we  take  29.9  ft., 
there  is  left  50.1  ft.  What  is  the  distance  ? 

20.  If  to  twice  a  certain  number  we  add  28,  the  result 
is  308.  Find  the  number. 

21.  Write  a  problem  similar  to  one  of  the  above,  and 
then  write  the  equation  and  solve  it. 
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44.  Subtraction  of  Monomials.  We  tiiid  the  difference 
between  two  monomials  very  much  as  we  find  the  difference 
between  5  ft.  and  3  ft. ;  that  is,  just  as  5  ft.  —  3  ft.  =  2  ft., 
so  5/  —  3/  =  2/,  5  2:  —  3  X  =  2:r,  and  5  Vc?  —  3  Vii  =  2 

The  simplest  way  to  obtain  the  result  is  to  find  the  quantity 
which  added  to  the  subtrahend  will  produce  the  ininuend.  In  the 
case  of  5  x  —  3  x  we  see  that  2  x  must  be  added  to  d  x  to  make  5  x. 

To  subtract  a  monomial  from  a  similar  monomial^  find 
the  difference  between  the  coefficients  of  the  common  factor 
and  multiply  this  difference  by  the  conunon  factor. 

Thus,  12  x  =  11  X  and  mx^  —  8  nx'^  =  —  8  n)x'^. 

To  subtract  a  monomial  from  a  dissimilar  monomial.,  merely 
indicate  the  subtraction. 

Thus,  as  we  may  write  9  ft.  —  4  in.,  so  we  may  write  9/—  4  i,  or 
9  2’  —  4  y,  or  9  V  x-  +  y  —  -^fx  +  if. 

Exercise  18.  Subtraction  of  Monomials 

Examples  1  to  3,  oral 

1.  What  must  be  added  to  9  to  make  16  ?  to  9  aW  to 
make  16  a%^  ?  How  much  is  16  aH>^  —  9  a^lP  ? 

2.  What  must  be  added  to  —  4°  to  make  9°  ?  to  —  4  rj 
to  make  9x?  How  much  is  9y;  — (—  4^)? 

3.  What  must  be  added  to  —  8°  to  make  5°?  to  —  8 
to  make  bx2  How  much  is  5 .r  —  (—  8  2-) ? 

Find  the  value  of  each  of  the  following : 

4.  — 7.  4  «  —  (— 5  «). 

5.  4.1  M- 0.7  M.  8.  8v^-9V^. 

6.  ffa-3fd.  9.  3(pf-b‘^')-l(ff-b‘^'), 

10.  Tlie  line  x  being  longer  than  the  line  express 
the  difference  in  their  lengths. 
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45.  Subtraction  of  Polynomials.  If  we  have  to  subtract 
3  ft.  7  in.  from  12  ft.  11  in.,  we  simply  subtract  the  feet 
and  inches  separately,  tlie  result  being  9  ft.  4  in.  In  the 
same  way  we  subtract  polynomials.  For  example: 

21  hr.  16  min.  38  sec.  21  2: +16  ^  +  38  2 

12  hr.  9  min.  29  sec.  12a^+  9^  +  29^ 

9  hr.  7  min.  9  sec.  9:r+  1  y  9^ 


To  subtract  one  polynomial  from  another^  arrange  similar 
terms  under  one  another  and,  subtract  these  terms  separately. 

For  example,  subtract  5  —  8  +  2  from  9  2-2  —  7  —  4  xy. 

Rearranging,  we  have  the  following : 


Operation 
9  x^  —  \xy  —1 
5 .+  —  82’^  +  2 
4  2-2  +  4.ry^ 


Check 

9-4-7--2 
5-8+2-- 1 
4+4-9--1 


Here  the  work  is  checked  by  letting  2  =  1  and  y  —  1,  If  a  check 
for  tlie  exponents  is  desired,  use  other  values  than  1  for  x  and  y. 


Exercise  19.  Subtraction  of  Polynomials 

1.  Perform  the  following  subtractions : 

9  A  +  3  f  +  7 u  937 

6  A  +  2  ^  +  u  621 

Compare  the  two  problems  and  the  two  results,  and 
state  what  values  must  be  given  to  A,  C  and  u  in  order  to 
make  the  first  the  same  as  the  second. 

2.  Subtract  and  discuss  as  in  Ex.  1,  explaining  the 
difference  in  the  forms  of  the  results : 

15  T+ 9  A  +  7^  +  3?^, 

6  T  +  9  A  +  4 /^  +  7 


JM3 


15,973 

6,947 
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llearranye  the  tenns  as  necessaru,  subtract,  and  check : 

3.  2’^  —  1  +  X  from  2  —  x‘^  +  3  x. 

4.  nd  +  w  + 1  from  3+7  iid  +  4  n. 

5.  8  a‘^  —  1 7  </  +  3  from  52  a  —  9  +  46. 

6.  15J/2-Uil/+7  from  27  - 14  J/+ 2. 

7.  a^  —  3  cdh  +  h‘^  from  a^  +  3  edh  —  5^. 

8 .  17+2  +  15+^  —  <f  from  7 —  1 5  pq  +  15  q^. 

9.  3  +  h)  +  5  from  9  (<'/  +  h')  +  27. 

10.  9  (rt  +  />)  +  27  from  3  (a  +  h)  +  5. 

11.  ax"^  +  lx  +  c  from  px^  +  eqx  +  r. 

12.  11  am  + 19+^  +  3  from  20  am  —  8+^  +  7. 

13 .  4  2  _  1 7  1 5  ,p2  _  i;s  ^^3  _  /+ 

14.  -  3  a%  +  3  alP-  -  Ip  from  3  an>  -  3  ah\ 

15.  _  3+2’  +  0.7.r^  from  +  2.Px  —  7. 

16.  K'^  +  0.32  7C  from  +  K‘^  —  0.32  A"  +  7. 

17.  4  _  8  6>2  +  7  ir-  from  9  -  6  ^’2  -  8 

18.  ax  -\-  cz  —  21) y  from  ax  +  4  %  —  6  cz. 

19.  a%‘^  +  3  ndid  —  4  x‘^ip‘  from  6  m^n^  +  8  —  2  a%‘^. 

20.  cd  +  4  />2  _  3  +  +  9  ,72  8  r/2  -  2  cP  -  6  6-2. 


If  A  =  4  «2  _|_  2  ah  —  If  C  =  —  3  ^2  -(_  8  ah, 

B  =z  Q  a?  —  b  ah  S  h‘^,  I)  =  —  2  cd  —  b  ah  —  3  ^2, 

find  the  result  in  each  of  the  foUoiving  cases,  and  check : 


21.  D-C. 

22.  C-D. 

23.  A  -  C. 

24.  C-A. 

25.  B-a 


26.  A-P  +  C. 

27.  A  +  C-P. 

28.  B-hC-A. 

29.  P-A  +  P. 

30.  C-D-\-A. 


31.  A+P  +  P  +  P. 

32.  A+P-P  +  P. 

33.  A-7^  +  P-P. 

34.  A-B-C-D. 

35.  A  +  P  +  P-P. 
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46.  Removal  of  Parentheses.  We  have  found  that  we 
do  not  need  to  change  the  signs  of  any  terms  when  we 
add.  For  example,  if  we  add  1  a -{-h  to  a the  result 
is  8  a  +  4  6.  If  we  should  write  this  in  the  form 

(^7  “h  -p  (ji  -f-  3  7^, 

we  could  just  as  well  remove  the  parentheses  and  write 
7  ct  -f-  h  -f-  4~  3  h. 

It  is  therefore  easy  to  see  that 

a  +  (&  +  c)  =  a  +  &  +  c, 
and  a  {b  —  c)  =  a  h  —  c. 

If  the  parentheses  inclosinfj  an  expression  are  preceded  hy 
the  positive  siyn^  the  parentheses  may  he'  removed  luithout  any 
change  in  the  signs  of  the  terms. 

AVe  may  treat  in  this  manner  any  other  symbol  of  aggregation. 
Thus  8  + 2 +  6  =  8  +  2  + 6,  and  32  +  [8  —  5]  =  32  +  8  —  5. 

If  we  subtract  h  -\-  c  from  a.,  and  h  —  e  from  o',  we  have 

the  following  results : 

a  a 

h  e  h  —  c 

a  — h  —  c  a  —  b  +  c 

We  therefore  see  that 

a  —  {b  c)  =  a  —  b  — 

and  a  —  {b  —  c)  =  a  —  b  c. 

If  the  parentheses  inclosing  an  expression  are  p>receded,  by 
the  negative  sign.,  the  parentheses  may  be  removed.,  provubed 
the  sign  before  each  term  is  changed. 

Thus  15  or'  —  17  ah  +  //^  —  (3  cd  —  h^)  =  15  — 17  ah  +  5^  —  3  +  5^ 

=  12  a-  -  17  ah  +  2  h^. 
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Exercise  20.  Removal  of  Parentheses 

ExanipJes  1  to  7,  oral 

Remove  the  parentheses  and  simpUfp  the  results : 


1.  9 +  (8  +  2). 
2.6+  (5  +  3). 
3.  8 +(7-4). 


4.  %  X  X  +  X). 

5.  37j> +  (9jf?  +  4jt?). 

6.  8a2  +  (3«2_  2^2). 


7.  How  much  does  10  +  4  become  when  increased  by 
8  +  3?  How  much  is  the  sum  of  10,  4,  8,  and  3? 

Remove  the  parentheses  and  simplify  the  results : 

8.  (3  6?  +  a) +  (8  rt  +  rt).  10.  (f  X y')-\- (^x  —  o  y'). 

9.  (r?  +  6  (2)  +  (4  rt  —  rt).  11.  3rt  — ^+(a  +  4^). 

12.  Z2a  —  (8  a  —  />)  +  (4  a  —  3  />). 

13.  35  xy  —  (25  xy  +  8)  —  (6  xy  —  9). 

14.  75  a^l)^  —  (rt2^>2  _j_  (ppi  _  3 

15.  (^2  —  h)  —  {h  —  c)  —  (c  —  fZ)  —  ((f  —  e)  —  (e  ^  a?‘'). 

16.  (d  —  (/>  —  c)  +  /)  —  (c  —  (?)  +  c  —  ((?  —  (i^). 

17.  (?2  -  2  (r/>  +  -  (((2  +  2  (?/)  +  ^2). 

18.  (('2  -  3  ai^h  +  3  ((//2  -  -  (a^  +  3  a^  +  3  aE-  +  /r^). 

19.  +  P'2  _  3  7>2  _  4  7_  (4  p3  ^  9  p2  _  4  />  _7). 

20.  4  ()f2  —  17a  + 16  —  (3  ((2  + 1(3  a  —  4)  +  (1 7  a  —  3). 

21.  (3  .r  +  8  .('2  -  9  -  (X  +  3)  +  (.r2  _  7)  -  (7  -  xf 

22.  4  +  3  a;  —  (.r2  —  1)  +  (x  +  7)  —  (.('2  —  3  +  4)  +  (j:  +  3). 

23.  .^-2  —  3  2^y  +  3  xy^  —  y^  —  (.("2  +  3  .r‘^y  +  3  xy‘^  —  y2). 

24.  a?‘lP‘iP‘  —  ((«2  +  ^>2  _|_  (.2^  _  ^1  _  a2^>2(.2^  _  2  a%^c^. 

25.  Indicate  by  using  parentheses  the  subtraction  of 
P  +  a:2  —  7  from  x^  —  2x^  +  7.  Then  remove  the  parentheses 
and  sim^jlify  the  result. 
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47.  Removal  of  Several  Symbols  of  Aggregation.  The 

symbols  of  aggregation  used  most  frequently  in  algebra, 
ami  meutioued  informally  on  page  11,  are  the  following: 

l^areatJieses,  as  in  «  —  (/>  +  e)  Brackets^  as  in  f  —  —  r] 

Bar  or  vinculmn^  as  in  ^  —  2  Bracen^  as  in  m  —  {m  +  n] 

When  one  symbol  of  aggregation  incloses  another,  it  is 
usually  simpler  to  remove  the  inner  symbol  first. 

1.  Simplify  the  expression  10  —  (4  —  8  —  2). 

10  -  (1  -  =  10  -  (4  -  1) 

=  10  -  4 
:-7. 

2,  Simplify  tlie  expression  20  u  —  [10  «  — 

20  a  —  [10  a  -  {(I  —  A)]  =  20  a  —  [  10//  —  //  +  A] 

=  20  //  -  [0  a  +  A] 

=  20  //  -  !)  a  -  A 
=  11  //  -  A. 

Cases  in  which  more  than  one  set  of  symbols  of  aggregation  is 
inclosed  within  another  are  so  rare  that  they  need  have  no  serious 
consideration  in  the  school.  In  the  important  work  with  formulas 
the  above  examples  suffice  as  types. 

When  symbols  of  aggregation  are  removed,  the  signs  of  the  terms 
affected  should  be  changed  if  necessary. 

48.  Insertion  of  Parentheses.  From  what  we  have  learned 
of  the  removal  of  parentheses  we  see  that 

Two  or  more  terms  may  he  inclosed  in  parentheses  pjreceded 
hy  a  plus  sign  without  changing  the  signs  of  the  terms. 

Two  or  more  terms  may  he  inclosed  in  parentheses  yreceded 
hy  a  minus  sign.,  the  sign  of  each  term  is  changed. 

We  rarely  have  to  insert  parentheses,  and  the  case  may  be  dis¬ 
missed  with  brief  mention. 


48 


ADDITION  AND  SUBTRACTION 


Exercise  21.  Symbols  of  Aggregation 

Remove  the  syrnhoh  of  aggregation  and  simplify : 

1.  7-(3-2)  +  12-(5  +  3). 

2.  19-3(2  +  4)4-5(8-3). 

3.  6  _  [.,2  _  ^,,2  _  4  7  y2]. 

4.  9  r/  +  8  —  ( 3  a  —  (3 )  —  [</  —  8  —  (4  a  —  o )]'. 

5.  7 —  3.1’'^+  (G+^^  — a’^^  +  2 ^^)]. 

6.  loa  —  \_a-\r^:l  —  (c  —  ^  d  -\-e  —2  a')  +  c]  ~  oh  —  3  c  +  d. 

7.  45  a‘^  —  8  a^  +  (/>  —  c  —  8  e)  +  (6  a  —  h  —  o  c  —  2  h). 

8.  9  a  —  (3  a  —  />)  +  2  c-  +  4  /?  —  (4  «  +  a  —  />  +  6  c). 

9.  5  (dj  +  (7  ah  —  ah  + 1)  +  [ah  —  Qah  +  ah  —  3)]. 

10.  fd  +  2  ah  +  ir-)  -  Qd  -  2  cd>  +  d')  -  (-  efl  +  2  ah  -  /4). 

11.  35  a%  —  (25  aid  +  32)  —  [5  cC-h  —  2  +  (5  aid  —  2)]. 

Remove  the  parentheses,  leaving  the  brackets: 

12.  [.-2  -  (3  .r^  +  /)]  X  -  (3  -  f)l 

13.  [rt2;,3  _  +  8)]  X  laHfi  -  (<M*  —8)]. 

14.  Inclose  the  last  two  terms  of  —  3  x‘^y  +  3  xy"^  —  if  in 
})arentheses,  without  changing  the  value  of  the  expression. 
Do  the  same  for  x^  +  3  x‘^y  —  3  xy‘^  +  yC 

In  Exs.  II  and  Id  change  the  signs  when  necessary. 

15.  In  the  expression  id  —  4  aH>  +  6  add  —  4  aid  +  Id  in¬ 
close  the  last  three  terms  in  parentheses  without  changing 
the  value.  Do  the  same  for  the  last  two  terms. 

Remove  the  syrnhols  of  aggregation  and  simplify : 

16.  8.2  a’2  -SAx  +  5.8  -  [3.4  .^2  -  (7.8  .r  -  4.3)]. 

17.  5.43  -  [3.82  nC  -  4.3  nd  -  (2.9  nd  +  0.4  nd  -  9)]. 

18.  4.8  xy-  + 1.7  -  [3.8  xy  +  (8.2  xy  +  3)]. 
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Exercise  22.  Equations  involving  Subtraction 

Exavqyles  1  to  10,  oral 

1.  In  the  equation  8  2;=  15  +  3  2:,  what  do  we  first  sub¬ 
tract  from  both  members?  By  what  do  we  then  divide? 

Solve  the  folloivbuj  equations : 


2.  \  X  —  18+2’. 

3.  6  2;  =  16 +  2  2’. 

4.  15  2:=  32  +  72-. 

5.  352:=  36  +17  2. 


6.  422=81+332. 

7.  332=  3  +  3  2. 

8.  222=  2.1  +  2. 


9.  35  2  =  3.5  +  28  x. 


10.  In  the  equation  0  2  +  35  =  52  +  39,  what  literal  term 
should  we  first  subtract  from  both  members  ?  Then  what 
numerical  term  ?  By  what  do  we  then  divide  ? 

Solve  the  following  equations  : 

11.  232  +  4  =  3  X  +  84.  14.  7.2  2  +  4  =  6.9  2  + 16. 

12.  42  2  +  8  =  3  2’ +  47.  15.  1.42  +  9  =  0.82  +  45. 

13.  19  2  +  5  =152+  25.  16.  4.52+6.8  =  3.92  +  12.8. 

17.  If  10  is  added  to  16  times  a  certain  number,  the 

result  is  58.  What  is  the  number  ? 

18.  If  14  is  added  to  12  times  a  certain  number,  the 
result  is  86.  What  is  the  number  ? 

19.  If  from  12  times  a  certain  number  twice  the  num¬ 
ber  is  taken,  the  result  is  700.  What  is  the  number? 

20.  If  from  30  times  a  certain  number  14  times  the 
number  is  taken,  the  result  is  48.  What  is  the  number? 

21.  If  five  times  a  boy’s  age  plus  seven  times  his  age  is 
180  yr.,  how  old  is  the  boy? 

22.  Make  and  solve  a  problem  similar  to  Ex.  21. 
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Exercise  23.  Review 

Add  the  folloiving  expressions  and  cheek  the  residts : 

1.  4  _  7  ^  2,  3  —  5  x  —  6,  and  +  4  a:  —  5. 

2.  74-82:  —  2’^,  3  2:  —  4  2-2  4-  2,  and  8  —  2  2:  4-  5  2:2 

3.  ^2- 4-^^,  32:4-^,  and  \^y  +  \x. 

Subtract  in  the  following  cases  and  check  the  residts : 

4.  5.  6. 

7  ^  4“  3  JI9  4“  2  ^  2  A  4"  7  ^  4“  5  ^2  5  A  4“  9  ^  4~  0  ?.( 

bh  —  2p  —  %  q  A  4-  ^4-  u  3  A  4-  2  ^  4-  4 

In  Ex.  5  notice  the  similarity  to  the  case  of  275  —  111. 

7.  2V  coal  dealer  Ijonglit  a  carloads  of  coal  averaging 
42  tons  each  and  h  carloads  averaging  48  tons  each.  He 
sold  3  a  tons  to  one  customer,  8  tons  to  another,  and  7  h 
tons  to  another.  How  many  tons  had  he  left  ? 

Remove  the  parentheses  and  simplify  the  following : 

8.  7  ^  4-  8  w  4-  (5  f  4-  n')  -(4^4-5  ?/). 

9.  b  a^  —  1  ah  —  3  ac  —  (fla^^  +  ^  ah  —  3  ac^. 

10.  2 -  (3  J  +  4  p)  +  (4  fy  -  8  p). 

11.  5  d?  —  (3  ah  -\- h‘^')  ~  (f  a^  —  2  ah  —  Z 

12.  Express  321,  473,  502,  and  365  algebraically,  using 
//,  A  and  it  to  represent  hundreds,  tens,  and  units  respec¬ 
tively.  Then  add  and  check  the  result. 

13.  What  must  be  added  to  4  —  3  ^  4-  to  make  zero  ? 

14.  What  must  be  subtraeted  from  4:0^  —  ?>h  -\-  e  to 
leave  zero  ? 

15.  What  must  be  added  to  42:2-32:^4-^^  to  make  —  82:2? 
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III.  MULTIPLICATION 

49.  Multiplication.  We  often  need  to  multiply  one  poly¬ 
nomial  by  another,  but  before  we  can  state  these  cases  so 
that  they  will  be  clearly  understood  we  should  know  how 
to  multiply  one  monomial  by  another. 

In  the  simplest  cases  this  is  quite  like  the  multiplication 
of  denominate  numbers. 

For  example,  just  as  o  x  5  ft.  =  15  ft,  so  3  x  d  x  =  15  x. 

If  negative  signs  are  involved,  we  proceed  as  in  §  28. 

For  example,  just  as  —  :i  x  —  7  =  21,  so  —  o  x  (  —  7 x)  =  21  x. 

If  exponents  are  involved,  we  need  only  consider  what 
they  mean,  and  the  multiplication  is  usually  very  simple. 

For  example,  =  aaa  x  ;  that  is,  u,  is  used  seven  times 
as  a  factor,  and  so  the  result  is  rd. 

50.  Laws  of  Multiplication.  Fh-om  the  above  examples 
the  following  laws  of  multiplication  are  easily  understood. 

1.  Li  multiplying  monominh  the  expomnt  of  any  letter  in 
the  produet  is  equal  to  the  sum  of  the  exponents  of  that  letter 
in  the  factors. 

That  is,  a"*  •  a"  =  a"*  + 

This  is  apparent  from  §  40,  because  if  n  is  used  tti  times  as  a  factor, 
and  also  n  times  as  a  factor,  it  is  used  in  all  tn  +  n  times  as  a  factor. 

2.  A  power  of  a  power  of  a  number  is  equal  to  the  power 

of  the  number  indicated  by  the  product  of  the  exqwnents. 

That  is,  {a^Y  =  o'"". 

For  example,  (ah“  =  (aacif  =  aaa  x  aaa  =  aaaaaa  =  a^. 

•  3.  In  multiplication  two  like  signs  produce  plus;  two  ludike 
signs  produce  minus. 

That  is,  +  a  •  (+  ^0  ~  +  o  •  (—  h)  =  —  ah 

—  a  •  (—  b)  =  -}-  at  —  a  ■(+//)  =  —  ah 
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51.  Multiplication  of  a  Polynomial  by  a  Monomial.  If 

we  multiply  4  ft.  3  in.  by  2,  we  have  8  ft.  6  in.  In  the 
same  way,  if  we  multiply  4  times  one  number  plus  3  times 
another  nnmber  by  2,  we  evidently  have  8  times  the  first 
plus  6  times  the  second.  That  is, 

4  ft.  3  in.  4  /  +  3  i  4  a;  +  3  y 

2  2  2 

8  ft.  6  in.  8f+6i  8  .r  +  6  y 


In  the  same  way  we  have  the  following : 


Operatiox 


^2  _2ab  +3^2 
ah 

a%  -  2  +  3 


Check 

l-2+3=2 
1  =  1 
1- 2+3=2 


In  algebra  it  is  just  as  convenient  to  write  the  multiplier  at  the 
left  and  work  from  left  to  right  if  one  cares  to  do  so. 

If  a  check  upon  the  exponents  is  desired,  let  a  =  2  and  h  =  2,  or 
take  other  values.  In  case  either  factor  becomes  zero  in  the  check, 
use  some  other  values  for  the  letters. 


To  multiply  a  polyuoynial  hy  a  monoynial,  multiply  each 
term  of  the  polyyioyyiial  hy  the  monomial  and  add  the  partial 
products. 


Exercise  24.  Multiplication  by  a  Monomial 

Examples  1  to  4,  oral 


1.  10(10  +  7). 

2. 

3.  p(p4-q-rf 

4. -3  aia^^-  2). 


5.  -  8«2/)(rt2_  2rt5  +  /)2). 

6.  25.i’2(p2- 2py +  /). 

7.  75  (dx^(^a^  —  3  ai^x  +  3  ax‘^  —  x^f 

8.  -  22  -  3  xy  -  20). 


9.  What  is  the  area  of  a  rectangle  whose  base  is  «  +  3  5 
and  height  2  a  ? 
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52.  Multiplication  of  a  Polynomial  by  a  Polynomial.  If 


we  multiply  43  by  21,  we  multiply  first  by  1 

unit  and 

then  by  2  tens,  and  then  add 

the  partial  products,  thus: 

i\Inltiplicand 

43 

40  +  3 

Multiplier 

21 

20  +  1  ; 

Multiplying  by  1  unit 

43 

40  +  3 

Multiplying  by  2  tens 

86  800  + 

60 

Sum  of  partial  products 

903  800  +100  +  3 

In  a  similar  way  we  multiply  4  2-^+  3  x  by  2 

+  2%  thus : 

Operation 

Check 

4  -f  ^  X 

4  +  3  = 

7 

2  -p  2^ 

2  +  1  = 

3 

21 

■i 

8  +  10  2:^  +  3 

8+10  +  3  = 

21 

To  multiply  a  polynomial  hy  a  polynomial^  multiply  the 

multiplicand  hy  each  term  of 

the  multiplier  and  add  the  I 

j^artial  jjrodiicts. 

1 

Before  mnltiplying  arrange  both  polynomials  according  to  the  I 

descending  jnncers  of  some  letter. 

If  we  prefer,  we  may  arrange 

both  polynomials  according  to  the  ascending  poicers  of  some  letter.  1 

For  example,  in  multiplying  7  — 

X-  +  Sx  lyy  X  +  2  —  a-- 

we  arrange  i 

the  two  polynomials  in  either  of 

the  following  ways. 

,  preferably  [ 

the  first : 

—  a-  +  8  2  +  7 

7  +  8  ,r  —  x~ 

—  2“  +  X  +  2 

2  +  X  —  a- 

i 

AYhile  it  would  be  possible  to  perform  the  multiplication  without 
this  systematic  arrangement,  the  work  would  l)e  more  confusing-  and 
the  chance  for  errors  wonld  be  greater. 

It  often  happens  that  a  polynomial  can  be  arranged  according  to 
the  descending  powers  of  one  letter  and  the  ascending  powers  of 
another  letter,  as  in  the  case  of  —  -5  x“//  +  8  xi/^  ~  i/. 
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Exercise  25.  Multiplication  of  Polynomials 


Perform  the  foUow'nu/  tnultiplieations,  (Did  cheek: 


1.  (.r  + ?/)(2:  +  //). 

2-  O' +  »/)  O' -,'/)• 

3-  (•'•-2/)0'  +  .'/)- 

4-  D-y)(r-y). 

5.  (2  .>■  +  y)  (2  -  I/  ). 


6.  («  +  ?-)  (1(2  + 

7.  (rt2  +  (r(2  + /,2). 

8.  (,.2  +  /)(^-2_;y2), 

9.  (2x'2  +  2/)(2.-2_  y). 

10.  (- 3.f2  + 5)(3.(-2  -  5). 


11.  Multiply  +  l  by  —  and  then  multiply  tlie 
product  by  uW  +  l. 


J’erfiinii  thf  fuUowiny  myltiplirdfiinix,  iiiiil  rhfck: 

12.  (u  +  l>)  (u'2  +  2  ah  +  //2j. 

13.  (<(  -  li)  (<fl  -  2  uh  +  1!^'). 

14.  (.r  +  y)  (.r  +  y)  (.r  +  y} ;  (.c  +  y)  (.i^  +  2  ry  +  y"'-). 

15.  (.r  -  y)  (.r  -  y)  (.r  -  </) ;  (.r  -  i/)  (-r^ -  2  ;r^  +  «/2). 

16.  (2  /'2  +  3  /'+  4)  (4y'2_  7/>+  (i^. 

17.  (125  ndii  +  32  imd')  (pni^  —  2  mhi  +  3  mti^  —  n^'). 

18.  ( (fi  —  3  a%  +  3  at)^  —  6^)  —  2  +  5^). 

19.  {cdl^c^  —  3  (d)c  +  4)  {iWc^  +  4  ahc  —  7). 


Arrange  the  folhnring  in  convenient  form  and  then  perform 
the  nmltiplications : 

20.  —  4  +  3  alh^  —  4  a%')  (^ar'h  —  a^  +  Ir^  +  alh^^. 

21.  +  ^^  —  3  x^y  —  3  xy'^')  (4  xy'^  +  2  x^y  +  —  f'). 

22.  (.4-^  +  3  xy‘^  +  xff  —  3  i^y  +  if)  (xy  +  ^^  +  x^)> 

23.  Multiply  3  A  +  4  ^  +  2  by  6  ^  +  and  also  multiply 
342  by  t)7.  State  why  the  coefficients  in  the  first  product 
are  not  the  same  as  the  figures  in  the  second  product. 
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53.  Square  of  the  Sum  or  Difference  of  Two  Numbers. 

The  product  of  a  +  h  by  a  +  h  is  ar-  +  2  ah  +  and  the 
product  of  a  —  h  Ijy  a  —h  is  6^^  —  2  ah  +  as  shown  below. 
a  h  a  —  /> 

a  +  h  a  —  h 

dP  4-  u/>  a'!^  —  ah 


ah  +  IP 
(P  +  2  ah  4- 


-  ah  +  }P 
(P  —  2  ah  IP 


.  The  S(ji(are  of  tlie  mm  of  two  uwmherH  is  the  square  of  the 
firsts  plus  tivice  their  product  plus  the  square  of  the  second. 

That  is,  {a  +  bf  =  ah'  2  ab -\-  If, 

Tins  is  easily  seen  from  the  annexed  figure, 

For  example,  10“  =  (10  4  0)'^ 

UP  4  2  X  10  X  0  4  fi- 
=  100  +  120  4  oO  =  250. 


ah 

IP 

a'^ 

ah 

a  h 


The  square  of  the  difference  of  tiro  numhers  is  the  s<iuare 
of  the  first.,  minus  tivice  their  product.,  qdus  the  s<iuare  of 
the  second. 

That  is,  (g -bf  =  a^~2abd'  b\ 

For  example,  17“  =  (50  —  0)“  =  50‘“  —  2  x  50  x  3  4  3^  =  2200. 


Exercise  26.  Square  of  the  Sum  or  Difference 

All  work  oral 


State  the  v 

^'csults  of  the  folloivinc/  : 

1. 

112. 

5.  (.T-j-afi.  9.  (p-qff 

13. 

(2  m  +  5)2. 

2. 

212. 

6.  (xA-iy.  10.  flp-qff. 

14. 

(5  m  -  2)2. 

3. 

312. 

7.  («  4-  5)2.  11.  (5  m  — 1)2. 

15. 

(2-5  mfi. 

4. 

222. 

8.  (p  +  </)^.  12.  (5  7»H-1)2. 

16. 

17. 

What 

is  the  area  of  a  square  whose 

side  is  h  A-  d"^ 
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54.  Square  Root  of  a  Trinomial.  Since  we  have  shown 
that  (a  4-  6)-  =  -\-2ah 

and  («  —  ly^  —  —  2  ah  -\-  5^, 

we  see  that  a  -\-h  =  V +2  ah  -{-Ir' 

and  a  —  h  =  V a^  —  2  ah  +  /A 


Therefore,  if  a  trinomial  is  a  perfect  square,  that  is,  if 
it  is  the  product  of  two  equal  binomials,  we  can  easily 
factor  it  and  thus  find  its  square  root.  Thus  we  see  that 

V25  +  30  a;  +  9  =  V(5  a;  +  3)  (5  x  +  3)  =  5  2:  +  3 

because  V  25  =  5  .r,  =  3,  and  30  2:  =  2x5a;x3. 

The  student  should  compare  25  .U  +  30  x  +  9  with  +  2  ah  +  5^ 
and  understand  clearly  how  the  square  root  is  found. 

Although  4  =  (  —  2)  X  (  —  2)  as  well  as  2  x  2,  so  that  the  square 
root  of  4  is  either  2  or  —  2,  often  written  ±  2  and  read  "  plus  or 
minus  2,”  we  do  not  use  the  sign  ±  before  the  2  unless  we  place  it 
before  the  Vi ;  that  is,  Vi  =  2  and  —  vT  =  —  2. 


Exercise  27.  Square  Roots 

By  the  aid  of  factoriny  find  the  square  root  of  each  of  the 
followiny  and  check  the  result  hy  squaring  the  root  found : 


1.  .r^  -f-  6  +  9. 

2.  pq  49  r/2 

3.  49  p‘^  — 14  pq  +  q^. 

4.  36  + 12  2- + 1. 


5.  4f2_p4f-pl. 

6.  4 . 102  +  4 . 10+1. 

7.  1 21  ud  —  44  m  +  4. 

8.  22b  +  X 


9.  Find  the  side  of  a  square  of  area  \  b  a^  —  40  ah  +  25  h'^. 

10.  Find  the  square  roots  of  O.r^  +  Ox  +  l  and  961. 

11.  Find  the  square  roots  of  441,  121,  and  2704. 

12.  What  term  added  to  +  4  +  —  6  +  and  +  8  a 

will  make  each  a  perfect  square  ? 
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55.  Product  of  the  Sum  and  Difference  of  Two  Numbers. 

If  we  multiply  a  —  h  by  a  h,  or  a  +  h  by  a  —  h,  we  find 
that  the  product  is  —  5^,  as  is  here  shown. 


a  —  h 
a  +  h 
€!?  —  ah 

ah  -  1? 


a  +  h 
a  —  h 
+  ah 

-  ah  -  52 
«2  _  ^2 


Therefore,  the  frodact  of  the  sum  and  difference  of  two 
7iumhers  is  the  difference  of  their  squares. 

That  is,  {a  +  6)  (a  —  5)  =  —  6L 

For  example,  (7  x  +  3  h)  (7  x  —  Q  h)  =  49  x-  —  9  /A 
and  43  X  37  =  (40  +  3)  (40  -  3)  =  1600  -  9  =  1591. 


Exercise  28.  Product  of  the  Sum  and  Difference 

All  teork  oral 


State  the  following  qjroducts  : 

1.  («  +  h')  (a  —  h). 

2.  (m  +  n')  (  m  —  n). 

3.  («  +  5)  (rt  —  5). 

4.  («  +  9)  (a  —  9). 

5.  (3  «  +  4)  (3  «  —  4). 

6.  («4  +  2)  (^4  _  2). 


7.  (3«2+1)(3«2_1), 

8.  (22A+l)(2jt>2_l). 

9.  (5  2^ +  1)  (5  £^2  —  1). 

10.  (2:  H- 1)  (1  —  3;). 

11.  (^a -\- h')  (h  —  ay 

12. 


13.  Alultiply  30  +  2  by  30  -  2  ;  32  by  28. 
State  the  folloiving  products  : 


14.  31  X  29. 

15.  33  X  27. 

16.  42  X  38. 


17.  51  X  49. 

18.  61  X  59. 

19.  62  X  58. 


20.  71  X  69. 

21.  82  X  78. 

22.  97  X  103. 
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56.  Factoring  the  Difference  of  Two  Squares.  The  differ¬ 
ence  of  two  squares  is  always  factorable  (§  55). 

The  difference  of  the  squares  of  two  monbers  is  the  i^roduct 
of  the  sum  and  difference  of  the  numbers. 

That  is,  —  If  =  {a  -\-  h)  {a  —  b). 

Factor  the  binomial  49  —  36  ff. 

The  sum  of  the  square  roots  of  19  a-  and  30  f  is  7  x  +  0  //,  and 
tlieir  difference  is  7  x  —  0  //. 

Therefore  49  x’^  —  36  f  =  (7  x  +  6  //)  (7  a-  —  0  //). 

One  great  object  in  factoring  is  to  arrange  an  expression 
in  a  foiin  more  suitable  for  computation. 

4'hus,  to  find  the  value  of  75'^  —  we  can  more  easily  iise  the 
form  (7o  +  15)  (75  —  15),  for  this  reduces  to  90  x  00,  or  5400. 


Exercise  29.  Factoring  the  Difference  of  Two  Squares 

Examples  /  to  10,  oral 
Factor  the  following  expressions : 


1,2  2 

1.  p-  -  q-. 

2.  C/2-9. 

3.  172-52. 

4.  812 -92. 

5.  732-72. 


62. 


a%2 


6.  192 

7.  25- 

8.  367>2_4^^2 

9.  49-4c/2^/2 

10.  C/2/>2^.2  _ 


11.  144.t2-25. 

12.  169a2  — 36^2. 

13.  196/ -  9  r/. 

14. 

15.  21  (*2 -61*2 


16.  Arrange  the  expression  127.82  —  29.42  in  a  form 
more  convenient  for  computation. 

17.  A  metal  plate  is  16  in.  in  diameter  and 
has  four  holes,  each  of  which  is  2  in.  in  diam¬ 
eter.  Arrange  the  statement  of  the  area  of  the 
surface  in  a  convenient  form  for  computation,  and  tlien 
find  this  area. 
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57.  Special  Case  of  the  Difference  of  Two  Squares.  The 

terms  mentioned  in  §  56  may  be  the  squares  of  polynomials. 

1.  Factor  (a:  +  3  — 16  2^. 

Taking  the  square  roots  of  (x  +  3  and  16  2:^^  we  have 
(.r  +  3  -  16  2^  =  (^  +  3  ^  +  4  +  3  y  _  4  z). 

2.  Factor  —  (a?  — 

a‘^h‘^c^  —  (x  —  ?/)‘^  =  [o-6V“  +  (x  —  y)]  [a^^V-  —  (x  —  y')~\ 

=  (cfiU^c-  +  X  —  ?/)  (a“/y^c^  —  X  +  ^) . 

3.  Factor  (a —  (x  —  yy^. 

(«  +  -  (X  -  yy^  =  [(«  +  h)  +  (x  -  y)-\  [(a  +  />)  -  (x  -  ^)] 

=  (rt  +  h  X  —  y)  (a  +  5  —  X  +  y). 

Exercise  30.  Factoring  the  Difference  of  Two  Squares 

Examjjles  1  to  S,  oral 

1.  Factor  +  y^  —  (a;  —  y^  —  and  (a  +  by  —  4. 

2.  Factor  (/>  +  9'  +  ry  —  and  (y>  —  (/  +  ry  —  m‘^. 

3.  Arrange  (^x  +  yy  —  z^  for  convenient  computation. 

Factor  the  followmg  expressions  : 

4.  ya^^y-h\  7.  ya-hy-4:c\ 

5.  (a  +  —  9.  8.  (x  —  yy  —  (a -\-hy. 

6.  (a  +  by  —  4  cA  9.  (x  —  yy  —  (a  —  by. 

Arrange  in  form  convenient  for  computation : 

10.  82 -(5  -  2)2.  12.  75.62 -(3.4  +  6.3)2 

11.  92_(0_p|)2.  13.  (25.8  +  4.2)2-(9.7+6.3)2 

Rediice  to  lowest  terms  by  canceling  common  factors : 

14  p^-{q  +  rr  (w  +  xy-  -  (y  + 

(jt?  +  ^  +  r)2‘  *  w  -y^x  +  y  +  z 

JM3 
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58.  Product  of  Two  Binomials.  Consider  the  product  of 
two  binomials  having  a  common  term,  tlins : 


X  + 

O’  +  3 
x^  -h  5 

S  X  15 
2’^  +  8  2’  +  1 5 


X  +  a 
X  -\-h 

j'-  -)-  «x 

hx  +  ah 
(^/  -h  h^x  +  ah 


The  ])rodaet  of  two  hinomiah  Itavinff  a  common  term  is  the 
sqaare  of  the  common  term^  plus  the  product  of  the  common  term 
hy  the  sum  of  the  other  terms,  plus  the  product  of  the  other  terms. 


That  is,  (a:  +  a)  (j:  +  5)  =  +  (a  +  5)  jr  +  ah. 

Tluis  {x  +  5)  (i’  —  3)  =  .r-  +  (5  —  3)  x  +  5  (—  3)  =  P-  +  2  x  —  15. 
Similayly,  (10  +  a)  (10  +  //)  =  100  +  10  (a  +  5)  +  ah 

=  10(10  +  a  +  h)  +  ah. 

Hence  17  x  19  =  10  (10  +  7  +  9)  +  63 

=  260  +  63  =  323. 


Exercise  31.  Product  of  Two  Binomials 


Examples  1  to  Id,  oral 


State  the  jmoduct  in  each  of  the  followiny  cases : 


1.  (2:  + 1)  (^x  +  3). 

2.  {x  +  l)(x-^f 

3.  (2’  +  4)(j-+G). 

4.  (a +7)0/ -2). 

5.  (10 +  2)  (10-1), 


6.  12  xl7. 

7.  13  xl5. 

8.  16  xl6. 

9.  17x18. 
10.  15  xl9. 


11.  12  X  14. 

12.  13  X  14. 

13.  13  X  17. 

14.  16  X  18. 

15.  16  X  19. 


Find  the  product  in  each  of  the  following  cases : 

16.  (.r+24)(a^+37).  18.  (|>  + 120)  (^^  + 140). 

17.  (a:  —  58)  (a:’ +  75).  19.  (a  — 135)  (a  ~  250). 
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59.  Factoring  a  Quadratic  Trinomial.  A  trinomial  of  the 
form  +  hx  +  c  is  called  a  quadratic  trinomial. 

We  consider- first  the  product  of  two  binomials. 


X 

X  +  2 


X  a 
X  +  h 

x‘^  +  ax 


hx  +  n/> 


+  6  ^  +  8 


x‘^  “h  X  -f-  ah 


Hence  the  factors  of  +  6  j:’  +  8  are  +  4  and  ^  +  2,  and 
the  factors  of  x‘^ t^a -\- h')  x ah  are  x a  and  x  -\-h. 

Hence,  if  a  trinomial  of  the  form  ^  is  factorable, 

the  first  term  of  each  factor  is  x ;  and  the  second  terms  of 
tlie  factors  are  tlie  two  numbers  Avliose  product  is  q  and 
whose  sum  is  j),  the  coefficient  of  x. 

Factor  x^  —  2  x  — 15. 

Since  the  product  of  the  second  terms  is  —  Id,  one  of  these  terms 
must  he  positive  and  the  other  negative.  The  sum  of  tlie  two 
numliers  is  —  2,  hence  the  negative  num})er  must  have  the  greater 
numerical  value. 

The  two  numbers  whose  product  is  —15  and  whose  sum  is  —  2 
are  evidently  o  and  —  5. 

Therefore  U  —  2  x  —  15  =  {x  +  o)  (.r  —  5). 

We  check  the  result  by  multiplying  x  —  b  by  x  +  3. 

60.  Directions  for  Factoring  hx  +  c.  In  factoring  a 
trinomial  of  the  form  hx c,  we  proceed  as  follows : 

•Find  two  monomials  whose  qwoduct  is  the  absolute  term 
tvitli  its  ‘proper  sipn.,  and  whose  sum  is  the  coefficient  of  x 
until  its  proper  sign. 

Write  for  the  factors  two  hinomials,  the  first  term  of  each 
being  x,  and  the  second  terms  being.,  respectively^  the  monomials 
thus  found. 
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Exercise  32.  Factoring  Quadratic  Trinomials 

Examples  1  to  8,  oral 

1.  Name  two  numbers  such  that  their  sum  is  11  and 
product  28  ;  such  that  their  sum  is  3  and  product  —  28. 

2.  Name  two  numbers  such  that  their  sum  is  —1  and 
product  —42;  such  that  their  sum  is  13  and  product  42. 

Name  two  mimbers  ivliose  sum  s  and  joroduct  p  are : 

3.  .s‘=7,  |>=12.  6.  s  =  —5,p  =  —  36. 

4.  s  =  8,  |?=16.  7.  6' =  —  3,  jc  =  —  70. 

5.  .s-  =  5,  p  =  —  36.  8.  8  =  —  1,  p  =  —  72. 


Factor  the  followinq  a)Hl  cheek  the  results : 


9.  a‘^  +  a-72. 

10.  a^-a-72. 

11.  +  5  jr  +  6. 

12.  x^-x-(o. 

13.  p‘^  +p-3. 

14.  p‘^  — 13  p  +  42. 

15.  a^  ^11  ah +  23  IP'. 


16.  x‘^  +  16  xj!  +  63 

17.  .?;2  +  16.r  +  15. 

18.  .+  +  7)x  —  50. 

19.  x^-^x-77. 

20.  x^  —  2ixy—  22  y^. 

21.  x^  +  2^  xy  -22y\ 

22.  .+  -10.r-39. 


Factor  both  terms  of  each  of  the  followiny  fractions  and 
then  reduce  the  fraction  to  loivest  terms: 

^•2  +  9.r  +  14  />^  +  15y>  +  56 

x‘^  +  5  X  +  6  p^  +11  p  +  72  ‘ 

25.  By  trying  the  factors  of  the  first  and  last  terms 
find  the  factors  of  10  x"^  +  17 x  +  3.  Verify  the  result. 

'  26.  Find  the  dimensions  of  a  rectangle  whose  area  is 
x^  +  0  X  +  20.  What  are  the  dimensions  if  x  =32 
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61.  Cube  of  a  Binomial.  If  we  multiply  +  2  or 

(a  +  5)2,  by  a  5,  we  have  (a  +  5)^,  thus  : 

u2  2  ah  +  52 
a-\-h 

d^  +  2  <*25  -j-  al)^ 
aH)  +  2  «52  + 
cd  +  3  dM)  +  3  alP‘  +  5^ 

The  cube  of  the  sum  of  two  numbers  is  the  eube  of  the  firs f 
plus  three  times  the  square  of  the  first  multiplied  by  the 
secorid,  plus  three  tiines  the  first  multiplied  by  the  square  of 
the  second^  plus  the  cube  of  the  second. 

That  is,  (a  +  +  3  a^h  +  3  +  b\ 

For  example,  (ci  +  5)^  =  (p  +  3  cr  •  5  +  3  a  •  5-  +  5^ 

=  (d  +  15  cd  +  75  a  +  125. 

Similarly,  {a  —by  =  a^  —  3  a^b  +  3  —  &L 

Exercise  33.  Cubing  Binomials 

E'xamqjles  1  to  8,  oral 
State  the  cidw  of  each  of  the  following : 

1.  a-{-m.  3.  x-\-^>  5.  p  +  q-  7.  10+1. 

2.  a  — X.  4.  rr  — 1.  Q.  q)  —  q.  8.  10— 1. 

Find  the  eube  of  each  of  the  folloiving  and  check  the  residt: 
9.  2p-q.  11.  l-2x.  13.  1  +  p\  lb.qy^  +  \. 

10.  nd  +  n.  12.  1-3  y.  14.  1  - qA  16.  p‘^  - 1. 


17.  Cube  f  +  2  and  10  +  2  ;  ^  +  3  and  13. 

18.  Cube  5  +7  and  107;  5  + 5  and  105. 

19.  Cube  6  f  +  7  and  from  the  result  find  the  cube  of  67. 
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62.  Factoring  a  Perfect  Cube.  We  have  found  (§61)  that 

(rt  +  /))3  =  «3  +  3  3  ^  i;i 

and  (ci  -  hy  =  -  3  aV>  +  3  ali^  -  hK 

These  statements  may  be  combined,  thus : 

((?  ±  by  =  (fi  ±  3  a%  +  3  ±  h^. 

The  upper  signs  of  ±  go  together  and  the  lower  signs  go  together. 

Hence  we  see  that  the  cid^e  root  of  a  j^oli/nomial  in  the 
form  (fi  ±  3  (tH>  +  3  ati^  ±  is  of  the  form  a  ±  h. 

Factor  8  +  12^’^+ 6  j’  +  l  and  thus  find  its  cube  root. 

Since  this  polynomial  is  equal  to  (2  xY  +  o  (2  ,r)-  +  d  (2  x)  +  1,  it 
is  equal  to  (2  x  +  1)^.  The  factors  are  therefore  2  x  +  1,  2  x  +  1,  and 
2  X  +  1.  The  factored  form  is  (2  x  +  1)^  and  the  cube  root  is  2  x  +  1. 


Exercise  34.  Factoring  Perfect  Cubes 


Exa)}iples  1  to  0,  ornl 


1.  Factor  +  3  jAy  +  3  ixf  +  (f  ;  jY  —  3yAy  —  if. 

2.  F actor  A  +  3  A  -f  3  .i’  + 1 ;  .r3  —  3  .r^  +  3  .r  —  1. 

3.  Factor  1  —  3  a;  +  3  .r^  —  .U  ;  1  +  3ya(/  +  3yAy2  +ya^(/. 


Factor  each  of  the  foUoiclnp  : 

4.  53  +  3  •  52  + a  -  5+1. 

5.  63  +  3  .  62  +  3  .  6+1. 

6.  83  +  3  .  82  +  3  .  8+1. 

7.  n3_p6a2_pi2u  +  8. 

8.  ^3  +  +  3  ah  (u  +  h'). 


9.  A  +  6  A  + 1 2  a-  +  8. 

10.  a^  —  6  a’2  + 12  ai  —  8. 

11.  27y>3  +  27y>2  +  9y? +1. 

12.  27y>3-27ya2  +  9y?-l. 

13.  8  a’3  + 12  a;2y/ +  6  a:^2  _p  ^3^ 


Find  the  cube  root  of  each  of  the  following  : 

14.  1  —  6  a’// +  12  a:2^2  _  3  a^y3 .  3  +  12  Fg^^z  +  6  xgF  +  zK 

15.  8  a:3^3  _  12  a:’2^22  _p  6  :ry2:2  —  ^3  •  27 /l^3  +  27  m2  +  9  m  +  1. 
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IV.  DIVISION 

63.  Division  of  a  Monomial.  If.  we  have  a  formula  like 
D=-|^7rr^,  it  often  becomes  necessary  to  divide  both  mem¬ 
bers  of  the  equation  by  some  monomial  like  4  tt,  and  hence 
Ave  need  to  know  how  to  proceed.  That  is,  the  division 
of  one  monomial  by  anotlier  is  often  necessary  in  practical 
work  with  formulas. 

The  first  thing  that  Ave  liaAm  need  to  review  is  the  law 
of  signs,  already  studied  in  §  29,  page  34. 


Since 

since 

since 

since 


-{-a  .  +  i  =  +  n7>,  Ave  see  that  =  +  ^  ; 

+  a 


—  a  —  h  =-\-  ah^  Ave  see  tliat 


a  .  —  h  =  —  ah^  Ave  see  that 


+  ah 


■  a 
ah 


+  a 

—  ah 


-h; 


=  — hi 


—  n  .  +  7  =  —  n7>,  we  see  that  — —  —-\-h. 


That  is,  as  already  stated  on  page  34, 

Plus  2^Ins  =  plas^ 

Plus  -r-  umms  =  mhius^ 

3Iinus  plus  =  uiiuus. 

Minus  mimis  =  plus. 

These  laws  may  be  stated  more  concisely,  thus : 

Li  division  t  wo  like  svjns  produce  plus ;  Hvo  unlike  signs 
produce  minus. 


This  law  may  be  illustrated  numerically  thus: 


+  27 
+  9 


=  +3, 


+  27 
-  9 


=  -3, 


% 
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64.  Law  of  Exponents.  Division  being  the  inverse  of 
ninltiplication,  we  have  the  following: 

Since  a?  •  =  a? =z  we  have  _  ^5-3  _  ^^2  . 

since  ,  a'-J  =  we  have  y  ^  —  a^. 

That  is,  o'"  a”  =  o'"  “ 

The  exponent  of  any  letter  in  the  quotient  is  equal  to  the 
exponent  of  that  letter  in  the  dividend  minus  the  exponent 
of  that  letter  in  the  divisor. 

For  example,  20  a"  I  =  5  ^  =  5 

and  —  35  x"y^  7  x^ij  =  —  5  x‘^if. 


Exercise  35.  Division  of  Monomials 


Examples  1  to  5,  oral 


Perform  the  divisions  indicated  heloiv : 


abc 


2. 


3. 


4. 

5. 


ahnhd 

amn 


xyz 
x^  q^zb 


xhfz^ 

Tl.^x^y 

Zxhj 


a 

225  aV>36'2 

11. 

00 

00 

°9v 

5s 

Ol 

QO 

1 

D. 

2bab‘^w 

2bp^cfr^ 

7. 

12x^ifz^ 

—  6  xyz 

12. 

333p2yr2 
—  9|?2^2 

8. 

—  238  nd'n^ 

13. 

-  702 

14  mhd 

9 

Q 

288 

14. 

125  a"U'\>" 

C/* 

-Vlahc  ' 

—  25  ahc 

10. 

-%2bihfz^ 

15. 

—  225  mhdp^ 

-  25  xhjz^ 

—  25  uudp^ 

Arrange  each  of  the  following  expressions  in  foinn  more 
convenient  for  computation  : 


16. 


_ 

Vrr2  ‘ 


—  4  TT  8.3'2  a^{h  +  cf 

6  TT  8.3  a^(^b  +  cf 
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65.  Division  of 

divide  10  ft.  5  in. 

3)12  ft.  6  in. 

4  ft.  2  in. 
3)12/+ 6  f 
’  4/+2z 


Polynomial  by  a 

Y  5,  we  have  2  ft. 

8)40  yd.  16  in. 

5  yd.  2  in. 
8)40 . 7  +  16  .9 
5.7+  2.9 


Monomial.  If  we 
1  in.  Similarly, 

5)25  tens  +  5 
5  tens  +  1 
5)25  ^  +  5 
“57+T 


That  is,  to  divide  a  polynomial  by  a  monomial. 

Divide  each  term  of  the  dividend  hij  the  divisor  and  add 
the  partial  qnotients. 

If  we  divide  zero  by  any  number,  the  quotient  is  zero. 
Division  by  zero  has  no  meaning. 


Exercise  36.  Division  by  a  Monomial 

Exaioples  1  to  9,  oral 

1.  Divide  by  2 :  6  ft.  4  in. ;  6  /  +  4  f ;  6  tens  +  4 ;  64. 

2.  Divide  by  3  :  6  mi.  75  rd.  ;  6  m  +  75  r  ;  (o  xy  +  7b  xy. 

3.  Divide  by  jo  :  'px-\-  py ;  +  pxy  ;  j)  +  p 

4.  Divide  ax^  +  ay‘^  by  a  ;  mxy  +  ndn  by  m  ;  apq  —  axy 
by  ;  4  x'^y  —  1 2  xH  by  4  x'^. 

5.  Divide  —  px  py  by  p)\  —qjx  +  py  by  —  p. 


Perform  the  divisions  mdicated : 

72  aHi^  +  36  ah 

6.  - - -  i 

36  ah 

125  jP‘qh^‘^  +  bO  pqr 

25  ' 


—  8  pqh^  —  1 2  pi^qr 

-  ^P'l 

—  18  ahc^  +  6  aHi^c 

—  6  c 


10.  Since  125  =100  +  20  +  5,  show  that  the  division  of 
125  by  5  may  be  considered  a  special  case  of  the  division 
of  a  polynomial  by  a  monomial,  and  divide  accordingly. 
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66.  Division  of  a  Polynomial  by  a  Binomial.  The  cases 
given  below  illustrate  the  case  of  the  division  of  a  poly¬ 
nomial  by  a  binomial  and  the  check  for  the  work. 

1.  Divide  5^’  —  84  by  a:H-7  and  check  the  result. 

Opekatiox  Check 


2-2- 

5  a:  -  84 

.r  H-  7 

-  88 

a’2  + 

7x 

a:-12 

8 

-12  a: -84 
-12a’-84 


We  may  clieck  the  result  by  carefully  reviewing  the  work;  or 
by  multiplying  the  quotient  by  the  divisor,  the  product  being  the 
dividend ;  or  by  substituting  values  for  the  letters. 

Applying  the  second  of  these  checks,  we  can  easily  show  that 
(a:  +  7)  (.r  —  12)  =  —  5  x  —  81. 

Applying  the  third  check,  we  let  x  =  1,  and  have  1  —  5  —  81  =  —  88, 
1  -1-  7  =  8,  —  88  -e  8  =  —  11  ;  and  the  quotient,  x  —  12,  becomes  —  11. 

2.  Divide  by  a  —  h  and  check  the  result. 


Operatiox 


Check 


CO 

1 

a  —  b 

CO 

1 

to 

a^^  +  ab  +  b‘^ 

aH>  -  1 

a%  - 

air-  - 
air  -  63 


In  the  check  we  cannot  let  a  =  1  and  />  =  1  because  this  would 
make  the  divisor  zero.  We  therefore  let  a  =  2  and  />  =  1. 


Smce  we  cannot  divide  by  zero^  in  checkbay  ive  use  some 
values  for  the  letters  that  do  not  make  the  divisor  zero. 

Since  algebraic  division  rarely  requires  a  divisor  of  more  than  two 
terms,  we  shall  consider  only  monomial  and  binomial  divisors. 
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Exercise  37.  Division  of  Polynomials 

Examples  1  to  5^  oral 

1.  In  dividing  +  3  jfAy  +  by  pp'  +  ^pq,  what  is 
the  first  term  of  the  quotient  ? 

2.  How  do  you  check  the  work  in  division  ?  Illustrate. 

State  the  first  term  of  the  following  cfiotients  : 

3.  —  1 X  +  10  divided  by  x  —  5  ;  by  a;  —  2. 

4.  6  +  11  +  3  l>^  divided  by  3  a  +  d  ;  by  2  a  +  3  h. 

5.  8y»2—  26  y)  +  15  divided  by  —  2^j»  +  5  ;  by  —  4y)+  3. 


Divide  the  follouring^  checking  the  residts : 

6.  of  +  5  a:  +  4  by  a?  + 1.  14.  'X^  —  4  xy  —  5  y‘^  hj  x  +  y. 


7.  x'^  +  3  X  +  2  by  .r  +  1 . 

8.  +  8  a  + 1 2  by  a  +  6. 

9.  +^-2«-15  by  «-5. 

10.  6*2  +  9  <?  + 14  by  c  +  7. 

11.  y)2— 3y)  — 40  byy>  — 8. 

12.  — 11  y +  18  by  y— 9. 

13.  h^-7h-30  by  />  +  3. 


15.  y>2  —  6 pq  +  5  q^  by  p  —  q. 

16.  x^  ~  2x  —  21  by  a;  —  6. 

17.  a:*-^  —  9  a:  +  20  by  a^  —  4. 

18.  x^  +  xy  —20  if  by  x  +  5  y. 

19.  p^+pq  —  20  cfi  by  y>  —  4  y. 

20.  x‘^  +  11  a;  +  28  by  a:  +  4. 

21.  /2+8/-  33  by  ^  +  11. 


Arrange  according  to  descending  poivers  and  divide  : 

22.  +  x^  — 16  a:  —  4  —  9  by  a;  +  2. 

23.  —  8  a”^  —  25  a;  +  12  +  31a?2  by  x  —  3. 

24.  1  f  +  Z  y  -1  if  +  ^  -  7 y  hy  y  -1. 

25.  nv*  +  1  ml  —  7 —  17)  nd  +  31  m  —  42  by  m,  +  3. 

26.  Divide  tl  +  lt  +  l  by  t  +  2,  and  divide  144  by  12. 

This  illustrates  once  more  the  relation  of  algebra  to  arithmetic. 

27.  Divide  +  6  ^2  +  9  ^  q.  2  by  t  +  2,  and  1692  by  12. 


To 
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67.  Fraction  in  the  Quotient.  In  algebra,  as  in  arithmetic, 
the  quotient  may  contain  a  fraction. 


For  example, 

divide  ed  4-  id  by  a  —  h. 

Operation 

('heck 

(d  4- 

it  -h 

c/  =  2,  />  =  4 

id  -  ifh 

0  /,3 

,pj^ah  +  ld  + 

f=7  +  ^H9 

a%  -  ah'^ 

al>^  -  />3 

2  remainder 


Here  the  remainder  is  2  h^.  If  we  continue  the  division,  the  next 
2 

term  of  the  quotient  is - ?  and  all  the  other  terms  are  fractional. 

a 

tVe  therefore  simply  express  the  division  by  writing  the  remainder 
2 

over  the  divisor,  thus  : - The  quotient  is  therefore  usually 

o  /^3 

written  in  the  form  cr  +  ah  +  Ir  -\ - 


The  subject  of  fractions  is  treated  later.  For  the  present  we  may 
write  a  fraction  as  in  arithmetic. 


Exercise  38.  Fraction  in  the  Quotient 


1.  Divide  +  1  ])y  n;  by 

2.  Divide  yd  +  1  by  yd;  l)y 

3.  Divide  +  2  m  +  2  by 

Divide  the  following : 

4.  yd  +  3y>  +  1  by  yj>  —  1. 

5.  -f-  3  n  —  1 0  by  a  —  3. 

6.  —  7 X  -\-Vl  by  x  —  5. 

7.  +  4  2’  +  4  by  a:  -  3. 


cd  ;  by  cd;  by  n  — I. 

;  by  + 1 ;  —  1  by  p  +  1. 

ni  4- 1 ;  by  m  —  1 ;  by  m  -|-  2. 

8.  yd  4-  3^^  -  4  by  y?  +  2. 

9.  nd  4-  4  m  —  9  by  m  4-  3. 

10.  nd  4-  5  m  —  7  by  m  4-  3. 

11.  +  y‘^hy  x  +  y. 
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V.  FRACTIONS 


68.  Algebraic  Fraction.  An  expression  in  the  form 

h 

in  which  either  a  or  h  is  an  algebraic  expression,  or  both 
are  algebraic  expressions,  is  called  an  al[jehraie  fraction. 


For  exani[)le, 


3  x‘^  +  y 

X  X  -  if 


and 


3x4-  if 


are  algebraic  fractions. 


Since  we  cannot  divide  by  zero,  the  denominator  cannot  be  zero. 

Because  of  its  relation  to  factoring  we  have  already,  on  page  59, 
introduced  some  simple  work  in  reduction  of  fractions. 

The  general  principles  of  algebraic  fractions  and  the  terms  used 
are  the  same  as  those  with  which  the  student  is  familiar  from  the 
study  of  arithmetic. 


69.  Reduction  of  a  Fraction  to  Lowest  Terms.  A  fraction 
is  said  to  be  reduced  to  lowest  terms  when  the  numerator 
and  denominator  have  no  common  factor. 


To  reduce  a  fraction  to  lowest  terms.,  divide  both  numer¬ 
ator  and  denominator  by  their  common  factors. 

When  a  line  is  drawn  through  the  factors  by  which 
both  terms  of  the  fraction  are  divided,  the  factors  are 
said  to  be  canceled. 

^  35  anM  ^ 

1.  Reduce  TT — TTT^to  lowest  terms. 

45  aurc^ 

7  c2 

Dividing  both  terms  by  5,  (d,  Jd,  and  we  have 
In  practice  we  actually  divide  by  5  cd\d(r. 

^  cd  4-  ah  —  ^Id 

2.  Reduce - - rx - to  lowest  terms. 

a^  —  Ir 

(d  +  ah  -  2  Id  - ityja  +  2  b)  _  a  +  25  ^ 

—  Id  (a  4-5)  «  4-  h 

(did 

A  fraction  like  - is  often  printed  (dld/x^ip.  In  such  an  expres- 

sion  it  is  understood  that  0%^  is  divided  by  x^f  and  not  merely  by  x^. 
That  is  a%^/xhf  means  cdld / {xdf'). 
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Exercise  39.  Reduction  to  Lowest  Terms 

Examples  1  to  3,  oral 

2  ^  6  ^  a  _  a% 

4’  8’ 

X  3  4  a  -\-h 


1.  Reduce  to  lowest  terms 


2.  Reduce  to  lowest  terms:  —  ;  — — ,  - — - —  • 

3x  bx  8u3  (u  +  />)2 


3.  Reduce  to  lowest  terms : 


pqr  ^  mhi  ^  (a  —  h  )‘^ 
p‘^(fr^  ’  ’  2  (a  —  h) 


Reduce  the  folloiving  fractioiis  to  loivest  terms: 


4. 


5. 


16il)2 

6. 

36  m^n^ 

8. 

21 

24 ' 

48  nf}f^ ' 

35 

25 

7. 

72  ndid^ 

9. 

72 

16  ' 

81u/> 

10. 


11. 


2  ITT 

4^ 

2^' 


12.  Reduce  ^  f ,  to  lowest  terms, 
rd  - 

Notice  that  =  {(3)^  —  (h-)-  =  (a-  +  b“)  (a^  —  h-) 

=  (r/“  +  /r)  (a  +  b)  (a  —  b). 

Reduce  the  following  fractions  to  loivest  terms: 


13. 


14. 


15. 


16. 


17. 


^2  _  yy2 

18. 

U2  _  />2 

23. 

2-  —  4 

»/ 

-  lA  ' 

F2  —  6  2:  +  8 

3^  -  ;/2 

19. 

a^  +  />2 

24. 

a  +  b 

x-y 

a3  +  u/>2 

u2  4  2  4-  ^2 

X  —  y 

20. 

u2  _  />2 

25. 

^3  _|_  ,^,2  ^ 

.r2  -  / 

«2/>  _  ^.3  • 

3:^  +  2  3'^(/  + 

rd  - 

21. 

X  +  2 

26. 

{a  +  Vf 

2:2  4-  3  +  2 

(a  +  by 

«2  +  />2 

22. 

2;  +  3 

27. 

^  li  (^R  -j-  b'^ 

a^-b^' 

d?  ~  X  — 12 

4(il  +  6)  ■ 

SIGN  OF  A  FRACTION 
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70j,  Sign  of  a  Fraction.  The  plus  sign  or  the  minus  sign 
before  a  fraction  is  called  the  sign  of  the  fraction. 

If  there  is  no  sign  expressed,  the  pins  sign  is  understood  as  usual. 

71.  Changing  Signs  in  the  Terms.  Since,  from  tlie  law 
of  signs  in  division, 

a  —  a  —  a  a 

The  value  of  a  fraction  is  not  altered  hy  changing  the  signs 
of  both  tlie  numerator  and  the  denominator.,  by  chaugmg  the 
signs  of  both  the  fraction  and  the  numerator.,  or  by  changing 
the  signs  of  botli  the  fraction  and,  the  denominator. 

To  change  the  sign  of  the  numerator  means  that  we  must  change 
the  sign  of  ecerii  terin  of  the  numerator,  and  similarly  for  the  de¬ 
nominator.  Failure  to  do  this  is  the  cause  of  many  errors. 

1  a  —  h  —  a  +  h 

ror  example,  —  - 

a  +  b  e  -f  b 

Sometimes,  when  the  method  of  factoring  is  not  apparent,  it  is 
well  to  try  dividing  both  terms  by  the  numerator  or  the  denominator. 


Exercise  40.  Reduction  to  Lowest  Terms 

ExamyjJes  1  ami  2,  oral 


1.  Reduce  to  lowest  terms : 

2.  Reduce  to  lowest  terms : 


Zx-oy  3^-3  a’ 
a  +  b  u  +  b  b  —  a 


li^-ai^’  a^-li 


Reduce  the  follmving  fractions  to  lowest  terms : 


3. 


4. 


(y-xf' 

if  — 


5. 


6. 


-  4 

9  —  r 


7. 


8. 


mr 


!l±l. 

1  —  id 
x^  +  y'^ 
y'^  —  ad 


9. 


-1 


10 


10. 


1~  a 
yy2_9 
z-p 
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72.  Addition  and  Subtraction  of  Fractions.  In  algebra,  as 
in  arithmetic,  in  adding  and  subtracting  fractions  we  first 
express  them  with  the  same  denominator. 


If  we  add  ^  and  we  must  give  these  fractions  some  other  name 
than  fourths  or  thirds,  and  we  do  this  by  reducing  them  to  the  same 
denominator.  This  denominator  might  evidently  be  12,  24,  36,  48, 
and  so  on,  but  it  is  also  evident  that  we  shall  save  work  by  using  12. 

Xo  extended  treatment  of  the  lowest  common  denominator  is 
necessary  at  this  time. 

T  2^ 

1.  Add  the  fractions  —  and 

r  2  f 

X  ^  X}f 

If  we  nndtiply  l)oth  terms  of  —  ])y  2  y,  we  shall  have  — -•  Since 

!r  -X 

this  has  the  same  denominator  as  -r?  we  may  now  add,  thus  : 

2 


£  +  =  2^/  +  jfi 

y-  2  jf  2  if  2  y'^ 


2  xy  +  .r"  _  X-  +  2  xy 
2  y^  ~  2  y^ 


2.  From 


a  +  h 
a-b 


subtract 


a  —  h 
a  +  h 


We  can  reduce  the  fractions  to  the  lowest  common  denominator 
cr  —  Jr,  the  product  of  the  given  denominators.  We  then  have 


a  +  J>  _  (d  +  J)f 

a  —  1)  a-  —  Jr 
a  —  Jj  _  (a  —  />)“ 
a  +  J)  —  Ir 


by  multiplying  both  terms  by  a  +  h ; 
by  multiplying  both  terms  by  a  —  J). 


Hence  the  difference  is  found  as  follows  : 

(a  4-  JX  —  ''0“  _  0’  +  —  (f'  ~ 

-  li^  d^  -  li^  ~  fd  -  Id 

_  (d  +  2  +  Id  —  d^  2  aJ)  —  Jd 

cd  —  Jd 

^al> 

~  (d  -  Id  ■ 

For  purposes  of  computation  it  is  better  to  leave  the  denominator 

in  factored  form,  thus  :  - - 

(a  +  l>){a  —  b) 
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Exercise  41.  Addition  and  Subtraction 

ExamjAes  1  to  3,  oral 

5 


1.  Add  i  and  i;  -  and 

4  4  a  a  a  +  h 


and 


2.  From  -  take  from 

8  8  A- 


take 


a  +  h 
h 

+  1A 


3.  State  the  sum  of 


X 


x^-1 

the  result  to  lowest  terms. 


and 


x^  —  1 


,  and  then  reduce 


Add  the  follotving  as  indicated^  reducing  all  residts  to 
loivest  terms : 


^  X  -A  y  ^  ^x  —  ‘^y 

'  4 


5.  + 

6  t±A^lLzAL 

4  6  * 

cA‘^li^  _  a^-V^ 
7.  - ^  + 


x^y_ 

y  ^ 

X 

y 


8. 


^  X  If  z 

9.  -  +  ^  F-- 

X 


a  A- h  h  Gi 
Perform  the  operations  indicated : 


.  ^  ^ 

10. - 1 - 1 - 

xy  yz  zx 


11. 


2  3  4 

12.  — - 

x^  xy  y^ 


13. 

14. 

15. 

JM3 


a  b  c 
he  ca  ah 

7  8 


p-q  q-p 

ic  4-  2  ,  X 


(2: -2)2  ■  (a^  +  2)2 


16. 

17. 

18. 

19. 


p  +  q 

^P-9 

p-q 

P  +  q' 

X 

y 

x-y 

y-x 

x  +  y 

y-x 

X-y 

y-^x 

3 

1 

:r  4-  5 

2’2  4-  2  iC 

-15 

x+l 

3 

S  —  X 

2^2  4-  4  .r 

-  21 
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lieduce  the  foUoivinif  erpression^  to  fractional  form  : 


20.  +  (/  + 


V 


We  may  consider  tliis  as  a  case  in  tlie  addition  of  fractions, 
p  +  <i  being  a  fraction  with  denominator  1.  We  then  have 

T  +  7  ^  +  <f  ^  (p  +  v)  (y>  -  7)  P^  + 

1  p-  <i  p-  <i  p  -  <1 

 p-  -  V"  +  p-  + 

p  -  <J 

Hence  7^  +  7  +  =  "-C  .. 


j>  -  q  p-  q 


21.  na-\- 


22.  S  xy  d" 


24.  p  —  q  + 


Sxy 


25.  m  -\-2n  -\ 


p^  + 

p  +  q 

4/^2 


m  —  2  n 


+  1  cd+^2ah-h‘^ 

23.  5(c/  +  /0 - A  26.  a  +  h^—— - ^ 

^  ^  a- b  a  d-  b 


Perform  the  oqjeratioas  indicated : 


27.1  +  J— 1 

a  —  a  a 

28.  -^d-  ^ 


29. 

30. 

31. 


a  -f-  b  a  —  b 

1  1 


a  d-  ct  —  b 
d^  d-  o?  d-  li^ 

a  -fb  b  —  a 

X  3  .T  —  7 


3  d-  7  3  2’ 

37. 


3  2 

32.  - rd-- 


33. 


X  —  2  3—2: 

2  3 


2’  -  3  2  - 


34.  -^+  ^ 


X  —  f)  5  —  X 

35.4^+ 


36. 


p^- 4  p +  2 

8  T2  5 


+ 


T^-16  4-T2 

2  3 


— 14^d-45  9—p  p  —  5 
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73.  Multiplication  of  Fractions.  We  multiply  fractions 
in  algebra  in  the  same  manner  as  in  arithmetic. 

Just  as  5x4  =  so  Therefore 


To  multiply  a  fraction  hy  an  integral  expremion^  multiply 
the  numerator  hy  the  integral  expression^  tvriting  the  product 
over  the  denominator. 


2  4  2  x4 


8  a 

15’ 


ac 

hd 


Therefore 


To  multiply  a  fraction  hy  a  fraction.^  multiptly  the  numer¬ 
ators  together  for  a  neiv  numerator  and  the  denominators 
together  for  a  new  denominator. 

Cancel  factors  common  to  any  numerator  and  any  denomi¬ 
nator  before  midtiplying. 

l.Sh„plify2.Cyf, 

Indicating  the  multiplication,  we  have  — — 

hcdcr 

Canceling  common  factors,  we  have  -• 


2.  Simplify 


A/  ,  5  3  «2 

— —  X  4  X  ^ — -  X  — ^ 

W 


Indicating  the  multiplication,  and  canceling,  we  have 

3  •  4  •  5  •  vuih'‘^fip  _  nh: 

2  •  5  •  6  •  iifiji 


3.  Simplify 


x^  —  X  —  to  +  2  a’  —  8  x^  —  X  —  12 

X  —  io  —  2  ai  —  8  x‘^  x  —  12 


Factoring,  for  ease  in  canceling,  and  then  canceling  common 
factors,  we  have 
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Exercise  42.  Multiplication  of  Fractions 

Examples  1  to  12,  oral 
Perform  the  multiplications  indicated : 


^  1 

1 

a 

h 

1. 

TV 

5. 

nui  X  —  • 

9. 

— . 

..j 

m 

X 

y 

X 

m 

a 

X 

2. 

y  X-- 

6. 

mn  X  —  • 

10. 

d 

X 

y 

o  1 

1 

a 

X 

3. 

8  a  X  - — 

7. 

lAf  X  — . 

11. 

4  a 

PI 

X 

a 

4. 

d 

X 

00 

8. 

ff  X  C. 

12. 

ah 

ax 

4/> 

<1 

xy 

h 

13.  Find  tlie  ])roduct  of  ,  and  and  check. 

hjf  ax  X 

Perform  the  multiplications  indicated  and  check  the  luork: 


14. 

15. 

16. 

17. 


p^H  ifm  m)d 

21. 

.r  4-  3 

'  to 

1 

ndn  ph}  ef 

CO 

1 

4 

1 

i 

—  mn 

22. 

1  -  nd 

m  4- 1 

(pd  pnd 

Pi 

nd  4- 1  ' 

'  w-l‘ 

aid  hP  nP 

did 

P  -  Id 

r/4  -  Id 

cM  d‘^a  a%  ir-c 
(fl  ahY  {^cdf^ 


{;?>cdy^  fiahf 
18.  ZLP,^.:il,Ef 

if  p-  s-  p- 
P-'-lf  x  +  y 


d^  + 

24.  -Ilill. 


19. 

20. 


-f  ^2 

f  +  7^  . 

p-q 


25. 


26. 


27. 


4/>  25  -  9  p‘^ 


S  j)  —  5  8p^ 

nd  +  7  }n  -)- 1 2  m  — 


m^ 


m  -(-  4 


a^  —  1  (3  4  a-\-2 

ad  4  — A^-f4 
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74.  Division  of  Fractions.  The  method  of  dividing  alge¬ 
braic  fractions  is  similar  to  tliat  of  dividing  numerical 
fractions.  For  example: 

|2 -r- f  3  =  I-,  the  denomination  "dollars”  disappearing 
in  the  quotient ; 

|-  ^  "I  =  the  denomination  "  fifths  ”  disappearing. 

Since  %  =  as  in  arithmetic,  to  divide  y  %  “i  the 
h  hd  b  d 

same  as  to  divide  ^  by 

hd  ^  hd 

— =  the  denomination  "  Z>6?ths  ”  disappearing. 
hd  hd  he 

But  =  Therefore  we  obtain  the  same  result  in 

he  h  e 

(I  c  ..  Cl  d 

dividing  y  by  that  we  get  by  multiplying  -  by  -• 

.  d  .  .  .  c 

The  fraction  -  is  called  the  reciprocal  of  the  fraction  -• 
c  d 


To  divide  hy  a  fraction^  multiply  hy  its  reciprocal. 

1.  Divide  —  by 

1  P 

T)^  D  11^ 

Multiplying  —  by  —  we  have  — . 

q  ^  p  <f 


2.  Divide 


^^2  ^  4  _  21 

-f- 11  a:  +  30 


by 


.;.2  +  3t-18 

—  a:  —  30 


Factoring  and  then  multiplying  by  the  reciprocal  of  the  divisor, 
we  have 

{x  +  7)  (a:  —  3)  (x  —  6)  (x  -f  5) 

(pc  -h  (pc  -}-  6)  (pc  +  b)  (x  —  3^ 

Canceling,  we  have 

(x  -f  7)px--=='^(x  —  6)Ve--h~5l  _  (x  +  7)  (x  —  6) 

4x-^(x  -I  6)  (x  +  6Xx— if)  ^  (x  +  6)2 
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Exercise  43.  Division  of  Fractions 

Exanijiles  1  to  8,  oral 

2  12  4  2  4 

1.  Divide  -  by  y;  3  i>y  g;  -  I.y  -• 


2.  Divide  ^  by 

a  -  h  a-  h  a  +  l> 

Perform  the  foUoivhu/  ilirlsio)is  : 


xy 

ahc 


by 


a  +  h 


,9  .9 

.  PT 

5. 

3.r  ^ 

9.r2 

7. 

ni^ 

iP 

xy 

y 

y  ' 

n 

m 

‘  ^  bed 

6. 

25  .r2 

5  X 

8. 

4  ab 

8  a 

f 

5  cd 

15  c 

25  a%- 

9.  Divide  by 


5  all^ 
8  (-2 


and  check  the  result  by  let¬ 


ting  a  =  2,  =  3,  c  =  4,  d  =  5. 

Perform  the  following  divisions,  and  check  the  residts : 


10. 


11. 


35  ahc  5  edlr'i? 


12. 


13. 


23  emt^  09 

({I  /,2  ^  _  i, 


xgz  Pifz^ 

19  Pjfz^  57  xifz^ 

^5^^ '^75'^*  a‘^-li^  a  +  b 

^/2  +  4^/-21  «2_^10^/  +  21 


14. 


a- 


4^«-2i  ■  y^-10^/  +  21 


Consider  each  of  the  following  as  expressing  the  division  of 
one  algebraic  expression  by  another  and  si/nplify : 

,2  ..2 


15. 


p±q 

P 

p  -  q 


16. 


m 

m  +  — 
n 

m 

m - 

n 


or  w 


17. 
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VI.  SIMPLE  EQUATIONS 

75.  Nature  of  the  Work.  We  have  already  studied 
simple  equations  in  which  there  is  one  unknown  quantity 
the  value  of  which  we  are  expected  to  find.  We  shall  now 
review  this  work,  extending  the  applications  to  affairs  of 
business  and  to  matters  of  science,  and  we  shall  introduce 
the  study  of  equations  with  two  unknown  quantities. 

76.  Illustrative  Problems.  1.  In  one  week  a  merchant 
made  a  profit  of  15%  on  the  sales.  This  profit,  together 
with  |250  already  in  the  bank,  amounted  to  |2500.  Find 
the  amount  of  the  sales. 

Let  X  =  the  mimlier  of  dollars  of  sales. 

Then  0.15  .r  =  the  niiniber  of  dollars  of  profit, 

and  0.15  x  +  250  =  the  nninher  of  dollars  stated,  or  2500. 

Hence  0.15  x  +  250  =  2500. 

Subtracting  250,  0.15  x  =  2250. 

Dividing  by  0.15,  x  =  15,000. 

Therefore  the  sales  amounted  to  $15,000. 

It  should  be  observed  that  we  do  not  let  x  equal  the  nioneif,  but 
we  let  X  —  the  nuniher  of  dollars.  Then  when  we  find  that  x  —  15,000, 
we  know  that  this  is  the  number  of  dollars,  and  that  $15,000  is  the 
amount  of  the  sales. 

2.  A  man  bought  a  desk  for  $70.50,  which  was  6%  less 
than  the  marked  price.  What  was  the  marked  price  ? 

Let  X  =  the  number  of  dollars  in  the  marked  price. 

Then  0.06  x  —  the  number  of  dollars  in  the  discount, 

and  X  —  0.06  x  =  the  number  of  dollars  paid,  or  70.50. 

Ileuce,  X  —  0.06  x  =  70.50, 

or  0.91  X  =  70.50. 

Dividing  by  0.91,.  x  =  75. 

Therefore  the  marked  price  was  $75. 
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Exercise  44.  Problems  in  Simple  Equations 

1.  If  18%  of  the  weight  is  lost  in  grinding  wheat  into 

flour,  how  many  pounds  of  wheat  are  ground  if  the  loss 

in  grinding  is  720  lb.  ? 

2.  From  Ex.  1,  how  many  pounds  of  wheat,  to  the 
nearest  pound,  are  needed  to  produce  1080  lb.  of  flour  ? 

3.  A  set  of  furniture  was  sold  for  $78.20,  after  a  dis¬ 
count  of  8%  was  allowed  on  the  marked  price.  What  was 

the  marked  price  ? 

4.  Water  in  freezing  expands  9%  of  its  volume.  How 
many  cubic  inches  of  water  will  make  1007.16  cu.  in.  of 
ice  ?  Allowing  231  cu.  in.  to  a  gallon,  how  many  gallons 
of  water  are  needed  ? 

5.  The  sum  of  the  angles  of  any  triangle  is  180°.  In  a 
certain  triangle  ABC  the  angle  A  is  10°  greater  than  the 
angle  />,  and  the  angle  B  is  25°  greater  than  the  angle  C. 
Find  the  nninber  of  degrees  in  each  angle. 

6.  One  of  the  acute  angles  of  a  right  triangle  is  five 
times  the  other.  Find  the  size  of  each  angle. 

7.  The  width  of  a  rectangle  is  8  ft.  less  than  its  length, 
the  perimeter  being  104  ft.  Find  the  dimensions. 

I’robleins  like  Exs.  7-10  are  types  of  interesting  puzzles  easily 
solved  by  algebra,  but  it  is  evident  that  they  are  not  practical  appli¬ 
cations  of  algebraic  }irinciples. 

8.  A  double  tennis  court  is  42  ft.  longer  than  wide  and 
the  perimeter  is  228  ft.  Find  the  dimensions  of  the  court. 

9.  What  number  is  doubled  when  it  is  increased  by  21  ? 
when  it  is  decreased  Ijy  21  ? 

10.  The  perimeter  of  a  rectangle  is  96  in.  and  the  base  is 
five  times  the  height.  Find  the  area. 
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11.  A  train  leaves  Chicago  for  the  West  at  the  same 
time  that  one  leaves  for  the  East.  The  former  travels  at 
the  average  rate  of  42  mi.  an  honr  and  the  latter  at  the 
average  rate  of  38  mi.  an  hour.  In  how  many  hours  will 
they  be  240  mi.  apart  ? 

Let  X  =  the  number  of  hours. 

In  1  hr.  the  trains  are  (42  +  38)  mi.  apart,  or  80  mi.  a[)art. 

In  X  hours  the  trains  are  x  •  80  miles  apart,  or  80  x  miles  apart. 

Since  they  are  240  mi.  apart, 

SOx  =  240. 

Dividing  by  80,  x  =  3. 

Therefore  in  3  hr.  the  trains  will  be  240  mi.  apart. 

Check'.  3  X  (48  +  32)  mi.  =  240  mi. 

Like  many  other  problems  in  algebra,  tliis  may  easily  be  solved 
by  simple  arithmetic  if  desired,  although  the  solution  by  algebra  is 
usually  clearer. 

12.  Two  men  start  from  Wasliington  at  the  same  time, 
one  traveling  south  44  mi.  an  hour,  and  one  north  48  mi. 
an  hour.  How  many  miles  apart  will  they  be  in  3  hr.?  In 
how  many  hours  will  they  be  445  mi.  apart? 

13.  Two  men  start  at  the  same  time  from  the  same  place, 
one  going  east  and  the  other  going  west,  the  former  travel¬ 
ing  twice  as  fast  as  the  latter.  In  3  hr.  they  are  225  mi. 
apart.  Find  the  rate  of  each. 

14.  Two  bicyclists  start  at  the  same  time  from  the  same 
place,  one  going  north  and  the  other  going  south,  the  former 
traveling  7  mi.  an  hour  faster  than  the  latter.  In  2  hr.  they 
are  62  mi.  apart.  Find  the  rate  of  each. 

15.  Two  automobilists  start  at  the  same  time  from 
places  300  mi.  apart  and  travel  toward  eacli  other,  the 
first  traveling  5  mi.  an  hour  faster  than  the  second.  They 
meet  in  6  hr.  Find  the  rate  of  each. 
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16.  A  Boy  Scout  starts  out  walking  at  the  rate  of  3  mi. 
an  hour.  Two  hours  later  a  second  Boy  Scout  starts  from 
the  same  place  to  overtake  him,  running  and  walking  at 
the  rate  of  4|-  mi.  an  hour.  In  how  many  hours  after  the 
hrst  starts  will  the  second  overtake  him  ? 

The  second  gains  (I4  —  -Q  miles  per  hour  on  the  first.  He  has 
2x3  mi.  to  gain.  How  long  will  it  take  him  to  do  this  ? 

17.  A  man  starts  on  foot  and  walks  at  the  rate  of  4  mi. 
an  hour.  An  hour  later  a  man  sets  out  on  horseback  from 
the  same  place  to  overtake  him  and  travels  6  mi.  an  hour. 
How  soon  will  the  second  man  overtake  the  first  ? 

18.  A  train  leaves  Albany  for  Detroit  at  8  A.  M.  and 
travels  at  the  rate  of  35  mi.  an  hour.  After  an  hour  and 
a  half  a  second  train  follows  it  on  a  parallel  track  at  the 
rate  of  47  mi.  an  liour.  At  wliat  distance  from  Albany 
will  the  second  train  pass  the  first  ? 

19.  A  man  invested  a  certain  sum  in  bonds  which  paid 
3^%,  and  invested  twice  as  much  in  a  farm  which  yielded 
7%  net.  His  total  annual  income  from  these  investments 
was  1 700.  Find  the  amount  of  each  investment. 

20.  By  the  use  of  a  humidifier,  an  instrument  for  mak¬ 
ing  the  air  more  humid,  the  humidity  of  a  schoolroom  was 
7%  more  than  doubled,  and  then  was  62  %.  What  was  the 
per  cent  of  humidity  at  first  ? 

21.  A  certain  grade  of  chocolate  contains  12.9%  protein, 
while  cocoa  contains  21.6%  protein.  How  much  chocolate, 
to  the  nearest  hundredth  of  a  pound,  will  it  take  to  furnish 
as  much  protein  as  1  lb.  of  cocoa  ? 

22.  Tlie  sum  of  |5000  is  divided  among  three  men  so  that 
the  share  of  the  first  is  double  that  of  the  second  and  the 
share  of  the  third  is  equal  to  the  sum  of  the  shares  of  the 
first  and  second.  How  much  is  the  share  of  the  third  ? 
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77.  Equations  involving  Fractions.  In  case  an  equation 
involves  fractions  we  should  use  our  common  sense  as  to 
the  best  method  of  solving.  Sometimes  it  is  better  to 
multiply  both  meml)ers  at  once  by  such  an  expression 
as  shall  leave  no  fractions,  and  sometimes  it  is  better  to 
simplify  the  equations  before  doing  this. 

Multiplying  l)oth  members  of  an  equation  by  such  an 
expression  as  shall  leave  no  fractions  in  the  equation  is 
called  (‘learhuf  the  equation  of  fraetionH. 

For  example,  if  ^  x-  =  7  +  x, 

tlien  8  X-  =  50  +  8  x. 

'that  is,  we  liave  cleared  the  given  equation  of  fractions  l)y 
mnltij^lying'  both  inenibers  by  8. 


78.  Illustrative  Problems.  1.  Solve  the  equation 


|  +  7  =  87-3x. 

O 


We  see  that  we  can  clear  of  fractions  at  once,  or  we  can  first 
simplify  the  eqnati(m  by  subtracting  7  and  —  o.r  from  each  member, 
thus  saving  some  work  in  midtijlication. 


Then  g  a:  +  ^  =  gO. 

Multiplying  by  g,  9  x  +  x  —  90. 


Solving, 


Check. 


2.  Solve  the  equation 


X  =  9. 

I  +  7  =  g7  -  27 
X  X  —1 

X  —  2  X  —  S 


=  10. 


INIultijilying  by  x  —  2  and  x  —  8,  we  have 

.r"  —  i  X  —  8  =  a'"  —  9  a’  -f"  II. 

Therefore  2  x  =  22. 

Dividing  by  2,  a  =  11. 

For  such  cases  as  are  needed  in  this  elementary  treatment  it  is 
not  necessary  to  consider  the  lowest  common  denominator. 
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Exercise  45.  Equations  involving  Fractions 

1.  Ill  the  study  of  physics  yon  may  meet  with  the 
equation  C  =  en/ nr')  and  may  have  to  find  the  value 
of  R  from  tliis  equation.  Sliow  how  this  may  be  done. 

2.  There  is  an  important  formula  which  yon  may  find 
later  in  your  work  in  algebra,  .s*  =  ^  (ii  + /) /o  Find  the 
value  of  n  in  terms  of  s,  a,  and  1. 

This  forinnla  is  given  in  more  advanced  books  on  algebra.  It 
states  how  to  find  the  sum  of  a  certain  series  of  nnmbers. 


Solve  the  foUoivlng  ecpiatio 


Q 

.r+  1 

5 

.r-  1 

4* 

A 

.r  -  1  _ 

11 

3'  +  f  ~ 

13* 

5. 

3-  +  2  _ 

H- 

.r  —  2 

R 

3-  -  2 

15 

.r  +  2~ 

19* 

7. 

:r  +  3  _ 

If 

1 

lO 

1 

i  Si 

13. 

QO 

1 

1—^ 

1 

3  3’- 

3 

4  “  f 

14. 

3:r  9 

.r  +  5 

5  "^10 

5 

15 

.  There 

is  an  important 

ainced  work 

s  on  algebra,  ,s'  = 

in  terms  of  r,  n,  and  6*. 

As  in  Ex.  2,  this  gives  the 


ft  +  1  _  -r  -  4 

.r  —  1  3  —  5 

^  3  +  2  33’-12 

'  a’-  3  3  3- -17* 

3-  +  b  3  .r  +  7 

•1  +  2^  ‘iy 

12  ^  4 .T  —  3 

2  3  —  5  4  3;  —  1 1 

•  2  6  .r  +  5 

4 

12  3;  3*  +  3  1 

""25 

formula  found  in  more  ad- 

— — Find  the  value  of  a 
r  —  1 

.  of  a  certain  series  ofmumbers. 
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79.  Simultaneous  Equations.  We  have  learned  that  the 

circumference  of  a  circle  is  equal  to  tt  times  the  diameter, 

or  that  7 

c  —  Tra. 

W e  also  know  that  2r  = 

and  hence  c  =  2  irr. 

These  equations  are  all  related  and  we  may  tliink  of 
them  as  all  fitting  together,  that  is,  as  all  being  true  for 
tlie  same  values  of  the  letters. 

In  the  same  way  we  have  ordinary  algebraic  equations 
that  fit  together.  For  example,  in  the  equations 
a;  +  =  7 

and  x-\-  y  =  ^ 

the  unknown  quantities  x  and  y  may  have  the  same  values  ; 
that  is,  \i  x  =  l  and  ^  =  3,  both  equations  are  satisfied,  for 
ill  that  case  +  2  y  =  1  +  (5  =  7 

and  X  -(-  ^  =  1  -j-  3  =  d. 

Two  or  more  equations  in  which  the  unknown  quanti¬ 
ties  have  the  same  values  are  called  simultaneous  eqnatio7is. 

Not  all  pairs  of  equations  are  simultaneous  ecpiations. 

For  example,  it  is  impossible  to  have  both 

2,r-3^  =  8 

and  4  a;  —  6  ^  =  10 

at  the  same  time.  There  are  no  values  of  x  and  //  that  satisfy  both 
of  these  equations,  and  so  the  equations  are  not  simidtaneous. 

We  can  solve  a  pair  of  simultaneous  equations  involv¬ 
ing  two  unknowns  if  we  can  get  rid  of  one  unknown, 
for  we  shall  then  have  an  equation  in  only  one  unknown. 

The  process  of  causing  an  unknoAvn  quantity  to  disap¬ 
pear  from  any  simultaneous  equations  is  called  elimination. 
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80.  Solving  Simultaneous  Simple  Equations.  Suppose 
that  we  know  that  the  sum  of  two  numbers  is  14  and 
that  their  difference  is  4,  and  suppose  that  we  wish  to 
find  the  numbers.  Letting  x  represent  the  larger  number 
and  y  the  smaller  number,  we  evidently  have 

x  +  y  =  li  (1) 

and  X  —  y  =  (2) 

It  is  evident  that  by  adding  the  two  equations,  member 
for  member,  we  shall  have 

^x  =  U. 

Hence  x=^. 

It  is  now  easy  to  find  the  value  of  y  by  substituting  in 
either  of  the  given  equations.  Thus,  from  equation  (1), 

9  +  y  =  14, 

and  hence  y  =  14  —  9 

=  5. 

Therefore  the  two  numbers  are  9  and  5.  It  is  easily  seen 
that  these  values  check  in  both  equations,  for  the  first 
equation  Ijecomes  9  +  5  =  14  and  the  second  9  —  5  =  4. 

Often,  however,  it  is  simpler  to  find  the  value  of  one  of 
the  letters  in  one  equation  and  substitute  it  in  the  other. 
Thus,  from  equation  (2), 

x  =  4:  +  y.  (3) 

Substituting  in  (1),  so  as  to  eliminate  x^  we  have 

Hence  2y  =  10. 

Dividing  by  2,  ^  =  5- 

Substituting  in  (3),  ^^  =  4  +  5 

=  9. 

These  two  general  methods  will  now  be  considered. 
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81.  Elimination  by  Addition  or  Subtraction.  The  method 
of  solving  a  pair  of  simultaneous  equations  by  means  of 
addition  or  subtraction  is  most  easily  understood  from 
the  study  of  problems.  The  following  are  typical : 

1.  Solve  the  system  of  equations 

2  .'T  +  3  ^  =  27  (1) 

5  2:  —  2  ^  =  1  (2) 


Multiplying  (1)  by  2, 
Multiplying  (2)  by  o. 
Adding, 

Dividing  by  19, 
Substituting  3  for  x  in  (1), 
Subtracting  (i. 

Dividing  by  3, 


4  2  +  6  y  =  54. 
15  a;  —  6  y  =  3. 
19  X  =  57. 
X  =  3. 

0  +  3  y  =  27. 
3y  =  21. 
y  =7. 


Check.  Substituting  3  for  x,  and  7  for  y,  in  (1)  and  (2),  we  have 
6  +  21  =  27,  15  -  14  =  1. 


Because  y  was  eliminated  by  adding  two  equations,  member  for 
member,  we  say  that  we  have  eliminated  y  by  addition. 


2.  Solve  the  system  of  equations 


3  2:  +  2  y'  =  23 

(1) 

22;  +  3y  =  27 

(2) 

Multiplying  (1)  by  2, 

6  2  +  4  y  =  46. 

(8) 

Multiplying  (2)  by  3, 

6  2  +  9  y  =  81. 

0) 

Subtracting  (3)  from 

0 

CO 

II 

Dividing  by  5, 

^  =  7- 

Substituting  in  (1)  or 

(2), 

X  —  3. 

These  residts  will  easily  be  seen  to  check. 

In  this  solution  we  have  eliminated  x  by  subtraction. 

In  case  there  is  a  minus  sign  before  a  term  containing 
the  unknown,  it  is  often  better  to  eliminate  by  addition ; 
but  otherwise  it  is  usually  better  to  use  subtraction. 
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Exercise  46.  Elimination  by  Addition  or  Subtraction 

1.  The  sum  of  two  numbers  is  32  and  their  difference 
is  14.  Find  the  numbers. 

2.  dliere  are  two  numbers  wdiose  sum  is  21,  and  one 
of  tlie  numbers  is  2^  times  the  other.  Find  the  numbers. 

Solve  the  foJlowin</  i<t/stems  of  e(joafio)ts  : 


3. 

4  X  +  /y  =  1 

2 

10. 

1 1  m 

-12n=:31 

7x  +  3  ^  - 

2b 

1 0  '))i 

+ 

11 

4. 

2  X  -j-  S  If  — 

:  21 

11. 

2  m  - 

-3n  =  19 

X  i  ij  = 

5b 

2  rn  +  3  =  25 

5. 

^’  +  ^  =  0 

12. 

;y  =  8 

5  +  7  //  = 

2 

f 

2^==-l 

6. 

3.r+2,y  = 

11 

13. 

0.2  X 

+  7^  =  37 

— X  'e>  If 

'-lb 

25  X 

-48^  =  10 

7. 

2x  -\-\^y  ^ 

=  9 

14. 

0.3  P 

+  0.7Q-17 

3  ic  —  2  y  = 

5 

0.2P 

-0.1  ()==0 

8. 

X  -}-  3^  y  = 

17 

15. 

fAT 

-  3Jf-  23 

1 X +2 y  = 

74 

A+: 

10  4/ -73 

9. 

F  +  2E  = 

8 

16. 

7.r  + 

2^-b3 

SP-4:E  = 

=  19 

8  X  — 

49-^ 

17. 

The  rainfall  in 

L  certain  city 

was 

as  much 

year  as  it  was  the  year  before.  The  total  rainfall  for  the 
two  years  was  88  in.  What  was  the  amount  each  year  ? 

18.  It  is  found  that,  when  weighed  in  water,  a  mass  of 
tin  weighing  37  lb.  loses  5  lb.  in  weight,  a  mass  of  lead 
weighing  23  lb.  loses  2  lb.,  and  a  certain  alloy  of  tin  and 
lead  weighing  120  lb.  loses  14  lb.  Find  the  number  of 
pounds  of  tin  and  of  lead  in  the  120  lb.  of  the  alloy. 
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82.  Elimination  by  Substitution.  We  may  find  from  one 
equation  the  value  of  one  unknown  quantity  in  terms  of 
the  other,  and  substitute  this  value  in  the  other  equation. 

1.  Solve  the  system  of  equations 


y=  22.4 


From  (2), 
Substituting  iii  (1), 


X  —  b  y  —  Q 

.r  =  6  +  5  y. 

b  (fj  +  5  y)  +  l  y^  22.4, 

18  +  15//  +  7^  =  22.4. 


Subtracting  18, 

Dividing  by  22, 

Substituting  in  (3), 

Check-.  3  X  7  +  7  X  0.2  =  22.4, 


and  7 


22  //  =  4.4. 
y  =  0.2. 

X  =  7. 

5  X  0.2 


6. 


(1; 

(2) 

(8) 


This  method  is  particularly  advantageous  when  the  coefficient  of 
one  of  the  unknown  quantities  is  1. 


2.  Solve  the  system  of  equations 


5  +  2  //  ==  34 

(1) 

From  (1), 

7x-3y=7 

34  -  5a- 

y-  2  ■ 

(2) 

(3) 

Substituting  in  (2), 

7r  3. •’‘‘-•"■‘■  =  7. 

2 

Multiplying  by  2, 

14  a-  102  +  15  a  =  14. 

Solving, 

a  =  4. 

Substituting  in  (3), 

y  =  L 

3.  Solve  the  svstem  of  equations 

x+^y=7 


We  have  x  =1  —  ^  y  and  a:  =  2  +  2  //;  hence  7  —  3  ?/  =  2  +  2  //, 
and  y  —  1.  Substituting,  we  have  x  =  4.  This  special  form  of  elimi¬ 
nation  by  substitution  is  sometimes  called  elimination  by  comparison, 
JM3 


92 


SIMPLE  EQUATIONS 


Exercise  47.  Elimination  by  Substitution 

Solve  the  following  equations  hij  substitution  : 


1. 

x+7y  = 

2(3 

7. 

2.r-y  =  -l 

2  .r  —  3  g 

=  1 

3.i-+2y=23 

2. 

3  .r  +  y  = 

48 

8. 

X  -}-  5  7,'  =  35 

2  X  +  3  y 

=  39 

3u’-^  =  9 

3. 

3  X  4-  y  = 

18 

9. 

lx  4-  y  =  58 

5.r+2^ 

=  32 

3  —  2  ^  =  3 

4. 

x  +  ly  = 

-7 

10. 

M-  4A^=1 

lx-  y  = 

51 

5J/+2A"=49 

5. 

P  +  4C>  = 

=  31 

11. 

9  a:  -  2  ^  =  33 

4  P  +  Q  - 

=  19 

^’-15^  =  48 

6. 

2.r+3^ 

=  19 

12. 

7 4~  3  ^  =  37 

X  -Pl  y  = 

2(3 

^  X  --  y  =  29 

Solve  the  following  equations  hg  tla 

^  easiest  methods : 

13. 

_  .‘5 

19. 

5  xPy^  59 

^x-\-ly- 

-  2 

5  2;  —  ^  =  31 

14. 

X  —  ^  y  = 

23 

20. 

2  a: 4-  =  35 

lx-y  = 

37 

3a;-2^=25 

15. 

x-pll  y^ 

=  44 

21. 

5P-  2  ()=  23 

3  X  —  5  y 

=  20 

13P-3()  =  51 

16. 

—  y  = 

18 

22. 

3P+  4P  =  63 

3  X  +  2  y 

=  41 

9P-  3P=  54 

17. 

7  x  +  y  = 

47 

23. 

l4.r  4- =  19 

9  x-y  = 

33 

li:r  +  |y  =  18i 

18. 

2x  +  'iii 

=  47 

24. 

a:  +  1^^  =  60 

Zx- y  = 

32 

^  +  f  y  =  46 

SIMULTANEOUS  EQUATIONS 
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Exercise  48.  Problems 

1.  One  angle  of  a  triangle  is  twice  another  and  the  sum 
of  the  two  angles  is  equal  to  twice  the  third  angle.  Find 
the  number  of  degrees  in  each  angle  of  the  triangle. 

2.  A  man  bought  96  yd.  of  cloth  for  $208.  Part  of  it 
cost  him  $2  a  yard  and  the  rest  $3  a  yard.  How  many 
yards  of  each  did  he  buy  ? 

3.  A  dealer  paid  $14  for  30  lb.  of  tea.  He  paid  50(/; 
a  pound  for  part  of  it  and  40^  a  pound  for  the  remainder. 
How  many  pounds  at  each  price  did  he  buy  ? 

4.  A  man  has  36  coins  consisting  only  of  half  dollars 
and  dimes  and  amounting  in  value  to  $12.40.  How  many 
coins  of  each  kind  has  he  ? 

5.  If  to  twice  one  number  we  add  four  times  a  second 
number,  the  result  is  15.2.  If  from  twice  the  first  we  sub¬ 
tract  the  second,  tlie  remainder  is  3.3.  Find  the  numbers. 

6.  A  gardener  paid  5  men  and  8  boys  $20.80  for  a  day’s 
labor,  and  afterwards  paid  7  men  and  5  boys  $22.30  for  a 
day’s  labor.  Find  the  wages  paid  each  man  and  each  boy. 

7.  If  1  is  added  to  the  numerator  of  a  certain  fraction, 
the  resulting  fraction  is  equal  to  £ ;  if  2  is  added  to  the 
denominator,  the  resulting  fraction  is  equal  to  What  is 
the  fraction  ? 

8.  The  charge  for  admission  to  an  entertainment  was 
50  for  adults  and  300  for  children.  If  the  proceeds  from 
the  sale  of  142  tickets  amounted  to  $52.20,  how  many 
tickets  of  each  kind  were  sold  ? 

9.  The  number  of  boys  enrolled  in  a  certain  Junior 
High  School  is  ^  as  large  as  the  number  of  girls.  The 
total  number  of  students  enrolled  is  528.  How  many  boys 
and  how  many  girls  are  enrolled  ? 
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10.  At  a  school  cafeteria  -|  as  many  lunches  were  served 
on  Monday  as  on  Tuesday.  The  total  number  of  lunches 
served  during  the  two  days  Avas  520.  How  many  lunches 
were  served  each  day  ? 

11.  The  length  of  a  rectangular  playground  in  a  certain 
city  is  50%  greater  than  the  width  and  the  perimeter  is 
175  rd.  Find  the  dimensions. 

12.  A  labor  report  states  that  in  a  certain  factory 
1200  men  and  women  are  employed.  The  average  daily 
wage  is  $3.40  for  a  man  and  $1.80  for  a  woman.  If  the 
labor  cost  is  $3376  per  day,  how  many  men  and  how 
many  women  are  employed  ? 

13.  The  receipts  from  a  football  game  were  $368.50,  the 
general  admission  being  50  (/*  and  admission  to  the  grand¬ 
stand  15(f  extra.  If  half  as  many  again  had  purchased 
tickets  for  the  grandstand,  the  receipts  would  have  been 
$390.25.  How  many  grandstand  tickets  were  sold? 

14.  If  the  greater  of  two  numbers  is  divided  by  the  less, 
the  quotient  is  2  and  the  remainder  is  6.  If  9  times  the 
less  number  is  divided  by  the  greater,  the  quotient  is  4 
and  the  remainder  is  4.  What  are  the  numbers  ? 

15.  The  sums  of  $900  and  $750  are  invested  at  different 
rates  and  the  combined  yearly  interest  is  $90.  If  the  rates 
were  interchanged,  the  combined  yearly  interest  would  be 
$91.50.  Find  the  rates  of  interest. 

16.  man  invested  a  certain  amount  in  First  Liberty 
Bonds  at  3|-%  and  a  certain  other  amount  in  Second 
Liberty  Bonds  at  4%,  his  total  annual  income  from  the 
two  being  $260.  If  he  had  invested  as  much  in  3-|  per 
cents  as  he  did  in  4  per  cents  and  as  much  in  4  per  cents 
as  he  did  in  3^  per  cents,  his  income  Avould  have  been  $5 
more.  How  much  did  he  invest  in  each  kind  of  bond  ? 


QUADRATIC  EQUATIONS 
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VIL  QUADRATIC  EQUATIONS 

83.  Quadratic  Equation.  An  equation  which,  when  in 
simplest  form,  contains  the  second  power,  but  no  higher 
power,  of  an  unknown  is  called  a  quadratic  equation. 

For  example,  —  I,  a"  —  lx  =  0,  and  x‘^  —  9x4-8  =  0  are  quad¬ 
ratic  equations  in  x. 

A  quadratic  equation  is  also  called  an  equalion  of  the  i^econd  degree. 

A  quadratic  equation  may  always  be  reduced  to  the  form 

ux‘^  -}-  hx  c  =  (), 

in  which  a  is  not  zero  but  h  or  c,  or  both  h  and  c,  may  be  zero. 

Thus  5  4-  3  x‘  —  9  =  0  is  a  quadratic  equation  in  which  a  =  5, 

h  —  3,  and  c  =  —  9  ;  7  U  —  5  =  0  is  a  quadratic  equation  in  wliich 
a  =7,  h  =  0,  and  c  =  —  5.  In  9  U  —  4  r  =  0,  «  =  9,  h  =  —  4,  and 
c  =  0  ;  and  in  9  x^  —  0,  a  =  9,  h  =  0,  and  c  =  0. 

84.  Coefficients  of  a  Quadratic  Equation.  In  the  equation 

-f-  h.v  -|-  c  =  0, 

u,  h,  and  c  are  called  the  coefficients  of  the  equation. 

If  rt,  h,  and  c  are  numbers  expressed  ])y  figures,  as  in  x"4-  0  .r  — 5  =0, 
the  equation  is  called  a  numericcd  <iuadratic  •,  if  some  or  all  of  these 
coefficients  are  represented  by  letters,  as  in  U  +  ax  =  4,  the  equa¬ 
tion  is  called  a  literal  quadratic. 

The  term  represented  by  c  is  called  the  ahrolute  term,  or  the 
constant  term,  of  the  equation. 

85.  Affected  Quadratic.  A  quadratic  equation  that  con¬ 
tains  both  the  second  and  first  powers  of  the  unknown 
quantity  is  called  an  affected  eiuadratic. 

Thus  —  7  X  -f  12  =  0  and  5  x“  —  3  x  =  0  are  affected  quadratics. 

An  affected  quadratic  is  also  called  a  complete  quadratic. 

86.  Pure  Quadratic.  If  the  first  power  of  the  unknown 
quantity  is  missing,  the  quadratic  is  called  a  pure  quadratic. 

Thus  x^  —  9  =  0  is  a  pure  quadratic. 

A  pure  quadratic  is  also  called  an  incomplete  quadratic. 
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87.  Solving  a  Pure  Quadratic.  We  solve  a  pure  quad¬ 
ratic  as  shown  in  the  following  problems : 

1.  Solve  the  quadratic  equation  6  25  =  4 

Given  6  a;-  -f  25  =  4  x-  +  75. 

Subtracting  25  and  4  x^,  2  x^  =  50. 

Dividing  by  2,  x-  =  25. 

Extracting  the  square  root,  x  =  ±  5, 
read  "plus  or  minus  5,”  for  either  (+  5)“  or  (—  5)-  is  equal  to  25. 

Cited'.  Substitute  either  +  5  or  —  5  for  x  in  the  (liven  equation. 

Then  6  •  25  -|-  25  =  4  •  25  -H  75  =  175. 

2.  Solve  the  quadratic  equation  0:^+9  =16. 

Given  x^  +  9  =  16. 

Subtracting  9,  .r-  —  7. 

Extracting  the  square  root,  x  —  ±  Vl. 

Check.  (±  Vlf  +  9  =  7  4-  9  =  16. 

3.  Solve  the  quadratic  equation  2’^  +  5=  0. 

Given  x-  +  5  =  0. 

Subtracting  5,  +-  =  —  5. 

Extracting  the  square  root,  x  =  ±  V—  5. 

Check.  (±  V—  5)“  +  5  =  —  5  +  5  =  0. 

In  the  solution  of  Ex.  3  we  find  a  new  kind  of  number, 
V—  5.  Evidently  the  square  root  of  a  negative  number 
cannot  be  a  positive  number,  for  the  square  of  a  positive 
number  is  positive.  For  a  similar  reason  the  square  root 
of  a  negative  number  cannot  be  a  negative  number.  We 
therefore  say  that  this  equation  has  no  real  root. 

For  convenience  we  give  a  name  to  the  indicated  square 
root  of  a  negative  number,  calling  it  an  imaginary  nnmher. 

tVe  sliall  not  discuss  imaginary  numbers  further.  In  any  problems 
that  we  meet  at  this  time  we  shall  not  need  these  numbers.  They 
are,  however,  of  value  in  certain  ap})lications  of  higher  algebra. 


PURE  QUADRATICS 
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Exercise  49.  Pure  Quadratics 


1.  Find  a  positive  number  that  is  equal  to  its  reciprocal. 
The  reciprocal  of  x  is  1/x,  and  hence  the  equation  is  x  =  1/x. 

2.  Find  a  negative  number  that  is  equal  to  four  times 
its  reciprocal. 

3.  Find  the  two  numbers,  one  positive  and  the  other 
negative,  that  are  equal  to  25  times  their  reciprocals. 


Solve  the  follotving  equations  : 


4.  —  1^  =  0. 

5.  ^2  _  04^0. 

6.  4  196  =  0. 

7.  7  175  =  0. 


8.  x^-h‘^=0. 

9.  x^  —  k—  0. 
10.  X?  -^k=  0. 


11.  4T2  +  5  =  T2  +  32. 


12.  H  ow  many  rods  of  fence  will  exactly  inclose  a  square 
field  whose  area  is  1 0  acres  ? 


13.  A  class  in  physics  found  it  necessary  to  solve  for  v 
the  equation  2E/M—v‘^.  Find  a  form'ula  for  v. 

14.  Given  the  formula  liF  =  fnv'^^  used  in  physics,  find 
a  formula  for  v. 

15.  Given  the  formula  d  =  find  a  formula  for  t. 


Solve  the folloiving  equations  and  check  the  roots: 

1  _  53 -3  a’  1  +  x 


16. 


17. 


36  d-  a; 

X  —  S 
3 


X  -\-  l 

7 

9  +  3  2^ ' 


20. 


o5  —  X  %  X  -p  35 
49  +  3  :r 


21.  2;  +  3  = 


18. 


X  +  m 
X 


3  X 

m  —  X 


a  X  _x  —  a 
h  -\-x  h  —  X 


22. 


27  —  1 

27  +  1 


1  +  2:  +  2’^ 

7  +  527  +  2^2- 


23. 


27-28 
14  +  3  27 


3  2’  -  24 

27-2 
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88.  Solving  by  Factoring.  In  case  we  have  an  affected 
quadratic,  it  often  happens  that  we  can  solve  it  by  a 
simple  method  involving  faetoring.  The  solution  of  a 
single  problem  will  suffice  to  illustrate  this  method. 

Solve  the  equation 

—  ^x  15  =  0. 

Factoring,  {x  —  3)(2’  —  5)  =  0. 

Since  the  product  of  x  —  3  and  a:  —  5  is  equal  to  0,  one  or  the  other 
of  tliese  factors  must  be  equal  to  0,  because  no  two  numbers  can  have 
0  for  a  product  unless  one  of  them  is  0.  Also,  it  makes  no  difference 
which  factor  is  0,  since  0  multiplied  by  any  number  is  0. 

If  X  —  3  =  0, 

then  a:  =  3  ; 

and  if  x  —  5  =  0, 

then  X  =  5. 

Therefore  x  may  be  either  3  or  5.  Since  there  can  be  only  two 
factors  of  the  polynomial,  there  can  l)e  only  two  roots. 

Check.  Substituting  3  in  the  given  equation, 

3"  -  8  •  3  +  15  =  9  -  21  +  15  =  0. 

Substituting  5,  5-  —  8  •  5  4- 15  25  —  40  +  15  =  0. 

The  same  method  applies  to  equations  like 

_p  7  ^  0^ 

Factoring,  x  (a:  +  7)  =  0. 

Then,  as  in  the  above  solution, 
either  x  =  0 

or  a;  +  7=0. 

In  the  latter  case  we  have  x  =  —  7. 

Hence  the  two  roots  are  0  and  —  7. 

Check.  Substituting  0  iu  the  given  equation, 

02  +  7.0  =  0. 

Substituting  —  7,  (—  7)^  +  7  .  (  —  7)  =  49  —  49  =  0. 


SOLVING  BY  FACTORING 
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Exercise  50.  Solving  by  Factoring 


Solve  the  follotving  equations  : 

1.  (:r-l)(2:-7)=  0. 

2.  (x  —  2)  (.r  +  5)  =  0. 

3.  (x  +  a)  {x  —  h')  =  0. 

4.  (3  a;— 4)  (4  a;— 3)  =  0. 


5.  x(x  +  47)  =  0. 

6.  7a  (3:c-33)=0. 

7.  9  a;(4  a;  +  64)  0. 

8.  axQmx  —  m'^')  =  0. 


9.  Find  a  number  whose  square  increased  by  6  is  equal 
to  five  times  the  number. 

10.  Find  a  number  whose  square  diminished  by  4  is 
equal  to  three  times  the  sum  of  the  number  and  1. 

11.  The  product  of  a  certain  number  and  the  number 
increased  by  5  is  equal  to  44.  Find  the  number. 

12.  The  product  of  two  consecutive  numbers  is  306. 
Find  the  numbers. 

13.  The  product  of  two  consecutive  odd  numbers  is 
443.  Find  the  numbers. 


Solve  the  following  eepiations  and  cheek  the  residts : 


14.  a:-^  —  9  +  20  =  0. 

15.  x^  —  7  X  —  18  =  0. 

16.  a’2-lla’  +  30=:0. 

17.  .r^-lIa  +IS  =  0. 

18.  p2  +  7P-60  =  0. 

19.  S7>  =  12  X. 

20.  —  45  =  —  4  m. 

21.  P  + 4^=77. 

22.  P2_  i9p^  _ 

23.  Jf2  +  24-40Jf. 


24.  41s  =  28  +  ^2. 

25.  a’^  +  5  —  14  =  0. 

26.  4/2  +  16  i)/+ 63  =  0. 

27.  P2_i3pp22  =  0. 

28.  4)2  _  99  ^  2 

29.  2F+r2  =  143. 

30.  16  7r>  ir2  +  39  =  0. 

31.  7/2  =z  2/1+15. 

32.  45+ 7/2  =  14//. 

33.  TF2  -63=2  IF. 
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89.  Completing  the  Square.  A  second  method  of  solving 
the  affected  quadratic  equation,  and  one  commonly  used, 
is  called  the  solution  by  comi^leting  the  square. 

Since  {^jc  +  ay^  =  -{-2  ax  +  we  can  easily  see  that 

2  ax  lacks  only  a‘^  of  being  a  perfect  square.  Hence  in 
an  equation  of  the  form  x^  +  2  ax  —  />,  we  may  make  the 
first  member  a  perfect  square  or  complete  the  square  by  add¬ 
ing  to  each  member  the  square  of  half  the  coefficient  of  x. 

For  example,  given  x-  +  II  x  =  —  15. 

Adding  (V-)^  or  r\  x2  +  H  x-  +  40  =  4. 

Extracting  the  square  root,  x  -\-l  =  ±2. 

Subtracting  7,  x  =  —  7  i  2. 

Tliat  is,  X  =  —  5  or  —  9. 

If  the  equation  is  in  the  form  x^  —  2  ax  =  we  may 
evidently  complete  the  square  in  the  same  way,  by  adding 
to  eacli  member  the  square  of  —  a.  We  then  have 
^^2  _  2  ax  +  c/  2  h  +  a\ 

Hence  x  —  a  =  ±  V/>  +  rA 

and  X  =  a  ±  Vh  +  a^. 

If  the  equation  lias  a  coefficient  for  other  than  1,  we 
may  first  divide  each  member  by  this  coefficient. 

For  example,  given  3  x"  —  2  x  =  15. 

Dividing  by  3,  x"  —  2  •  ^x  =  5. 

In  the  last  equation  —  ^  equals  the  a  of  the  equation  x^  +  2  ax  =  h. 

Therefore  to  solve  an  affected  quadratic : 

1.  Reduce  the  equation  to  the  form  -f  2  ax  —  h. 

2.  Add  to  each  memher  the  square  of  half  the  coefficient  of  x. 

3.  Extract  the  square  root  of  each  memher  of  the  residt. 

4.  Solve  the  tivo  resulting  simple  equations. 

The  two  equations  are  of  the  form 

X  =  «  +  V/>  +  cr  and  x  =  n  —  v  5  -}-  cd. 


ax 

a2 

ax 

X  a 


COMPLETmG  THE  SQUAEE 
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Exercise  51.  Affected  Quadratics 

Examples  1  to  5,  oral 

1.  In  order  to  complete  the  square,  what  must  be 
added  to  +  2 2; ?  toa^^  +  la;?  to:r^H-10a;?  to  — 10a:? 

Complete  the  square  in  the  first  memher  of  each,  of  the 
follo'wing  equations  hy  adding  the  same  numher  to  both  sides : 

2.  x^-2x=  3.  4.  a-2  +  8  a—  9. 

3.  a:^  — 4a'=5.  5.  a’^  —  8  a’ =  9. 

6.  If  from  a  square  piece  of  paper  I  cut  a  strip  2  in. 
wide,  as  is  shown  in  the  figure,  the  area  of  the  rest  of  the 
paper  is  48  sq.  in.  How  long  is  the  side  of  the  square  ? 

Let  X  —  tlie  number  of  indies  in  the  side. 

Then  =  the  number  of  square  inches  in  the  area. 

Therefore  xfa:  — 2)  =  48.  ^ 

^  _ Li 

Solving,  X  =  8  or  —  6. 

Of  these  roots  —  6  is  inadmissil>le  by  the  conditions  of  the  prob¬ 
lem,  although  it  satisfies  the  algebraic  eipiation.  Usually  only  one 
of  the  algebraic  roots  meets  the  conditions  of  the  pi’oblem. 

7.  The  area  of  a  rectangle  is  28  sq.  ft.  and  the  width 
is  3  ft.  less  than  the  length.  Find  the  dimensions. 

Which  one  of  the  two  roots  is  it  reasonable  to  take  ? 

8.  The  formula  A  =  a  vt  — 16  gives  the  approximate 
height  (A  feet)  of  a  body  at  the  end  of  t  seconds  if  it  is 
thrown  vertically  upward  with  an  initial  velocity  of  v  feet 
per  second  from  a  position  a  feet  high.  How  long  will  it 
take  a  rocket  to  reach  a  height  of  1500  ft.  if  it  is  fired 
vertically  upward  with  an  initial  velocity  of  140  ft./sec. 
from  a  dirigible  balloon  1300  ft.  above  the  earth? 

Remember  that  the  expression  140  ft./sec.  is  the  modern  way  of 
writing  140  ft.  per  second. 
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Solve  the  foUoivimj  equations: 
9.  .r2  +  12:^.+  27  =  0. 


15.  /  +  5^-4  =  2. 

16.  w^-2w+17  =  32, 

17.  7^2 -9  >^  +  20  =  6. 


10.  .r2-4  .r  =  117. 

11.  .r2  +  5^c  =  104. 

12.  .i‘^  +  ^’=90. 


18.  p2-ll  7^  +  50  =  22. 

19.  .r2  +  l.r  =  17. 

20.  a’2  +  4  .r  +  3J  =  0. 


13.  .r2  +  3  a’  =  -  2. 

14.  .r2-7.^’  +  0  =  0, 


21.  Two  numbers  differ  by  3,  cud  the  sum  of  tlieir 
squares  is  225.  What  are  the  numbers  ? 

22.  Separate  42  into  two  such  parts  that  tlie  product 
of  tlie  parts  is  392. 

23.  The  hypotenuse  of  a  riglit  triangle  is  5  ft.  longer 
than  the  base  and  10  ft.  lonsrer  than  the  heioRt.  What  is 
the  area  of  tlie  triangle  ? 

24.  Find  two  consecutive  integers  whose  product  is  8742. 

25.  The  area  of  a  certain  rectangular  Hag  is  84  sq.  ft. 
and  the  perimeter  is  38  ft.  What  are  the  dimensions  ? 

26.  Tlie  square  of  a  certain  number,  when  increased  by 
143,  is  equal  to  24  times  the  number.  Find  the  number. 
If  there  are  two  such  numbers,  show  that  each  fulfills 
the  conditions  stated. 

27.  44ie  square  of  a  certain  number  is  equal  to  315 
less  than  36  times  the  number.  Find  the  number. 

28.  On  one  side  of  a  square  piece  of  tin  a  strip  2  in. 
wide  is  soldered.  The  rectangular  piece  thus  formed  has 
an  area  of  8  sq.  in.  Find  the  side  of  the  square. 

29.  From  a  square  piece  of  tin  a  rectangular  piece  is 
cut  by  a  line  parallel  to  one  edge  and  4  in.  from  it.  The 
rectangle  remaining  has  an  area  of  12  sq.  in.  Find  the 
side  of  the  square. 
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90.  Solving  by  Formula.  Although  the  two  methods  of 
§§88  and  89  are  sufficient  for  solving  any  quadratic  equa¬ 
tion,  it  is  convenient  to  be  able  to  write  the  roots  at  once 
without  the  trouble  of  factoring  or  of  completing  the  square. 

We  could  dispense  with  the  solution  of  the  quadratic  by  the 
forinnla  and  continue  to  solve  l)y  the  methods  already  studied, 
but  this  is  not  advisable  because  it  usually  takes  too  much  time. 


Every  quadratic  equation  may  evidently  be  reduced  to 
the  form  ax^  +  hx  -j-  c  =  0,  in  which  and  e  are  integers. 

Given  ax^  +  hx  -j-  c  =  0. 

Subtracting  c,  ax^  -{-hx  =  —  c. 


Dividing  by  a, 


x^  -\--  x  =  —  -■ 


h 

Completing  the  scniare,  x‘^  -  x  -\-  - — -  —  -- — -  — ^ 

a  A  a‘^  4  a 

/,2  _  4 


or 


4 


4 


Extracting  the  square  root,  x  -j-  =  ±  -^^h^  —  4  ae. 

2  a  2  a 

Therefore  ^  ^  ±V/>2 ^ 


In  an  eqiiation  of  the  fonn  ai^  +  hx  +  c  =  0, 


x  = 


-&±V62_4 


ac 


2a 


If  rt  =  1,  then 


h±Vfr-4r 


Solve  the  equation  2  —  3  a’  —  9  =  0. 

Here  a  =  2,  h  =  —  d,  c  =  —  0. 

j,  ,1  ^  1  i  4  ^  ±  11  4 

Ily  the  formula,  x  = - ^ -  =  — - —  =  3  or  —  -  • 

The  student  may  also  solve  by  factoring  or  by  completing  the  square. 
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Exercise  52.  Solving  by  Formula 


Solve  the  following  equations  hy  nsiny  the  formula : 


1. 


2.  ^-16x-\-i)S  =  0 

3.  .r2+'4.t’-  77-  0. 

4.  z2-t-132=  0. 


5.  .^^  +  3.r-180  =  0. 

6.  -|-  l>x  c  =  0. 


9.  6  x^  4-  5  .r  —  6  =  0. 

10.  7.r2-372:-6. 

11.  2.i’2-13.r  =  45. 

12.  6  x‘^  —  o  X  =  45. 

13.  3x2  + 03  =  30  .r. 

14.  1.5  x2  +  5  .r  + 1.2  =  0. 


16. 


x  +  2 

x-7 


X  +  5 
X  —  5 


17.  Find  two  factors  of  420  whose  sum  is  41. 

18.  Separate  30  into  two  i)arts  whose  product  is  161. 

19.  Solve  the  equation  .r2  —  4  ax  +  2  6?2  =  0  for  x  in 
terms  of  a  ;  for  a  in  terms  of  x. 

20.  Solve  the  equation  x2  —  2(rt  —  h'qx  —  4  ah  =  0  for  x. 

21.  Solve  the  equation  —  (^a  -\- If  x  for  x. 

22.  Solve  the  equation  8  (/2  + 14  (-//>  — 15  52  =  0  for  a  in 

terms  of  h ;  for  h  in  terms  of  a. 

23.  Find  the  positive  value  of  t  in  the  equation 
6^2_p11^  =  121. 

24.  Find  tlie  sum  of  tlie  two  roots  of  the  equation 
2  x2  =  1  +  7x. 

25.  In  Ex.  24  find  the  product  of  the  two  roots. 

26.  If  a  railway  train  had  traveled  10  mi./hr.  faster,  it 
would  have  taken  30  min.  less  to  travel  100  mi.  Find 
the  rate  of  the  tram. 
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91.  Formulas  used  in  Physics.  The  formulas  given  in 
the  following  exercise  are  all  used  in  physics.  It  is  not 
necessary  for  our  present  purposes  to  explain  the  meaning 
of  each  formula,  since  we  are  now  concerned  only  with 
the  methods  of  deriving  new  formulas  from  those  given. 
If  the  student  proceeds  to  the  study  of  advanced  physics, 
he  will  find  it  necessary  to  use  formulas  of  this  kind. 


Exercise  53.  Formulas  used  in  Physics 


Given  tlie  following  formnlm^  derive  the  formulas  re(j[uired: 
1.  F=——>  Derive  a  formula  for  v  \  for  ;  for  m. 


2. 


3. 


2 

mm’ 


Derive  a  formula  for  v ;  for  3L 
Derive  a  formula  for  d ;  for  m  ;  for  m'. 


4.  The  formula  S=^gt‘^  gives  the  number  of  feet 
through  which  a  body  falls  in  t  seconds,  starting  from  rest. 
Taking  g  as  16  ft.,  how  long  will  it  take  a  bomb  to  fall  to 
the  ground  from  an  airplane  6000  ft.  above  the  earth? 

5.  Given  the  formula  Tr=  2.45  derive  a  for¬ 

mula  for  d ;  for  D. 


6.  Given  the  formula  (7=0.004^2  4-0.14,  derive  a  for¬ 
mula  for  d  and  then  find  the  value  of  d  to  the  nearest 
hundredth  when  (7  =  10.24. 


7.  Given  the  formula  2/s  =  v^  —  u\  derive  a  formula 
for  V  ;  forw;  for  s  ;  for/. 

8.  Given  the  formula  s  =  ut  derive  a  formula 

for  /;  for  for  t. 

9.  Given  the  formula  E=kv  derive  a  formula  for 
and  find  the  value  of  v  when  E=  3000  and  A;  =  10. 
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92.  Formulas  used  in  Industries.  The  formulas  given 
in  the  following  exercise  are  all  used  in  various  industries, 
as  is  the  case  Avith  those  given  on  page  22. 

Exercise  54.  Formulas  used  in  Industries 

Given  the  folloiving  fornudas^  derive  the  formulas  i^equired : 

1.  P  ="2C  —  0.01  a  formula  used  in  connection  with 
gas  engines.  Derive  a  formula  for  C. 

2.  V  'rrh  (7?*-^  +  Fir  +  r-),  a  formula  used  in  connec¬ 
tion  with  the  volume  of  a  portion  of  a  cone.  Derive  a 
formula  for  /f ;  for  r. 

3.  s  =  dhvl%'p,  a  formula  used  in  connection  Avith 
stretching  a  wire.  DeriA^e  a  formula  for  d. 

4.  T  =  a  -\-ht  et^^^  a  formula  used  in  connection  Avitli 

steel  shafts.  Derive  a  formula  for  t. 

5.  and  p  hm -\-\l c  =  a  formula  used  in  connection 
Avith  electricity.  Derive  a  formula  for  m. 

6.  /S' =  145.5 -1-120  a  formula  used  in  connection 
Avith  electricity.  Derive  a  formula  for  tv. 

7.  >S=  —  a  formula  used  in  connection  Avith 

projectiles.  Derive  a  formula  for  t. 

8.  S=^gd-\-Vt.,  a  formula  used  in  connection  Avith 
falling  bodies.  Derive  a  formula  for  t. 

9.  S  =0.1  gt‘^  -h  2  ^  -f  (7,  a  formula  used  in  connection 
Avith  a  pulley.  Derive  a  formula  for  t. 

10.  =  +  3  K,  a  formula  used  in  finding  the  range 

of  a  gun.  Derive  a  formula  for  K. 

11.  4j/  =  xQR  —  x'),  a  formula  used  in  gunnery.  Derive 
a  formula  for  x. 
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VIII.  GENERAL  REVIEW 
Exercise  55.  Review  Problems 

1.  A  cookbook  states,  in  a  certain  recipe  for  cooking 
beef,  that  there  should  be  allowed  ^  hr.  for  every  pound 
and  then  20  min.  over.  Express  this  as  a  formula  for  the 
number  of  hours  li  required  to  cook  a  piece  of  beef  weigh¬ 
ing  w  pounds.  Find  the  value  of  h  for  w  =  5£. 

2.  A  furniture  dealer  advertises  that  he  will  sell  furni¬ 
ture  on  monthly  payments  as  follows: 


Price  of  furniture 

|26 

150 

175 

1100 

1150 

#200 

Monthly  payments 

14 

16 

18 

tio 

il4 

#16 

Draw  a  graph  to  represent  the  different  rates  of  payments 
and  from  this  graph  determine  to  the  nearest  quarter  of 
a  dollar  the  monthly  payments  in  purchasing  furniture 
worth  |40,  $60,  $80,  $125,  and  $175. 

3.  Write  a  formula  for  the  average  amount  A  of  air 
available  for  each  of  n  persons  in  a  schoolroom  I  feet  long, 
w  feet  wide,  and  li  feet  high. 

4.  How  many  planks  10  in.  wide  and  12  ft.  long  will  be 
required  to  cover  a  space  w  feet  wide  and  I  feet  long,  w  and 
I  being  such  that  it  is  not  necessary  to  cut  any  plank? 

5.  The  safe  load  for  an  iron  chain  to  support  is  given 
by  the  formula  A  =  6.35  where  L  represents  the  load  in 
tons  and  d  the  number  of  inches  in  the  diameter  of  the 
iron  rod  from  which  the  links  are  made.  Find  the  safe 
load  when  the  diameter  is  ^  in. 

6.  In  Ex.  5  find  the  least  diameter  of  link  necessary  for 
the  support  of  a  load  of  4  tons. 

JM3 
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7.  The  distance  d  in  miles  which  you  can  see  from 
a  height  of  h  feet,  as  you  look  out  on  the  ocean,  is  given 
by  the  formula  (i  =  1.22V^.  Find  the  height  from  which 
you  can  see  just  10  mi. 

8.  In  Ex.  7  how  far  can  you  see  from  the  top  of  a 
lighthouse,  your  eye  being  141  ft.  above  sea  level  ? 

9.  Plot  the  formula  of  Ex.  7  for  h  =  1,  4,  9,  16,  25, 
36,  49,  64,  81,  100,  and  from  the  graph  determine  the 
approximate  distances  that  you  can  see  from  heights  of 
12  ft,  20  ft,  40  ft,  75  ft 

10.  A  telegraph  Avire  stretched  between  Pvo  points 
P  and  P'  which  are  d  feet  apart  sags  s  feet  in  the  middle, 
so  that  the  length  of  the 
wire,  -  I  feet,  is  greater  than 
the  distance  from  P  to  P'.  If 
the  pull  with  which  the  wire 
is  stretched  is  pounds  and 
the  Aveight  is  tv  pounds  per 
foot  of  wire,  the  following  formulas  shoAV  various  relations  : 

s  =  dhuj^p  I  =  d  -\-  S  d 

p  =  dhi’/i,  s  s  =  Vs  d(l  -d')/9, 

Remember  that  the  expression  r/^?e/8 p  means  dho  (8 />). 

Suppose  that  the  Avire  weighs  0.08  lb.  per  foot  and  is 
stretched  Avith  a  pull  of  260  lb.  betAveen  tAvo  points  120  ft. 
apart ;  find  the  sag  of  the  wire. 

11.  In  Ex.  10  find  the  stretching  force  Avhen  the  sag 
is  6  in.,  the  other  values  being  as  stated. 

12.  In  Ex.  10  find  the  length  of  the  Avire  between 
P  and  P'  Avhen  the  sag  is  6  in. 

13.  In  Ex.  10  find  s  Avhen  d  =  150  and  /  =  150.04. 

Omit  Ex.  13  except  for  advanced  students  of  the  class. 
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14.  The  pull  of  a  locomotive,  P  pounds,  is  given  by  the 
formula  P  =  sdHIw^  where  s  is  the  steam  pressure  in  pounds 
per  square  inch,  d  the  diameter  of  the  cylinder  in  niches, 
I  the  length  of  the  stroke  of  the  piston  in  niches,  and  iv 
the  diameter  of  the  driving  wheel  in  inches.  Find  the  pull 
of  a  locomotive  in  which  6?=  24,  ?  =  46,  .S‘i==:120,  and  w  =  72. 

Notice  that  the  solution  of  this  problem,  like  those  of  others  of 
the  kind,  requires  no  technical  knowledge.  The  solution  simply 
requires  substitution  in  a  formula. 

15.  All  airplane  is  a  feet  above  a  village  A.  It  then 
begins  to  rise  and  at  the  same  time  to  fly  in  a  straight  line 
directly  east  until  it  is  h  feet  above  a  village  B  which  is 
d  miles  from  A,  How  many  miles  has  the  airplane  gone  ? 

Notice  that  one  set  of  measurements  is  given  in  feet. 

16.  Think  of  some  number ;  multiply  it  by  3  ;  add  9  ; 
multiply  by  2  ;  divide  by  6  ;  subtract  the  number  thought 
of ;  the  result  must  be  3.  What  is  the  explanation  ? 

17.  I  am  thinking  of  a  date  in  American  history.  If  I 
subtract  2  from  the  number  of  hundreds,  2  from  the 
number  of  tens,  and  4  from  the  number  of  units,  and 
then  add  445,  the  result  is  2000.  What  is  the  date  ? 

Use  the  equation  100  {h  —  2)  +  10  (f  —  2)  +  (//.  —  1 )  +  11.5  =  2000. 

18.  I  am  thinking  of  an  important  date  in  the  history 
of  the  world.  If  I  add  6  to  the  number  of  units  and  8  to 
the  number  of  tens,  the  result  is  2000.  What  event  is 
connected  with  the  number  I  thought  of  ? 

19.  A  lighthouse  100  ft.  high  stands  on  a  cliff  200  ft. 
above  the  sea.  How  much  farther  could  a  man  see  on  the 
surface  of  the  ocean  from  the  top  of  the  lighthouse  than 
from  the  bottom,  allowing  5  ft.  for  the  height  of  the  eye 
above  the  surface  on  which  the  man  stands  ? 

Use  the  formula  d  =  1.22  VT  of  Ex.  7. 
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20.  Show  that  a  number  of  four  digits,  a,  b,  c,  d,  is 
divisible  by  9  if  a  +  h  c  -\-  d  is  divisible  by  9. 

The  number  of  four  digits  is  evidently  1000  a  +  100  h  -{■  10  c  d, 
or  999  u  +  «  +  99  ?)  +  ?)  +  9  c  +  c  +  d. 

The  rule  holds  for  any  number  of  digits. 

21.  In  Ex.  20  give  the  proof  for  a  number  of  five  digits, 
a,  h,  c,  d,  and  e. 

22.  One  of  the  factors  of  16  +  9  —  24  xy  is  3  y  —  4  2-. 

Find  the  other  factor.  Find  the  value  of  16  +  9  24  xy 

if  2:  =  17  and  y  =  19. 

The  student  should  remember  to  put  the  expression  in  the  best 
form  for  easy  calculation  before  he  makes  the  substitutions. 

23.  By  division  show  that 

.  =  1  +  2:  +  2:2  -h  2:3  _p  _p 

\  —  X  \  —  X 

and  verify  the  result  by  letting  x  =  ^. 

24.  In  the  quadratic  equation  x^  +  px  +  q  =  0,  show  that 
the  sum  of  the  two  roots  is  —  and  that  their  product 
is  q.  LTse  these  facts  to  check'  the  roots  of  the  equation 

+  7  2:  +  6  =  0. 

25.  Show  that  the  negative  roots  of  the  two  quadratic 

equations  x?  -1-82:=  33  and  2:^  +  6  —  55  =  0  are  the  same. 

26.  Show  that  the  positive  roots  of  the  two  quadratic 
equations  2;^  =  11  2:  +  26  and  — 169  =  0  are  the  same. 

27.  Solve  the  simultaneous  equations  3  2:+7y  —  9  =  0, 
5  2:  —  9  y  —  1 7  =  0. 

28.  Find  the  surface  of  a  cube  of  volume  512  cu.  in. 

29.  In  Ex.  28  find  the  volume  of  the  largest  sphere 
that  can  be  cut  from  the  cube. 

The  formula  for  the  volume  of  a  sphere  is  | 
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30.  A  boat  is  rowed  directly  across  a  river  and  sound¬ 
ings  are  taken  at  various  distances  from  the  bank.  From 
the  following  table  of  the  results  draw  a  plan  oi  the  cross 
section  of  the  river,  showing  the  curve  of  tlie  bed. 


Distance  in  feet 

0 

5 

10 

15 

20 

25 

30 

35 

40 

45 

50 

60 

70 

Depth  in  feet 

0 

2 

3 

5 

9 

14 

16 

18 

15 

15 

12 

7 

0 

31.  From  the  top  of  a  cliff  1500  ft.  high  a  bullet  was 
fired  horizontally  with  a  velocity  of  2200  ft.  per  second. 
Draw  the  graph  of  its  path,  the  number  of  feet  which  it 
has  fallen  at  the  end  of  each  second  being  as  follows : 


Seconds 

0 

1 

2 

3 

4 

5- 

6 

7 

8 

9 

Feet  fallen 

0 

16 

64 

144 

256 

400 

576 

784 

1024 

1296 

32.  The  space  passed  over  by  a  body  falling  t  seconds 

is  expressed  by  the  formula  jS  —IQ  where  S  is  the 
number  of  feet  the  body  falls.  Construct  a  graph  of  this 
formula,  using  for  t  the  values  0,  1,  1^,  2,  2^,  and  3. 

33.  The  product  of  two  consecutive  integers  is  132. 
Find  the  numbers. 

Let  the  integers  be  x  and  x  +  1. 

34.  The  area  of  a  square  would  be  doubled  if  it  were 
changed  into  a  rectangle  6  ft.  longer  and  4  ft.  wider  than 
the  square.  Find  the  side  of  the  square. 

35.  Find  three  roots  of  the  equation  —  x  ~  0. 

Separate  the  first  member  into  three  factors  and  place  each  factor 
equal  to  zero. 

36.  Find  three  roots  of  the  equation  9  x^  —  x  =  0. 

37.  Find  the  three  roots  of  the  equation  2Q  x^—lQ  x=  0, 
and  check  the  results. 
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38.  A  square  piece  of  tin  is  made  into  a  box  by  cutting 
from  the  corners  small  squares  2  in.  on  a  side.  The  box 
then  contains  50  cu.  in.  Find  the  dimensions  of 

the  piece  of  tin. 

39.  A  square  piece  of  tin  x  inches  on  a  side _ 

is  made  into  a  box  by  cutting  from  the  corners 

small  squares  a  inches  on  a  side.  The  box  then  contains 
b  cubic  inches.  Find  the  dimensions  of  the  piece  of  tin. 
Check  the  work  by  substituting  the  values  given  in  Ex.  38 
and  obtaining  the  result  there  found. 

Notice  that  Ex.  39  gives  a  general  formula  for  ail  such  cases. 

40.  A  box  containing  324  cu.  in.  is  made  by  cutting  out 
the  corners  of  a  sheet  of  cardboard  which  is  twice  as  long 
as  it  is  wide,  and  then  turning  up  each  side 

b  in.  Find  the  dimensions  of  the  cardboard  -j  |- 

and  also  of  the  box.  n  1~ 

41.  Expand  (3  2’+7)4  By  letting  2’ =  10  find  from  the 
result  the  value  of  374 

42.  Multiply  4  2-+  3  Iw  2  .r  +  7  and  from  the  result  find 
the  value  of  27  X  43. 

43.  The  straight  line  AB,  1  in.  long,  has  been  divided 
at  the  point  F  so  that  AF‘^=AB  •  FB.  Find  the  length 
of  AF  to  the  nearest  hundredth  of  an  inch. 

44.  The  sum  of  two  numbers  is  10  and  their  product  is 
also  10.  Find  the  numbers. 

For  the  square  roots  of  small  integers  use  the  table  on  page  280. 

45.  The  measures  of  the  lengths  of  the  three  sides  of 
a  right  triangle  are  consecutive  integers.  What  are  the 
lengths  of  the  sides  ? 

Remember  that  if  a  and  h  are  the  sides  and  c  is  the  hypotenuse 
of  a  right  triangle,  then  cfi  +  h~  =  A. 


PART  II.  TRIGONOMETRY 


I.  FUNCTIONS  OF  ANGLES 

1.  Shadow  Reckoning.  The  ancients  often  computed  the 
heights  of  trees,  buildings,  monuments,  and  the  like  by  the 
aid  of  shadows  and  called  the  method  shadow  reckoning. 

For  example,  if  a  post 
4  ft.  high  casts  a  shadow 
6  ft.  long  at  the  same  time 
that  a  tree  casts  a  shadow 
60  ft.  long,  we  have  two 
similar  triangles,  ABP  and 
XYT,  as  shown  in  the 
adjoining  figure. 

As  stated  in  Book  I,  this  means  that  the  triangles  are  of  the  same 
shape  but  not  necessarily  of  the  same  size.  Such  triangles  have  their 
corresponding  sides  proportional ;  that  is,  the  quotient  of  any  two 
sides  of  one  is  equal  to  the  quotient  of  the  corresponding  sides  of 
the  other.  The  symbols  Z  and  A,  and  the  manner  of  reading  angles 
and  triangles,  should  be  explained  by  the  teacher  if  necessary. 

Hence  Height  of  tree  _  Height  of  jDOst  _  t  _  4 
Shadow  of  tree  Shadow  of  post  60  6 

Therefore  t  =  =  40 . 

6 

That  is,  the  tree  is  40  ft.  high. 

In  such  cases  the  object  is  assumed  to  stand  on  a  horizontal  plane. 

In  later  times  this  method  developed  into  one  phase  of  trigonom¬ 
etry,  a  word  derived  from  the  Greek  words  tri  (three)  and  gonia  (angle), 
the  method  being  based  chiefly  on  the  measurement  of  triangles. 
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2.  Tangent  of  an  Angle.  In  finding  the  height  of  the  tree 
in  §  1  we  multiplied  the  length  of  the  shadow  by  the  ratio 
of  the  height  of  any  post  to  its  shadow;  that  is,  by  the 
quotient  of  height  divided  by  shadow.  The  height  of  the 
post  is  immaterial,  for  we  can  see  in  this  figure  that 

BC  B'C'  B”C"  B'"a" 

Ad~1a~  AC”  ~  AC"  ’ 

the  ratio  of  height  to  shadow  being 
the  same  whatever  post  we  take. 

B"  and  B'"  are  read  "  B  second  ”  and  "  B  third  ”  respectively. 

That  is,  in  the  right  triangle  ABC,  if  angle  A  is  fixed, 
the  ratio  BClAC  is  the  same  what¬ 
ever  the  size  of  the  triangle. 

Since  BC  just  touches  the  circle 
of  which  AC  is  a  radius,  and  since 
"  tangent  ”  means  "  touching,”  the 
ratio  BC/ AC  is  called  the  tangent  of  A, 
written  tan  A.  Or,  using  the  form  of  triangle  generally 
found  in  trigonometries,  we  have  b 


from  which  h  tan  A  =  a. 

We  now  see  that  if  we  know  tan  A  and  can  measure  h, 
we  can  easily  compute  the  value  of  a.  If,  therefore,  we 
can  find  the  tangents  of  the  various  angles  that  we  are 
likely  to  use,  we  can  find  the  height  of  an  object  by  this 
simple  method.  Our  first  problem,  therefore,  is  to  consider 
the  finding  of  tangents  of  angles. 

Because  of  the  variety  and  nature  of  its  applications  teachers  will 
see  that  the  tangent  is  the  simplest  and  most  natural  trigonometric 
function  with  which  to  introduce  the  subject. 


C"  C'C 
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An  illustration 
showing  the  method  employed 
in  finding  the  height  of  a  tall  object 
by  shadow  rechoning 


116  FUNCTIONS  OF  ANGLES 

3.  Finding  Tangents.  The  method  of  hnding  the  tangents 
of  various  angdes  depends  upon  higher  algebra,  but  we 
can  determine  approximately  the  tangent  of  any  angle  l)y 
the  aid  of  squared  paper. 

In  this  figure  angle  CAB  =  14°, 
and  since  the  tangent  is  BC J AC  we 
lind,  by  counting  the  spaces,  that 

tanl4°  =  |i  =  0.25. 

The  closer  approximation  found  by 
higher  algebra  is  0.2493. 


T 

A 

/ 

/ 

T 

A 

/ 

A 

A 

/ 

A 

£ 

Similarly,  tan  CAB'  30°  =  =  0.58, 

tan  CAB"  =  tan  45°  =  ^  =  1, 


and 


tan  CAB"'  =  tan  51°  20'  = 


12.5 

10 


1.25. 


4.  Table  of  Tangents.  The  following  brief  table  of 
tangents  of  angles  may  be  used  in  solving  the  problems 
in  the  next  exercise : 


Angle 

TAN 

Angle 

TAN 

Angle 

TAN 

10° 

0.1763 

40° 

0.8391 

o 

o 

2.7475 

to 

o 

o 

.3640 

50° 

1.1918 

GO 

O 

o 

5.6713 

o 

O 

CO 

.5774 

60° 

1.7321 

o 

O 

QO 

The  symbol  co  means  '' infinity”;  that  is,  the  tangent  of  90°  is 
infinitely  long.  This  can  easily  be  seen  by  drawing  an  angle  of  90°. 

Students  should  be  reminded  that  the  sum  of  the  angles  in  any 
triangle  is  180°,  that  the  square  on  the  hypotenuse  of  a  right 
triangle  is  equal  to  the  sum  of  the  squares  on  the  two  sides,  that 
each  angle  of  an  equilateral  triangle  is  60°,  and  that  the  angles  at 
the  base  of  an  isosceles  triangle  are  equal. 
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5.  Measuring  Angles.  In  outdoor  work  angles  are  com¬ 
monly  measured  by  means  of  a  transit  or  some  similar 
instrument.  By  turning  the 
upper  part  of  the  transit  here 
shown,  horizontal  angles  can  be 
measured  on  the  horizontal  plate 
to  minutes.  By  turning  the 
telescope  up  and  down,  vertical 
angles  can  be  measured  on  the 
vertical  circle  here  shown. 

For  school  purposes  a  transit  can 
be  made  without  difficulty,  using  a 
small  pipe  in  place  of  a  telescope 
and  using  paper  protractors  for  the 
horizontal  and  vertical  circles. 

6.  Practical  Use  of  the  Tangent.  Since  by  definition  we 
have 


=  tan  A, 


we  see,  as  in  §  2,  t^iat 

a  =  b  tan  A, 

Given  that  ^=15  ft.  and  A  =  40°, 
we  can  find  a  as  follows: 


=  15  tan  40°  =  15  x  0.8391  =  12.5865. 


That  is,  to  the  nearest  hundredth,  a  =12.59  ft. 

If,  however,  we  had  no  instruments  for  measuring  h  more  closely 
than  to  the  nearest  foot,  then  we  should  give  13  ft.  as  the  value  of 
tt,  since  no  result  can  he  more  nearly  accurate  than  the  measurements  on 
which  it  is  based. 

li  h  =  1.5  ft,  as  the  result  of  measuring  with  an  instrument  that 
was  accurate  to  0.01  ft.,  as  we  may  reasonably  assume,  then  .the 
result  for  a  should  be  given  a%s  12.59  ft. 
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Exercise  1.  Tangents 

•  In  this  figure^  given  the  measures  of  the  angles  as  stated 
helow^  find  the  approximate  values  of  the  tangents  of  the  angles : 

1.  Angle  AOiy  =  ll°19'. 

2.  Angle  AOC  =  16°42'. 

3.  Angle  AOi)=  21°  48'. 

4.  Angle  AOA'=  26°  34'. 

5.  Angle  AOi^=  30°  58'. 

6.  Angle  =  36°  53'. 

7.  AxiglQ AOH=  40°  22'. 

8.  In  the  A  ABC  of  §  6,  suppose  that  A  =  40°  22'  and 
6  =  35  ft. ;  find  the  value  of  a. 

For  the  tangents  needed  in  solving  Exs.  8  and  9  use  the  results 
found  in  Exs.  6  and  7. 

9.  A  man  standmg  150  ft.  from  the  foot  of  a  building 
finds  that  the  angle  of  elevation  of  the  top  is  36°  53'.  If 
his  eye  is  5  ft.  from  the  ground,  how  high  is  the  building  ? 

By  the  angle  of  elevation  is  meant  the  angle  between  a  horizontal 
line  and  the  line  from  the  eye  to  the  top  of  the  building. 

10.  The  captain  of  a  ship  at  S  observes  a  light¬ 
house  L  to  lie  40°  south  of  an  east-and- 
west  line.  After  the  ship  has  sailed  to  S’, 

10  mi.  east,  the  lighthouse  is  seen  to  be 
directly  south  of  it.  Find  the  distance 
from  S’  to  L. 

In  §  6  find  the  value  of  a  to  four  figures,  given  the  following : 

11.  5  =  46,  A=10°.  14.  5  =  128.4,  A=50°. 

12.  5  =  58,  A=  20°.  15.  5  =  108.3,  A=  70°. 

13.  5=  94,  A=  30°.  16.  5=  23.58,  A=  80°. 


10  mi 


1 

1 

M 
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7.  Sine  of  an  Angle.  Suppose  that  we  know  that  the 
edge  JB  of  the  Great  Pyramid  is  609  ft.  to  the  nearest 
foot,  and  that  the  angle  BAB  is  52°, 
measures  that  are  easily  taken.  If 
we  now  knew  the  ratio  a/e,  as  seen 
more  clearly  in  the  larger  figure  here 
shown,  we  could  easily  find  the  value 
of  a.  That  is,  because 

a 

a  =  e  X  -  ^ 
e 

we  have  a  —  609  x  -  • 

e 

The  ratio  -  is  called  the  sine  of  A, 
c 

which  is  written  sin  A. 

That  is,  sin  A  =  f  , 

c 

whence  c  sin  A  =  a. 


In  any  right  triangle  the  sine  of  either  acnte  angle  is  the  ratio 
of  the  opposite  side  to  the  hypotenuse. 


8,  Finding  Sines.  We  can  determine 
approximately  the  sine  of  any  angle  by 
the  aid  of  squared  paper.  In  this  figure 
the  arc  is  drawn  with  radius  10. 

Then  sin  20°  is  equal  to  the  perpen¬ 
dicular  let  fall  on  OA  from  the  point 
marked  20°  in  this  figure,  divided  by  the 
radius  10.  This  quotient  is  approximately  3.4  10,  or  0.34. 

Similarly,  we  find  the  following  table  of  shies : 


Angle 

SIN 

Angle 

SIN 

Angle 

SIN 

30° 

0.50 

50° 

0.77 

o 

o 

0.87 

40° 

.64 

52° 

.79 

o 

O 

.94 
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9.  Table  of  Sines.  The  following  brief  table  of  sines 
may  be  used  in  solving  the  problems  in  the  next  exercise : 


Angle 

SIN 

Angle 

SIN 

Angle 

SIN 

10° 

0.1736 

40° 

0.6428 

70° 

0.9397 

O 

o 

.3420 

50° 

.7660 

75° 

.9659 

o 

O 

CO 

.5000 

o 

CM 

GO 

.7880 

o 

O 

oo 

.9848 

o 

QO 

CO 

.6157 

60° 

-.8660 

90° 

1.0000 

10.  Practical  Use  of  the  Sine.  We  can  now  determine 
the  height  of  the  Great  Pyramid  referred  to  in  §  7. 


Since  -  =  sin.l, 

c 

we  have  a  =  c  sin  A. 

Hence,  in  this  case, 

a  =  609  sin  52° 

=  609  X  0.7880 
=  479.892. 

Since  c  was  given  as  609  ft.  to  the  nearest  foot,  we  can 
simply  say  that  the  height  is  480  ft.  to  the  nearest  foot. 

In  the  above  problem  we  can  also,  if  we  wish,  find  b. 
Since  B  =  90°  —  A  =  90°  —  52°  =  38°,  we  see  that 

h  =  609  sin  38° 

=  609  X  0.6157 
=  374.9613. 

Hence  the  length  of  h  is  375  ft.  to  the  nearest  foot. 

11.  Check.  We  may  now  check  the  three  figures  in 
each  of  our  results  by  noticing  that 

r/2  =  ^'2—  /^2_ 

whence  4802  =  (609  +  375)  (609  —  375),  approximately. 
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Exercise  2.  Sines 


In  this  figure,  given  the  measures  of  the  angles  as  stated 
helow,  find  the  approximate  values  of  the  smes  of  the  angles : 


1.  8°  38'.  4.  33°  22'. 

2.  17°  27'.  5.  36°  52'. 

3.  23°  35'.  6.  4-1°  26'. 

From  the  above  figure  find  the 
angle  whose  sine  is : 

7.  0.3.  8.  0.6.  9.  0.55. 


N 

°9( 

/ 

3fi. 

/ 

N3 

3°: 

/ 

/ 

A 

10.  0.4.  11.  0.7. 


12.  After  a  ship  has  sailed  N.  20°  E.  a  distance  of  28  mi., 
it  is  how  many  miles  east  of  its  starting  point  ?  ^ 

The  expression  N.  20°  E.  means  north  20°  east ;  that 
is,  20°  east  of  a  meridian  ON.  The  ship  sails  28  mi.  from 
0  to  S.  The  distance  E.S'  is  required. 

In  such  a  case  the  student  should  draw  a  neat  diagram, 
but  it  is  not  necessary  to  draw  to  scale  or  to  have  the 
angle  measured  by  the  protractor. 

Distances  should  be  computed  to  the  nearest  unit,  as  shown  by 
the  given  measurement ;  in  this  case,  to  1  mi. 


13.  A  submarine  sails  submerged  N.  30°  W.  a  distance 
of  10  mi.  Without  taking  any  further  observations,  how 
can  the  captain  tell  how  far  he  is  to  the  west  of  his  point 
of  departure  ?  Find  the  distance. 

14.  In  Ex.  13  how  far  is  the  submarine  to  the  north 
of  the  point  of  departure  ? 

First  find  the  other  acute  angle  of  the  triangle. 

15.  A  cruiser  starts  at  a  buoy  and  sails  N.  37°  E.,  38  mi. 
Find  its  northing  and  its  easting. 

The  northing  is  the  distance  sailed  to  the  north  and  the  easting 
is  the  distance  sailed  to  the  east. 
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16.  If  a  kite  string  240  ft.  long  makes  an  angle  of  30° 
with  the  ground,  how  high  is  the  kite  ? 

The  string  cannot  be  stretched  perfectly  straight,  but  we  can  form 
a  very  good  approximation  by  this  method. 


17.  In  order  to  find  the  height  of  a  mound  which  they 
use  as  an  observation  post  some  Boy  Scouts  stretch  a  string 
from  A  to  as  shown  in  the  figure, 
finding  AB  to  be  72ft.  Gin.  Using 
a  protractor  they  find  ZA  to  be  30°. 

What  is  the  height  of  the  mound  ? 


18.  In  planning  for  a  pontoon  bridge  across  the  head 
of  a  lake  to  save  marching  through  some  swamp  land  a 
squad  of  Boy  Scouts  sighted  from  a  point 
C  due  west  to  A,  as  shown  in  the  figure. 

They  then  sighted  from  C  directly  north, 
thus  laying  out  the  line  CD.  On  this 
line  they  took  a  point  B^  measured  AB.,  and  found  it  to  be 
1075  ft.,  and  found  ZA  to  be  20°.  Find  the  distance  BC. 

19.  When  the  arm  of  a  steel  crane  OA,  30  ft. 
long,  makes  an  angle  of  70°  with  the  horizontal 
line  Oi?,  what  is  the  vertical  distance  Ai?  ? 

20.  In  Ex.  19  find  the  horizontal  distance  OB. 

o 

(riven  one  acute  angle  and  the  hypotenuse  of  a  right  tri¬ 
angle  as  folloivs.,  find  the  other  acute  angle  and  the  tivo  sides: 


21.  40°,  38  ft.  23.  60°,  9  mi.  25.  70°,  18  yd. 

22.  50°,  48  in.  24.  30°,  18  mi.  26.  80°,  450  yd. 

27.  Make  up  a  problem  similar  to  Exs.  21-26,  draw 
the  figure,  and  solve  the  problem.  If  possible,  have  it 
relate  to  some  measurement  about  the  schoolhouse  or  in 
the  vicinity  of  the  school  building. 
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12.  Functions  of  an  Angle.  We  have  seen  that  the  tan¬ 
gent  of  an  angle  changes  as  the  angle  changes.  As  the 
angle  increases  from  0°  to  90°  the 
tangent  increases  from  0  to  oo. 

Similarly,  as  the  angle  increases 
from  0°  to  90°  the  sine  increases  from 
0  to  1. 


In  each  case  we  have  a  ratio,  -  or 

h  c 


that  depends  upon 


the  angle  A  for  its  value.  Since  a  function  of  a  quantity  is 
a  second  quantity  that  depends  upon  the  first  one  for  its 
value,  tan  A  and  sin  A  are  called of  the  angle  A. 

The  angle  A  may  evidently  have  other  ratios  which  de¬ 
pend  upon  it  for  their  values.  For  example,  in  the  above 
ligure,  instead  of  having  merely  the  ratios  a/h  and  ajc 
we  may  also  have  such  ratios  as  />/«,  e/u,  and  c/h. 

For  our  present  purposes  we  shall  find  it  convenient  to 
consider  two  other  functions  of  A, 


13.  Sine  of  the  Complement  of  an  Angle.  In  the  above 
figure,  if  we  have  c  and  A  given  and  wish  to  find  h,  we 
see  that  we  must  first  find  A,  after  which  we  shall  have 
h  =  c  sin  B. 

Since  the  sum  of  tlie  two  acute  angles  of  a  right  triangle 
is  90°,  we  can  find  B  from  the  equation  B  —  90°  — A. 

If  the  sum  of  two  angles  is  a  right  angle,  each  angle  is 
called  the  complenient  of  the  other. 

It  would  be  convenient  if  we  had  a  table  giving  us  the 
sines  of  the  complements  of  angles  as  well  as  the  sines 
themselves.  We  could  then  find  h  by  the  equation 

I)  —  c  X  sine  of  the  complement  of  A, 

finding  this  sine  of  the  complement  of  A  from  the  table. 
On  page  124  we  shall  find  such  a  table. 

JM3 
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14.  Cosine  of  an  Angle.  The  sine  of  the  complement  of 
an  angle  is  called  the  cosine  of  the  angle.  The  cosine  of 
A,  written  cos  A,  is  the  same  as  the 
sine  of  B.  Expressed  as  an  equation, 

,  b 

cos  A  =  _ , 
c 

whence  &  =  ccosA. 

The  prefix  co  in  "cosine  "  is  an  abbreviation  of  "complement.” 

15.  Table  of  Cosines.  In  actual  practice  we  find  the  co¬ 
sines  of  angles  from  tables.  The  following  is  a  brief  table 
of  cosines  needed  for  the  problems  in  the  next  exercise : 


Angle 

cos 

Angle 

cos 

Angle 

COS 

10° 

0.9848 

o 

O 

0.7660 

70° 

0.3420 

to 

o 

o 

.9397 

50° 

.6428 

80° 

.1736 

o 

O 

CO 

.8660 

60° 

.5000 

OD 

o 

o 

.0000 

16.  Practical  Use  of  the  Cosine.  An  artillery  officer  at  A 
receives  a  report  from  an  airplane  that  there  is  a  concealed 
battery  at  C,  exactly  east  of  him  and 
exactly  south  of  a  battery  B.  He 
locates  B  as  40°  north  of  a  line  run¬ 
ning  east  from  A,  and  his  range  finder 
shows  that  AB  =  2260  yd.  Find  the 
distance  AC. 

Here  c  =  2260  and  A  A  —  40°. 

Therefore  h  =  c  cos  A  =  2260  cos  40° 

=  2260  X  0.7660 
=  1734.46. 

Hence  A(7  =  1731  yd.,  to  the  nearest  yard. 


B 
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Exercise  3.  Cosines 

1.  Wishing  to  find  the  distance  from  M  to  N  across  a 
pond  as  here  shown,  some  Boy  Scouts  sighted  from  M  to 
N  and  then  ran  a  line  MO  at  right 
angles  to  MN.  They  measured 
ON  and  found  it  to  be  450  yd., 
and  they  found  /LN  to  be  60°. 

Find  the  distance  MN 

As  in  §  10,  we  have  ilAV=150  cos  60°. 

2.  A  boy  walking  along  a  straight  road  leaves  it  at  a 
point  P  and  goes  along  a  straight  oblique  path  1000  ft. 
to  a  spring  at  S.  lie  then  takes  a  path  that  is  perpen¬ 
dicular  to  the  road  and  reaches  the  road  at  a  point  Q  wliich 
is  866  ft.  from  P.  Find  the  angle  QPS  which  the  oblique 
path  makes  with  tlie  road,  and  the  angle  at  S  which  it 
makes  Avith  the  otlier  path. 

First  draw  the  figure  freehand  while  reading  the  problem. 

What  function  of  Z  7^  can  be  found?  What  is  its  value?  What 
angle  has  this  value  for  the  function?  How  is  /.S  found? 

3.  In  this  right  triangle  suppose  that  AC  =  CB —  \  and 

then  find  the  length  of  AB.  From  this  b 

find  sin  45°,  cos  45°,  and  tan  45°. 

4.  A  ship  sails  N.  W.  32  mi.  Find  its 
northing  and  also  its  Avesting. 

The  symbol  N.  AY.  means  "northwest”;  that 
is,  N.  45°  AY.  For  cos  45°,  see  Ex.  3. 

5.  A  ship  sails  N.E.  48  mi.  Find  its  northing  and  also 
its  easting. 

6.  DraAV  an  equilateral  triangle  1  in.  on  a  side,  draw  a 
perpendicular  from  any  vertex  to  the  opposite  side,  and  cal¬ 
culate  sin  60°,  cos  60°,  tan  60°,  sin  30°,  cos  30°,  and  tan  30°. 
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17.  Cotangent  of  an  Angle.  The  tangent  of  the  com¬ 
plement  of  an  angle  is  called  the  cotangent  of  the  angle. 
"The  cotangent  of  A,  written  cot  A,  is  the  same  as  the  tangent 
of  B.  Expressed  as  an  equation,  ^ 


18.  Table  of  Cotangents.  The  following  brief  table  of 
cotangents  may  be  used  in  the  next  exercise : 


Angle 

COT 

A  NO  LE 

COT 

Angle 

COT 

10° 

5.6713 

o 

O 

-H 

1.1918 

o 

O 

0.3640 

20° 

2.7475 

50° 

0.8391 

oo 

o 

o 

.1763 

30° 

1.7321 

60° 

.5774 

o 

o 

cr. 

.0000 

The  student  should  compare  this  table  with  the  table  of  tangents 
given  on  page  110. 


19.  Practical  Use  of  the  Cotangent.  An  observer  at  0,  the 
top  of  a  cliff  200  ft.  high,  sees  the  periscope  of  a  submarine 
S  at  an  angle  of  depression  of  10°. 

How  far  is  the  submarine  from 
the  foot  of  the  cliff  ? 


The  angle  of  depression  is  tlie  angle  which  the  line  of  sight,  OS, 
makes  with  the  horizontal  line  Oil,  and  in  this  figure  it  is  the  angle 
II OS  which  is  equal  to  the  angle  .S'. 


We  have 


SF 

- —  =  cot  S  =  cot  10°  =  5.6713. 
OF 


Hence  SF  =  OF  x  5.6713  =  200  x  5.6713. 
That  is,  =  1134.26. 


Therefore  the  submarine  is  approximately  1134  ft.  from 
the  foot  of  the  cliff. 
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Exercise  4.  Cotangents 


1.  In  planning  a  steel  truss  an  equilateral  triangle  ABC 
is  used,  each  side  being  40  ft.  It  is  required  to  know  the 
height  CM  of  the  truss. 

Each  angle  of  an  equilateral  triangle  is  60° 

Hence  Z A  =  60°  and  Z.ACM  —  60°.  We  also  have 
ylil/  =  20  ft.  We  may  now  find  CM  in  several  ways, 
as  by  using  tan  60°  or  by  using  cot  60°. 

Since  CM/ AM  =  cot 60°,  to  wliat  is  CM  equal? 

2.  A  building  known  to  be  60  ft.  high  is  observed 
from  across  a  ravine,  the  angle  of  elevation  of  the  top 
being  20°.  How  wide  is  the  ravine? 

If  the  angle  of  elevation  is  taken  from  a  point 
above  the  base  of  the  building,  allowance  must  be 
made  for  this  heiglit. 

3.  The  top  D  of  a  hill  is  known  to  be  300  ft.  above 
the  level  of  a  lake  AB,  An  observer 
at  A  finds  the  angle  of  elevation  of  D 
to  be  10°.  Find  the  distance  AC  as  A 
sliown  in  the  diagram. 


4.  How  far  from  the  foot  of  a  tree  60  ft.  high  must 
an  observer  lie  down  in  order  that  he  may 
see  the  top  of  the  tree  at  an  angle. of  50°  ? 

Find  given  the  following  : 


5.  «  =  47  ft.,  A  ^  30°. 

6.  a  —  in.,  A  —  40°. 

7.  a=  75  yd.,  A  =  50°. 

8.  a  =  125  ft.,  A  =  60°. 

9.  a  =  250  ft.,  A  =  70°. 

10.  a  =  12.7  in.,  A  =  80°. 


11.  «  =  52.8  ft.,  A -60°. 

12.  a  —  29  ft.  6  in.,  A  =  40°. 

13.  a  =  357  m.,  A  =  40°. 

14.  a  =  1275  m.,  A  =  50°. 

15.  a  =  3500  m.,  A  -  30°. 

16.  a  —  7525  m.,  A  =  80°. 


300  ft. 
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Exercise  5.  Review 

1.  If  a  post  4  ft.  high  casts  a  sha(lo\Y  5  ft.  long,  find  the 
tangent  of  the  angle  of  elevation  of  the  snn  at  the  time. 

'J'liis  tangent  shonld  l)e  expressed  as  a  decimal  fraction  as  usual. 

2.  In  Ex.  1  what  is  tlie  angle  of  elevation,  stated  to 
tlie  nearest  ten  degrees  ? 

The  student  should  use  the  table  given  in  §  1,  page  116. 

3.  If  a  tree  easts  a  shadow  75  ft.  long  at  a  time  when  a 
telegra|)h  pole  17  ft.  high  casts  a  shadow  10  ft.  long,  find 
the  tangent  of  the  angle  of  elevation  of  the  top  of  the 
tree  taken  at  the  extremity  of  tlie  shadow.  Find  the  angle 
of  elevation  and  the  height  of  the  tree. 

4.  From  the  formnla  tan  A  =  n//>,  derive  a  formnla  for  h. 

5.  From  tiie  formulas  sin.l  =  a/c  and  cos  A  =  l/c  show 
that  tan  A  =  sinA/cosA. 

6.  Show  that  cotA  =  l/tanA  and  cot  A  =  cos  A/sin  A. 

7.  Explain  wliy  tan  10°  is  the  same  as  cot  80°,  as  given 
in  the  tables  of  §  4  and  §  18.  Of  what  angle  is  0.3040  the 
tan(rent  and  of  what  anode  is  it  the  cotano'ent  ? 

^  iD  v:> 

8.  In  §  9  we  give  0.0428  and  0.7000  as  the  sines  of 
two  angles,  and  in  §  15  we  give  0.70)00  and  0.0428  as  the 
cosines  of  two  angles,  the  same  numbers  in  reverse  order. 
Explain  this  coincidence. 

9.  One  of  the  base  angles  of  an  isosceles  triangle  is 
40°  and  the  opposite  side  is  8  in.  Find  the  length  of  the 
perpendicular  from  the  vertex  of  the  triangle  to  the  base. 

10.  The  angle  opposite  the  base  of  an  isosceles  triangle 
is  80°  and  the  base  is  12  in.  Find  the  length  of  each  of 
the  equal  sides. 

The  peigtendicular  bisector  of  the  base  bisects  the  opposite  angle. 
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20.  Complementary  Angles.  We  have  now  shown  how 
some  of  the  functions  could  be  found  to  one  or  two  deci¬ 
mal  places  by  measuring  certain  lines,  although  this  is  not 
the  method  used  in  computing  the  tables.  We  have  also 
seen  that  the  table  of  tangents  resembles  the  table  of  cotan¬ 
gents  in  some  respects,  and  that  the  table  of  sines  resembles 
the  table  of  cosines.  For  example,  we  found  that  0.1763 
is  given  in  the  table  of  tangents  as  tan  10°,  and  that  the 
same  number  is  given  in  the  table  of  cotangents  as  cot 80°. 
Indeed,  all  the  numbers  given  as  tangents  are  also  given 
as  cotangents,  a  circumstance  that  we  should  naturally 
expect  for  the  reason  that  the  cotangent  of  any  angle  is 
the  tangent  of  90°  minus  that  angle.  Hence  we  should 
expect  to  find  that  tan  10°  =  cot  80°,  tan  20°  =  cot  70°, 
tan  30°  =  cot  60°,  tan  45°  =  cot  45°,  and  so  on,  a  function 
of  any  angle  being  the  cofmictiou  of  its  complement. 

Exercise  6.  Functions  of  Complementary  Angles 

All  work  oral 

1.  From  §  9  we  know  that  0.9397  =  sin  70°.  Therefore 
0.9397  is  what  other  function  of  what  other  angle  ? 

2.  Since  0.7880  =  sin  52°,  it  is  what  function  of  what 
other  angle  ? 

State  the  followhiff  as  other  f  unctions  of  other  angles : 


3.  sin  13°=  0.2250. 

4.  cos  17°  =  0.9563. 

5.  tan  28°  =  0.5317. 

6.  cot  36°  =  1.3764. 

7.  sin  45°=  0.7071. 


8.  cos  53°=  0.6018. 

9.  tan  61°  =  1.8040. 

10.  cot  74°=  0.2867. 

11.  sin  0°=  0.0000. 

12.  cos  0°  =  1.0000. 
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Angle 

sin 

cos 

tan 

cot 

0° 

0.0000 

1.0000 

0.0000 

X 

90° 

1° 

.0175 

.9998 

.0175 

57.2900 

89° 

2° 

.0349 

.9994 

.0349 

28.0303 

88° 

3° 

.0523 

.9980 

.0524 

19.0811 

87° 

4° 

.0098 

.9970 

.0099 

14..3007 

80° 

5° 

.0872 

.9902 

.0875 

11.4301 

85° 

.1045 

.9945 

.1051 

9.5144 

84° 

7° 

.1219 

.9925 

.1228 

8.1443 

83° 

3° 

.1392 

.9903 

.1405 

7.11.54 

82° 

9° 

.1504 

.9877 

.1584 

0.3138 

81° 

10° 

.1730 

.9848 

.1703 

5.0713 

80° 

11° 

.1908 

.9810 

.1944 

5.1440 

79° 

12° 

.2079 

.9781 

.2120 

4.7040 

78° 

13° 

.22.50 

.9744 

.2309 

4.3315 

77° 

14° 

.2419 

.9703 

.2493 

4.0108 

70° 

15° 

.2588 

.9059 

.2079 

.3.7321 

75° 

10° 

.2750 

.9013 

.2807 

3.4874 

74° 

17° 

.2924 

.9.503 

..3057 

3.2709 

73° 

18° 

..3090 

.9511 

.3249 

3.0777 

72° 

19° 

.3250 

.9455 

.3443 

2.9042 

71° 

20° 

.3420 

.9397 

..3040 

2.7475 

70° 

21° 

.3584 

.9330 

.38.39 

2.0051 

09° 

22° 

..3740 

.9272 

.4040 

2.4751 

08° 

23° 

.3907 

.9205 

.4245 

2.3559 

07^ 

24° 

.4007 

.91.35 

.4452 

2.2400 

00° 

25° 

.4220 

.9003 

.4003 

2.1445 

65° 

20° 

.4.384 

.89.88 

.4877 

2.0503 

04° 

27° 

.4540 

.8910 

..5095 

1.9020 

03° 

28° 

.4095 

.8829 

..5317 

1.8807 

02° 

29° 

.4848 

.8740 

.5543 

1.8040 

01° 

30° 

.5000 

.8000 

..5774 

1 .7321 

60° 

31° 

.5150 

.8572 

.0009 

1.0043 

59° 

32° 

.5299 

.8480 

.0249 

1.0003 

58° 

33° 

.5440 

.8387 

.0494 

1 .5399 

.57° 

34° 

..5592 

..8290 

.0745 

1.4820 

50° 

o 

CO 

.5730 

.8192 

.7002 

1 .4281 

55° 

;;o° 

..5878 

.8090 

.7205 

1  ..3704 

54° 

37° 

.0018 

.7980 

.7530 

1..3270 

53° 

38° 

.0157 

.7880 

.7813 

1.2799 

52° 

39° 

.0293 

.7771 

.8098 

1.2349 

51° 

40° 

.0428 

.7000 

.8.391 

1.1918 

50° 

41° 

.0.501 

.7547 

.8093 

1.1504 

49° 

42° 

.0091 

.7431 

.9004 

1.1100 

48° 

43° 

.0820 

.7314 

.9325 

1.0724 

47° 

44° 

.0947 

.7193 

.90.57 

1.0.3.55 

40° 

45° 

.7071 

.7071 

1.0000 

1.0000 

45° 

cos 

sin 

cot 

tan 

Angle 
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21.  Table  of  Functions.  For  our  present  purposes  we  do 
not  need  a  table  which  gives  the  functions  to  minutes  and 
seconds,  but  we  shall  need  one  which  gives  these  functions 
to  degrees.  Such  a  table  is  given  on  the  opposite  page. 

Since  sinN=  cos(90°  — A),  we  see  that  sin  50"=  cos  40°. 
It  is  therefore  apparent  that  we  need  give  tlie  functions 
only  to  45°,  the  functions  of  angles  from  45°  to  90°  being 
the  same  as  the  cofunctions  of  angles  from  0°  to  45°. 

Hence  in  the  table  we  may  read  the  values  of  the  func¬ 
tions  from  45°  to  90°  by  reading  from  the  foot  of  the  table 
to  the  top,  using  the  degrees  at  the  right. 

For  example,  for  cos  01°,  look  above  cos  and  to  the  left  of  61°  and 
lind  0.1848.  Also,  sin  72°  =  0.0511,  tan  81°  —  0.3138,  cot  OIF  =  0. 1152. 

Exercise  7.  Table  of  Functions 


Usinn  the  tahte,  find  the  fioIlowi)if/ : 


1. 

sin  27°. 

11. 

sin 

10°. 

21. 

sin 

GO 

o 

31. 

sin 

16°. 

2. 

cos  37° 

12. 

cos 

80°. 

22. 

cos 

78°. 

32. 

cos 

16°. 

3. 

tan  15° 

13. 

cos 

30°. 

23. 

tan 

78°. 

33. 

sin 

74°. 

4. 

cot  28°. 

14. 

sin 

60°. 

24. 

cot 

78°. 

34. 

cos 

74°. 

5. 

sin  35°. 

15. 

tan 

19°. 

25. 

sin 

45°. 

35. 

tan 

16°. 

6. 

cos  55°, 

16. 

cot 

71°. 

26. 

cos 

45°. 

36. 

cot 

16°. 

7. 

sin  70°. 

17. 

sin 

66°. 

27. 

tan 

45°. 

37. 

tan 

74°. 

8. 

cos  20°. 

18. 

cos 

24°. 

28. 

cot 

45°. 

38. 

cot 

74°. 

9. 

tan  60°, 

19. 

tan 

51°. 

29. 

sin 

0°. 

39. 

tan 

0°. 

10. 

cot  30°. 

20. 

cot 

39°. 

30. 

cos 

0°. 

40. 

cot 

0°. 

Find  the  (uu/Ie 

.r,  (jiveti  that 

41. 

sin  .r  = 

0.8387. 

43.  c 

os  .r 

=  0.8988. 

42. 

tan  .r  = 

2.3 

559, 

44.  c 

ot  n 

=  14. 

3007. 
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Exercise  8.  Review 


1.  The  principle  of  a  range  finder  is  tliat  of  an  isosce¬ 
les  triangle.  The  eye  is  at  E,  and  an  object  C  is  reflected 
at  both  A  and  B  to  a  prism  at  E.  Tlie  instru¬ 
ment  is  arranged  so  that  it  can  be  adjusted  to 
focus  tlie  lines  AC  and  BC  on  the  object  C.  If 
AE  =  EB  =  1 0  in.,  And  EC  when  EA=^EB=  89°. 

Practically,  the  distances  are  coni}>nte(l  in  this  way 
when  the  instninient  is  niade,  and  are  read  l)y  the  observer  on  a 
scale  which  accompanies  the  range  tinder. 


2.  Ill  general,  which  is  the  greater,  sin  A  or  tan  A  ? 

3.  Show  that  sin  45°  =  cos  45°  =  1/V2. 

4.  ShoAv  independently  of  the  table  that  tan  45°  =  1. 

5.  From  the  given  facts,  sinA  =  u/e,  cosA  =  ///c,  and 

{C  4-  =  6^,  show  that  siiF  A  +  cos^  A  =  1. 

6.  From  the  facts  stated  in  Ex.  5  show  that 
sin  A  =  Vl  —  cos-  A  =  V(1  cos  A)(l  —  cos  A). 


We  can  now  find  the  sine  of  any  angle  if  we  know  its  cosine. 

7.  Show  that  cos  A  —  x  (1  +  sin  d)(l  —  sin  A),  and  use 
the  formula  to  And  cos  30°,  given  that  sin  30°  =  0.5000. 

8.  A  ladder  leaning  against  a  wall  makes  an  angle  of 

o  O  O 

57°  with  the  ground,  and  its  foot  is  8  ft.  from  the  wall. 
I  low  far  up  tlie  wall  does  the  ladder  extend? 

9.  A  boy  holds  a  pencil  8  in.  long  in  the  position  here 
shown,  and  his  eye  sees  it  under  an  angle  of 
38°,  the  flgure  forming  an  isosceles  triangle,  e 
Find  the  distance  from  his  eye  to  the  pencil. 

10.  F  roin  the  top  of  a  lighthouse  rising  125  ft.  out  of 
the  sea  the  angle  of  depression  of  a  lioat  is  18°.  Find 
the  distance  of  the  boat  from  the  foot  of  the  lighthouse. 
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11.  A  ship  sailed  N.  47°  E.  and  changed  its  latitude 
30  mi.  By  how  many  miles  did  it  change  its  longitude  ? 

12.  At  a  distance  of  480  ft.  the  angle  of  elevation  of 
the  top  of  one  of  the  big  trees  of  California  is  34°.  Find 
the  heio’ht  of  the  tree. 

O 

13.  When  the  sun’s  altitude  is  40°,  hiid  the  length  of 
the  shadow  cast  on  level  ground  by  a  tree  00  ft.  high. 

14.  The  top  of  a  flagstaff  is  partly  broken  off  and  touches 
the  ground  at  a  point  10  ft.  from  the  foot  of  the  staff.  If 
the  length  of  tlie  broken  part  is  20  ft.,  what  was  the  original 
height  of  the  flagstaff  ? 

Draw  tlie  ligure  ;  deteriuine  some  f  unction  of  one  of  the  angles ; 
hncl  the  height  of  the  lower  part  of  the  flagstaff;  and  then  add  the 
length  of  the  l)r(dcen  part.  The  prolflein  can  also  l)e  solved  without 
trigonometry,  hnt  somewhat  less  readiA. 

15.  A  tree  is  broken  by  the  wind,  the  upper  part 
remaining  joined  to  the  lower  part  l)ut  tipping  over  so  as 
to  form  the  hypotenuse  of  a  right  triangle  and  to  form  an 
angle  of  30°  witli  the  ground  at  a  point  00  ft.  from  the 
foot  of  the  tree.  What  was  the  original  heiglit  of  the  tree  ? 
\/  16.  A  40-foot  ladder  resting  against  the  side  of  a  house 
reaches  a  point  20  ft.  from  the  ground.  What  angle  does 
it  make  with  the  ground  ? 

Find  some  function  of  the  angle,  and  find  by  the  table  the  angle 
which  has  the  function  with  this  value. 

17.  How  far  from  a  tree  25  ft.  high  must  a  person  lie 
down  in  order  that  he  may  just  see  the  top  of  the  tree 
at  an  angle  of  elevation  of  25°  ? 

18.  From  the  top  of  a  lighthouse  rising  400  ft.  above 
the  surface  of  the  sea  a  buoy  is  observed  to  have  an  angle 
of  depression  of  18°.  How  far  is  the  buoy  from  the  foot 
of  the  lighthouse  ? 
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19.  A  ship  sailing  S.  48°  E.  changes  its  latitude  30  mi. 
in  3  hr.  What  is  its  rate  of  sailing  per  hour  ? 

20.  Seen  from  a  point  on  the  ground  the  angle  of  eleva¬ 
tion  of  an  airplane  is  68°.  If  the  airplane  is  2000  ft. 
above  the  ground,  how  far  is  it  in  a  straight  line  from 
the  observer  ? 

21.  A  barn  is  36  ft.  by  80  ft.  and  the  pitch  of  the  roof 
is  30°.  Find  the  length  of  each  rafter  and  the  combined 
area  of  the  two  sloping  parts  of  the  roof. 

22.  Two  sides  of  a  triangle  are  16  in.  and  18  in.,  and 
the  included  aimle  is  40°.  Find  the  area  of  the  triaimle. 

o  o 

First  draw  the  tigiire  as  iisvial.  Then  find  the  lieight  of  the  tri¬ 
angle  by  means  of  sin  40°  and  one  side.  Then  recall  the  fact  learned 
in  arithmetic  or  in  Book  I  about  the  area  of  a  triangle. 

23.  A  man  whose  eye  is  5  ft.  above  the  ground  stands 
midway  between  two  telegraph  poles  wliich  are  200  ft. 
apart.  The  angle  of  elevation  of  each  pole  is  observed  to 
be  50°.  Find  the  height  of  each  pole. 

24.  In  this  piece  of  construction  work  i>C  =  lft.  and 
makes  an  angle  of  30°  with  AH.  Find  the 
length  of  AB  and  also  that  of  AC. 

25.  In  the  figure  of  Ex.  24  it  is  known 
that  BE  =  CD  =  94-  in.  and  that  each  makes 
an  angle  of  60°  with  BC.  Find  the  length 
of  the  line  CF. 


26.  A  steel  l)ridge  has  a  truss  A  DEE  as  here  shown. 
It  is  known  that  AD  =  40  ft.,  EE  =  24  ft., 
and  BF  =  1^  ft.  4  in.  Find  to  the  nearest 
degree  the  angle  of  the  slope  which  AF 
makes  with  AD. 


A  B 


C  D 


Find  some  function  of  the  angle  A  and  then  find  from  the  table 
the  angle  wliich  comes  nearest  to  having  this  function. 


PART  111.  DEMONSTRATIVE  GEOMETRY 


1.  INTRODUCTION 

1.  Nature  of  the  Work.  Of  the  various  questions  that 
can  be  asked  about  an  object,  the  student  wlio  lias  com¬ 
pleted  Book  I  of  this  series  has  learned  that  there  are 
three  which  geometry  can  answer:  What  is  its  shape? 
How  large  is  it  ?  Where  is  it  ?  To  these  three  questions 
Ave  may  now  add  a  fourth  question  which  geometry  may 
properly  consider  and  answer:  JIoav  do  you  know  that  the 
answers  to  these  questions  are  correct  ?  In  Book  I  we 
considered  the  first  three  of  these  questions,  and  in  this 
book  we  shall  consider  the  fourth. 

Students  who  have  not  completed  Book  I  Avill  be  able 
to  undertake  the  consideration  of  this  fourth  question, 
although  they  Avill  first  need  to  become  familiar  with  the 
geometric  forms  which  the  other  students  have  already 
learned.  This  can  be  accomplished  by  a  careful  study  of 
this  Introduction  (pages  135-164). 

Whether  or  not  a  student  has  completed  Book  I,  some 
preliminary  Avork  is  necessary  before  any  actual  proofs 
can  be  introduced.  For  some  students  a  part  of  this  Avork 
Avill  be  a  review,  requiring  but  little  time ;  for  others  the 
Avork  Avill  be  new ;  for  all  it  Avill  be  an  introduction  to  the 
Avork  of  demonstrative  geometry.  Certain  terms  must  first 
be  explained,  hoAvever,  before  Ave  can  actually  piwe  any 
geometric  statements,  since  otherAvise  Ave  shall  not  know 
Avliat  the  statements  mean  or  Avhat  it  is  in  each  case  that 
we  are  to  try  to  prove. 
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2.  Solid.  F  'or  our  present  purposes  it  is  not  necessary 
to  define  a  noJld.  Cubes,  spheres,  blocks,  pyramids,  and 
cylinders  are  all  examples  of  the 
solids  studied  in  geometry.  One 
of  the  most  common  solids  is  the 
rectangular  solid  here  shown. 

A  cube  is  a  special  form  of  a  rec¬ 
tangular  solid. 

Students  should  use  the  terms  of  geom¬ 
etry  correctly,  but  it  is  not  necessary  that 
formal  definitions  sliould  be  learned  except  in  cases  where  they  are 
to  be  used  as  parts  of  a  logical  proof.  A  list  of  the  definitions  which 
should  be  memorized  is  given  on  page  162. 

3.  Surface,  ddie  aboye  rectangular  solid  has  a  surface 
com|)Osed  of  the  six/Vccc.S'  of  tlie  solid.  In  the  aboye  figure 
one  of  the  faces  of  the  solid  is  the  rectangle  ABCB. 

A  surface  has  no  tldckness. 

For  example,  the  surface  of  the  water  in  a  glass  has  no  thickness. 

AA  may  represent  a  surface  by  a  })iece  of  paper,  but  a  piece  of 
paper  is  really  a  thin  solid. 

4.  Line.  In  tlie  aboye  figure  the  faces  ABCD  and  BFGC 
meet  in  the  line  BC. 

A  line  has  position,  shape,  a  tub  size,  its  size  consisting  onhg 
of  its  lettgth. 

Vs  o  may  represent  a  line  by  a  mark,  l)ut  a  mark  is  really  a  very 
thin  solid. 

5.  Point.  In  the  aboye  figure  the  lines  CD  and  BC  meet 
in  the  poitit  C. 

A  point  has  jtosition  but  not  size. 

In  the  above  figure  the  point  C  is  a  vertex  of  the  solid. 

AVe  may  represent  a  point  by  a  dot,  but  a  dot  is  really  a  very 
thin  solid. 
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6.  Plane.  In  the  figure  on  page  136,  the  face  ABCD  is 

a  and  the  same  may  be  said  of  the  other  five  faces. 

Evidently  a  plane  is  a  Eat  surface,  not  bending  in  any  way. 

Curve  surfaces  are  familiar,  as  in  the  case  of  a  sphere. 

7.  Plane  Geometry.  We  are  about  to  study  figures  that 
can  be  drawn  in  a  plane,  and  for  this  reason  the  geometry 
which  we  shall  consider  is  called  plane  yeometry. 

8.  Straight  Line.  In  the  figure  on  page  136  the  line 
CD  is  a  straiyhf  line.  A  straight  line  does  not  bend  in 
any  way.  Any  dehnite  part  of  a  straight  line  is  called 
a  segment  of  the  line. 

Tlie  word  ”  line  ”  used  alone  always  means  a  straight  line,  but 
for  emphasis  the  word  ”  straight  ”  is  often  used  with  it. 

9.  Properties  of  a  Straight  Line.  A  straight  line  has 
certain  peculiarities  which  distinguish  it  from  other  lines 
and  which  are  called  its  properties.  They  are  as  follows : 

1.  One  straight  line  and  only  one  can  he  draivn  through 
two  given  points. 

Thus  through  the  two  points  A  and  B  we  can 
evidently  draw  any  number  of  lines  that  are  not 
straight,  but  we  can  draw  only  one  straight  line  through  both.  This 
is  also  expressed  by  saying  that  two  points  determine  a  straight  line. 

2.  Two  straight  lines  cannot  intersect  in 
more  than  one  pjoint. 

This  means  that  one  fixed  line  can  cross  an¬ 
other  at  only  one  point.  In  the  figure  this  point  is  0. 

3.  A  straight  line  is  the  shortest  path  between  hvo  points. 

If  one  has  to  go  from  A  to  B,  we  cannot  think  ^ _ 

of  a  shorter  path  than  that  of  the  line  AB. 

4.  If  two  points  of  a  straight  line  lie  hi  a  plane.,  the 
whole  line  lies  in  the  plane. 
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10.  Other  Kinds  of  Lines.  As  witli  a  straight  line,  a 
curve  Hue  or  curve  is  familiar  to  all.  An  illustration  of 


a  curve  is  here  given. 

A  line  made  up  of  seg¬ 
ments  of  straiglit  lines  is 
called  a  broke u  Hue. 


rri:vK  Broken  Line 


11.  Circle.  A  closed  curve  lying  in  a  plane,  and  such 
that  all  of  its  points  are  equally  distant  from  a  fixed  point 
in  the  plane,  is  called  a  circle. 

tt'heii  we  draw  a  circle  we  say  that  we  describe  a 
circle.  Either  word,  "draw”  or  "describe,”  may  be 
used  in  this  sense. 

The  terms  which  follow  on  this  page  are  familiar 
to  most  students.  'They  are  repeated  at  this  time 
merely  for  reference. 

The  point  in  tlie  plane  from  which  all  points  on  the 
circle  are  equally  distant  is  called  the  center  of  the  circle. 

A  straight  line  extending  from  the  center  of  a  circle  to 
the  circle  itself  is  called  a  radius  (plural  "  radii  ”). 

A  straight  line  through  the  center  and  terminated  at 
each  end  by  the  circle  is  called  a  diameter. 

It  is  evident  that  a  diameter  is  equal  in  length  to  two  radii. 

Any  portion  of  a  circle  is  called  an  arc. 

The  length  of  the  circle,  that  is,  the  distance  around 
the  space  inclosed,  is  called  the  circumference.  An  arc  that 
is  half  of  a  circle  is  called  a  semicircle.  The  length  of  a 
semicircle  is  called  a  semicircmmfererice. 

ttdien  a  semicircle  is  drawn,  it  is  the  custom  to  draw  a  diameter 
also,  the  diameter  of  the  circle  being  also  called  the  diameter  of  the 
semicircle,  and  the  radius  of  the  circle  being  called  the  radius  of 
the  semicircle.  A  semicircle  is  a  special  kind  of  arc.  Formerly  the 
word  "circle”  was  used  to  mean  the  part  of  the  plane  inclosed  by 
the  curve,  the  bounding  line  being  then  called  the  circumference, 
and  this  usage  is  still  quite  common. 
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12.  Drawing  Instruments.  I'lie  instruments  commonly 
used  in  drawing  the  figures  in  geometry  are  the  compasses, 
the  rulef,  the  protractor,  and  the  right 
triangle.  The  compasses  are  used 
for  drawing  circles,  as  here 
shown,  and  also  for  laying 
off  distances  on  paper. 

A  protractor  of  tlie  general  type 
here  shown  is  convenient  for 
use  by  students,  and  with 
its  aid  angles  of  any 
number  of  de¬ 
grees  can  be 
drawn. 


Each  student  should  have  a  ruler,  a  pair  of  compasses,  and  a  pro¬ 
tractor,  since  the  constructions  studied  in  this  book  can  be  made  only 
by  tlieir  use. 

For  the  work  in  proving  propositions,  the  compasses  and  ruler 
are  the  instruments  used.  For  making  ordinary  geometric  drawings, 
however,  the  protractor  will  l:)e  found  very  useful. 

Students  will  find  it  both  convenient  and  helpful  to  accustom 
themselves  to  use  the  metric  system  in  measuring  lengths  and  areas. 
Our  recent  change  in  international  relations  renders  a  knowledge 
of  the  common  metric  measures  necessary,  and  the  decimal  division 
of  the  units  makes  the  use  of  the  system  simple. 

13.  The  Transit.  For  his  work  out  of  doors  a  surveyor 
measures  angles  and  finds  levels  by  means  of  a  transit 
such  as  is  shown  on  page  117. 

Most  of  the  work  on  this  page  is  repeated  from  Book  I,  page  115, 
for  purposes  of  review  for  those  who  have  studied  that  book  and  for 
the  information  of  any  who  may  not  have  done  so. 

JM3 
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14.  Bisection  of  a  Line.  If  a  line  is  divided  into  two 
eqnal  -segments,  it  is  said  to  be  hisected,  and  the  point  of 

division  is  called  the  mid-jjolnt  of  the _ ^ _ 

line  or  the  point  of  huection.  A  m  B 

Thus,  the  })oint  J/  bisects  the  line  AH  and  is  the  mid-point,  the 
bisector,  or  the  point  of  bisection  of  All. 


15.  How  to  Bisect  a  Line.  One  way  to  bisect  a  line  is 
to  measure  its  length  with  a  ruler,  divide  this  length  by  2, 
and  then  measure  off  this  half  length.  This  method  is. 


however,  quite  inaccurate,  as  may  be  seen 
by  trying  it  and  comparing  the  result  with 
the  better  one  which  folloAvs. 

Let  AB  be  the  given  line. 


It  is  now  required  to  Insect  AB. 

With  A  and  B  as  centers  and  with  radius 
greater  than  ^AB  draw  arcs.  The  most 
convenient  radius  is  usually  AB  itself. 

Calf  the  ])oints  of  intersection  of  the 
arcs  A"  and  V. 

Draw  the  straight  line  and  call  the  point  where  it 
cuts  the  given  line  AL 


Then  AA"  bisects  AB  at  AI;  that  is. 


AAr=  BAL 


This  is  much  more  nearly  accurate  than  it  is  to  measure  the  line 
with  a  ruler  and  then  take  half  the  length. 

q’his  construction  is  already  familiar  to  those  who  have  studied 
j)age  121  of  Book  I. 

We  shall  now  assume  for  the  time  being  that 
A  line  can  he  bisected. 

We  have  not  yet  ju’oved  this  fact,  but  it  is  easily  })roved  a  little 
later.  For  the  present  we  shall  speak  of  the  mid-})oint  of  a  line  and 
of  bisecting  the  line  jnst  as  if  we  had  proved  that  the  construction 
is  correct. 
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Exercise  1.  Elementary  Terms 

1.  By  the  aid  of  a  ruler  draw  a  straiglit  line  on  paper 
and  on  this  line  mark  off  a  segment  AB^  a  longer  segment 
P(),  and  a  sliorter  segment  AIN. 

2.  Draw  a  lignre  to  show  the  number  of  points  in 
which  two  straight  lines  can  intersect ;  also  one  showing 
that  a  straight  line  may  intersect  a  broken  line  or  a  curve 
in  more  than  one  point. 

3.  Crease  a  piece  of  paper  by  folding  one  part  upon 
another,  and  shoAV  tliat  the  fourth  property  of  §  9  applies 
to  the  crease. 

4.  Mark  two  points  on  a  piece  of  paper,  crease  the 
paper  through  these  two  points,  and  state  two  properties 
of  §  9  that  apply  to  the  crease. 

5.  By  making  tAvo  creases  in  a  piece  of  paper  show 
the  application  of  the  second  pro[)erty  of  §  9. 

6.  Draw  a  figure  to  show  the  number  of  points  neces¬ 
sary  to  determine  a  straight  line. 

7.  Draw  a  line  2  in.  long  and  on  it  measure  off  1  in. 
from  either  end.  Tlien  bisect  the  line  by  the  method  of 
§15,  and  see  if  tlie  point  of  bisection  coincides  exactly 
with  the  point  found  by  measuring. 

8.  Draw  a  line  3  in.  long,  bisect  it  by  §  15,  and  tlien 
bisect  each  lialf.  Check  the  work  by  measuring  lengths. 

9.  How  many  faces,  vertices,  and  edges  has  a  cube  ? 

It  is  interesting  to  notice  the  relation  of  tliese  munbers  as  shown 
in  the  equation  4  ~  “  tV-  This  relation  of  6,  8,  and  12  was 

observed  by  the  Creeks  more  than  2000  years  ago. 

10.  Draw  a  semicircle,  an  arc  less  than  a  semicircle,  and 
an  arc  greater  than  a  semicircle. 
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11.  Draw  two  circles  with  the  same  center,  one  with 
radius  ^  in.  and  the  other  with  radius  1  in. 

12.  Draw  a  line,  bisect  it,  and  with  the  point  of  .  bisec¬ 
tion  as  center  and  half  the  line  as  radius  draAv  a  circle. 

If  the  figure  is  carefully  drawn,  the  circle  will  pass  through  the 
ends  of  the  line,  thus  giving  a  check  on  the  bisection  of  the  line. 

13.  In  the  dehnition  of  circle  (§  11)  a  closed  curve  is 
mentioned.  Write  a  statement  of  your  understanding  of 
the  meaning  of  the  expression. 

14.  Write  a  statement  of  the  meaning  of  the  expression 
"  points  ecpially  distant  from  a  fixed  point,”  found  in  §  11. 

15.  If  a  radius  1|^  in.  long  is  used  in  dratving  a  circle, 
what  is  the  length  of  the  diameter  ? 

16.  If  the  diameter  of  a  circle  is  l^in.  long,  Avliat  is 
the  lenutli  of  the  radius  ? 

O 

17.  If  the  circumference  of  a  circle  is  times  the  diam¬ 
eter,  find  to  two  decimal  places  the  circumference  of  a 
circle  whose  radius  is  2|^in. 

To  find  a  number  to  two  decimal  places  means  to  find  it  to  the 
nearest  hundredth.  This  requires  the  finding  of  the  next  figure  be¬ 
yond  hundredths,  rejecting  it  if  less  than  o  and  increasing  the  hun¬ 
dredths  by  1  if  the  third  decimal  place  is  5  or  more. 

18.  From  the  statement  made  in  Ex.  17  find  the  semi¬ 
circumference  of  a  circle  Avhose  radius  is  3^  in.,  carrying 
the  result  to  three  decimal  places. 

19.  If  the  eireumference  of  a  circle  is  154  in.,  tvhat  is 
the  lenofth  of  the  diameter  ?  of  the  radius  ? 

20.  A  ehord  of  a  circle  being  a  straight  line  joining  the 
ends  of  an  arc,  dratv  a  circle  and  then  draw  ttvo  chords. 

21.  A  quadrant  of  a  circle  being  lialf  of  a  semicircle, 
draw  a  quadrant. 
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16.  Angle.  If  two  straight  lines  meet  in  a  point,  they 
form  an  angle. 

There  are  certain  terms  so  simple  that  they  cannot  be  defined  by 
the  use  of  simpler  terms,  xiinong  these  are  point,  line,  surface,  and 
ang’le.  We  can,  however,  make  the  meaning  of  such  a  term  as  ”  angle  ” 
clear  by  stating  certain  properties,  as  in  the  case  of  the  straight  line, 
or  by  discussing  and  explaining  the  term  as  is  done  on  this  page. 

The  two  lines  which  form  an  angle  are  called  the  arms^ 
and  the  point  in  which  they  meet  is  called  the  vertex. 

In  this  figure  the  angle  x  is  also  written 
Z  (>,  read  "angle  0,"  or  /.A  OB,  the  letter  at 
the  vertex  being  read  as  the  middle  one. 

17.  Greater  and  Less  Angles.  From 
the  above  figure  it  is  evident  that  two 
angles  are  formed ;  namely,  the  angle  x  and  the  angle  y. 
If  the  arm  OA  revolves  about  the  vertex  0  until  OA  falls 
on  OB,  we  say  that  OA  has  turned  through  the  angle  x,  or 
has  generated  it.  The  smaller  of  the  two  angles,  x,  is  called 
the  angle  formed  by  the  lines,  or  the  angle  hetiveen  the  lines. 

The  amount  of  turning  necessary  to 
generate  the  angle  AOB  in  this  figure  is 
evidently  less  than  the  amount  of  turn¬ 
ing  necessary  to  generate  the  angle  AOC, 
and  so  we  say  that  angle  AOC  h  greater 
than  angle  AOB,  and  that  angle  AOB  is  less  than  angle  AOC. 

18.  Equal  Angles.  If  either  of  two  angles  can  be  placed 
on  the  other  so  that  they  coincide,  the  two 
are  called  equal  angles. 

For  example,  these  two  angles  are  equal,  all 
lines  being  supposed  to  be  indefinitely  long.  The 
amount  of  turning  necessary  to  generate  one  angle 
is  evidently  the  same  as  that  necessary  to  gener¬ 
ate  the  other. 
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19.  Constructing  an  Angle  equal  to  a  Given  Angle.  In 

copying  figures  we  often  have  to  construct  an  angle  equal 
to  a  given  angle.  This  leads  to  the  following  construction  : 

From  a  given  point  on  a  given  line  construct  a  line  ivldcli 
shall  malee  with  the  given  line  an  angle  equal  to  a  given  angle. 


Let  F  be  the  given  point  on  the  given  line  FQ  and  let 
angle  AOB  be  the  given  angle. 

It  is  required  to  construct  a  line  from  F  which  shall 
make  Avith  FQ  an  angle  equal  to  A  AOB. 

With  0  as  center  and  with  any  coiiA^enient  radius  draw 
an  arc  cutting  OA  at  C  and  OB  at  F. 

With  F  as  center  and  Avith  OC  as  radius  draAV  an  arc 
cutting  P()  at  AI. 

With  AI  as  center  and  Avith  the  straight  line  joining  C 
and  D  as  radius  draAV  an  arc  cutting  the  arc  just  draAvn  at 
iV,  and  draAV  FN. 

Then  tlie  angle  MFN  is  the  required  angle. 

This  construction  is  re})eated  for  ])Ui-poses  of  review  from  Book  I. 

To  dra2V  a  figure  may  henceforth  be  taken  to  mean  the 
making  of  the  figure  freehand. 

To  construct  a  fip^ure  Avill  be  taken  to  mean  the  inakino^ 
of  the  figure  accurately  by  the  aid  of  compasses  and  ruler. 

Lines  used  merely  as  aids  in  the  construction  are  dotted. 

In  many  cases  it  is  immaterial  whether  the  word  "draw  ”  or  the 
word  '■  construct”  is  used,  as  when  we  speak  of  drawing  a  line.  When 
a  circle  is  to  be  made,  the  word  "  describe  ”  is  often  used,  as  in  the 
expression  "  describe  a  circle.” 
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20.  Straight  Angle.  If  the  arms  of  an  angle  extend  in 
opposite  directions  so  as  to  be  in  one  straight  line,  the 
angle  is  called  a  straight  angle.  ^ 

For  example,  each  of  the  angles  x  and  y  in  this  b  A 

figure  is  a  straight  angle.  ^ 

Since  any  two  straight  angles  may  evidently  be  made 
to  coincide,  if  placed  one  upon  the  other,  we  see  that 

All  straight  angles  are  equal. 


21.  Right  Angle.  Half  of  a  straight  angle  is  called  a 
right  angle. 

For  example,  x  and  //  are  evidently 
halves  of  the  straight  angle  A  OB  and  y  x 

hence  they  are  rigiit  angles.  The  B  O  n 
angles  z,  v,  and  (v  are  also  right  angles.  • 

As  yon  learned  if  yon  studied  Book  I,  tliere  are  00°  in  a  right 
angle,  and  hence  there  are  180°  in  a  straight  angle.  If  a  line  OA 
turns  all  the  way  around  the  })oint  0,  it  turns  through  860°. 

Since  halves  of  straight  angles  are  equal,  we  see  that 
All  right  angles  are  equal. 


a 

h 

1 

22.  Perpendicular.  If  one  line  meets  another  so  as  to 
make  a  riglit  angle  with  it,  eitlier  of  the  two  lines  is  said  to 
be  perpendicular  to  the  other. 

In  each  of  these  figures,  R  is 
the  vertex  of  a  right  angle  ;  hence 
in  each  figure  a  is  perpendicidar 
to  h,  and  h  is  also  per])endicnlar  to  a. 

The  line  a  is  also  called  a  perpeiulicular  to  A 

The  symbol  _L  is  used  for  the  word  ”  perpendicular,”  and  there¬ 
fore  the  ex]n-ession  is  ±  to  A”  is  read  "«  is  ])er})endicnlar  to  b,” 
and  the  ex})ression  ”a  ±”  is  read  "a  })erpendicnlar.” 

The  point  R  in  each  figure  is  called  the  foot  of  the  perpendicular 
to  h,  or  the  foot  of  the  perpendicular  to  a. 

The  terms  horizontal,  vertical,  and  slantinf/  are  used  in  geometry 
with  the  usual  meaning  with  which  the  student  is  familiar. 
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23.  Bisecting  an  Angle.  To  draw  from  the  vertex  of  an 
angle  a  line  dividing  the  angle  into  two  equal  parts  is  to 
bisect  the  angle. 

Hence  we  speak  of  the  bisection  of  an  angle,  of  the  bisector  of  the 
angle,  and  of  the  line  which  bisects  the  angle. 

Bisect  a  given  angle. 

Let  AOB  be  the  given  angle. 

What  is  now  required  ? 

With  0  as  center  and  with  any  con¬ 
venient  radius  draw  an  arc  cutting  OA 
at  X  and  OB  at  Y. 

With  X  and  Y  respectively  as  centers  and  with  a  radius 
greater  than  half  the  distance  from  to  Y  draw  arcs  and 
call  their  point  of  intersection  F. 

Draw  OP. 

Then  OP  is  the  required  bisector. 

This  is  much  more  nearly  accurate  than  it  is  to  measure  the  angle 
with  a  protractor  and  then  take  half  the  number  of  degrees,  as  the 
student  should  show  by  trying  both  methods. 

In  finding  the  point  P,  a  convenient  radius  to  take  is  the  line 
drawn  from  X  to  F;  that  is,  set  one  point  of  the  compasses  at  A 
and  the  other  at  F,  construct  one  arc,  and  then  construct  the  other. 

This  construction  is  repeated  for  purposes  of  review  from  Book  I. 

In  particular  we  may  bisect  a  straight  angle,  which  is 
one  way  of  accurately  constructing  a  right  angle  or  of 
constructing  a  perpendicular  at  a  given  point  on  a  line. 

This  case  is  considered  on  the  next  i^age  under  the  construction 
of  perpendiculars. 

We  shall  now  assume  for  the  time  being  that 

An  angle  can  he  bisected. 

The  proof  that  the  above  method  is  correct  will  be  easily  seen  a 
little  later.  For  the  present  we  shall  simply  assume  that  the  bisec¬ 
tion  of  an  angle  is  possible. 
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24.  Constructing  Perpendiculars.  There  are  two  con¬ 
venient  methods  of  constructing  perpendiculars. 

At  a  given  point  on  a  given  straight  line  construct  a 
perpendicular  to  the  line. 

Let  AB  be  the  given  line  and  F  be 
the  given  point. 

What  is  now  required  ? 

With  F  as  center  and  with  any  con¬ 
venient  radius  draw  arcs  intersecting 
AB  at  X  and  Y. 

With  X  as  center  and  XY  as  radius  draw  an  arc,  and 
with  Y  as  center  and  the  same  radius  draw  another  arc, 
and  call  one  intersection  of  the  arcs  C. 

Draw  FC.  p 


From  a  given  point  outside  a  given 
straight  line  construct  a  perpoidicidar  to 
the  line. 


A  X" 


Let  AB  be  the  given  line  and  F  l)e 
the  given  point.  How  are  A"  and  Y 
fixed?  Then  how  is  C  fixed?  Draw  FC. 


These  methods  of  construction  differ  from  the  methods  of  draw¬ 
ing  which  make  use  of  a  T-square  or  a  draftsman’s  triangle.  The 
methods  of  drawing  will  be  reviewed  later  in  the  exercises. 

25.  Assumptions.  We  shall  now  assume  that 

\.  At  a  given  point  on  a  given  line  one  perpendicular  and 
onlg  one  peiyendicular  to  the  line  can  he  constructed. 

2.  From  a  given  point  outside  a  line  one  perpendicidar 
and  only  one  perpendicular  to  the  line  can  he  constructed. 

3.  The  shortest  path  from  a  given  point  to  a  given  line  is 
the  perpendicular  from  the  point  to  the  line. 

The  length  of  this  path  is  called  the  distance  to  the  line. 
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Exercise  2.  Angles 

1.  Draw  three  different  angles,  letter  each,  and  write 
them  in  order  of  size,  beginning  with  the  smallest. 

2.  Draw  tliree  angles,  each  being  greater  than  a  right 
angle,  and  proceed  as  in  Ex.  1. 

3.  Draw  an  angle  equal  to  three  right  angles. 

4.  Draw  an  angle  and  then  construct  an  equal  angle. 

5.  Construct  a  right  angle. 

6.  Bisect  the  right  angle  constructed  in  Ex.  5,  thus 
constructing  an  angle  of  45°. 

7.  Divide  an  angle  into  four  equal  parts. 

8.  Construct  an  angle  of  22°  305 

9.  Draw  a  line  3  in.  long,  bisect  it,  and  construct  a 
perpendicular  to  it  at  the  point  of  bisection. 

10.  Draw  a  horizontal  line,  take  a  point  below  it,  and 
from  this  point  construct  a  line  perpendicular  to  the  hori¬ 
zontal  line. 

11.  Draw  a  slanting  line,  take  a  point  on  the  line,  and  at 
this  point  construct  a  line  perpendicular  to  the  slanting  line. 

12.  Draw  a  vertical  line,  take  a  point  to  the  right  of  it, 

and  from  this  point  construct  a  line  perpendicular  to  the 
vertical  line.  x 

13.  Show  how  to  test  a  car-  j: 

penter’s  square  by  using  it  to  draw  ^  , . -dlL  , . , . i  a 

a  perpendicular  OX  to  A  B  at  0  and  ^ 

then  turning  it  over  and  again  drawing  a  perpendicular  to 
AB.  If  the  square  is  true,  how  is  this  shown  by  §  25  ? 

14.  If  the  north  and  south  line  is  given  on  a  city  map, 
show  by  a  drawing  how  to  determine  accurately  the  cast 
and  west  line  through  any  point  on  the  map. 
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26.  Acute  Angle.  An  angle  that  is  less  than  a  right 
angle  is  called  an  acute  angle. 

For  example,  in  this  figure  /.  m  is  an  acute  angle. 

Evidently  an  acute  angle  is  an  angle  less  than  90° 

27.  Obtuse  Angle.  An  angle  that  is  greater  than  a  right 
angle  and  less  than  a  straight  angle  is  called  an  vhtu^e  angle. 

For  example,  in  this  figure  Z.0  is  an  obtuse  ^ 
angle.  ; 

Evidently  an  obtuse  angle  is  an  angle  greater 
than  90^  and  less  than  180°.  ^ 

Acute  and  ol)tnse  angles  are  sometimes  called 
ohlufue  angles,  either  arm  being  then  said  to  be  oblajae  to  the  other. 

28.  Reflex  Angle.  An  angle  that  is  greater  than  a 
straight  angle  is  called  a  reflex  angle. 

For  example,  in  this  figure  Z  //  is  a  reflex 
angle. 

Evidently  a  reflex  angle  is  an  angle  of  more 
than  180°.  Such  angles  are  generated  when  a 
wheel  turns  more  than  halfway  around,  and 

therefore  we  see  that  we  may  have  angles  as  large  as  we  please.  If 
a  wheel  turns  once  ai'ound,  it  turns  through  360°;  if  twice  around, 
through  an  angle  of  2  x  360°,  or  720°. 


29.  Adjacent  Angles.  Two  angles  having  the  same  vertex 
and  a  common  arm  between  them  are  called  adjacent  angles. 


For  example,  in  this  figure  Z.l  OB  and  ZLYJC 
are  adjacent  angles. 

If  each  of  two  adjacent  angles  is  90°,  what 
kind  of  a  figure  is  formed? 


30.  Sum  and  Difference  of  Angles.  In  the  preceding  figure 
Z.AOC  is  said  to  be  the  sum  of  A  A  OB  and  ABOC,  and 
Z.  AO B  the  difference  between  Z  AO C  and  ZBOC. 

A  more  formal  definition  is  not  necessary.  It  is  simply  necessary 
to  see  that  angles  can  be  added  and  subtracted  like  other  magnitudes 
and  to  visualize  the  sum  and  the  difference  of  two  angles. 
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31.  Complementary  Angles.  If  the  sum  of  two  angles 
is  a  right  angle,  each  angle  is  called  the  complement  of 
tlie  other,  and  the  two  angles  are  called 
complementary  angles.  ^ 


For  example,  in  this  figure  AAOB  is  a  right 
angle.  Hence  Ax  is  the  complement  of  A  if, 
and  A  x  and  Z  //  are  complementary  angles.  O' 

It  is  evident  that  the  sum  of  two  comple¬ 
mentary  angles  is  90°.  Hence,  if  one  of  two  complementary  angles 
is  72°  30',  the  other  is  90°  —  72°  30',  or  17°  30'. 

32.  Supplementary  Angles.  If  the  sum  of  two  angles 
is  a  straight  angle,  each  angle  is  called  the  supplement  of 
the  other,  and  the  two  angles  are 
called  supplementary  angles. 

For  example,  in  this  figure  AAOC  is  a  C - ^  ^ - A 

straight  angle.  Hence  Z  x  is  the  supple¬ 
ment  of  Ay,  andZ  x  and  Ay  are  supplementary  angles. 

It  is  evident  that  the  sum  of  two  su|)plementarv  angles  is  180°. 
Hence,  if  one  of  two  supplementary  angles  is  123°  o',  the  other  is 
180° -123°  5',  or  50°  oo'. 


B- 


F^rom  the  definition  of  supplementary  angles  the  follow¬ 
ing  properties  are  evident : 

1.  The  two  adjacent  angles  wliicli  one  unlimited  straight  line 
makes  with  another  are  together  equal  to  a  straight  angle. 

This  means  that  the  lines  form  a  figure  like  the  second  one  on 
this  page,  where  Ax  A  y  =  180°. 

2.  If  the  sum  of  two  adjacent  angles  is  a  straight  angle, 
their  outer  arms  are  in  the  same  straight  line. 

That  is,  in  the  preceding  figure,  where  Ax  A  A  y  —  1S0°,  the  outer 
arms,  OA  and  ()C,  are  in  the  same  straight  line.  If  angles  of 
101°  20'  and  75°  10'  are  placed  as  Ax  and  Z  y  are  placed,  their  outer 
arms  are  in  the  same  straight  line. 

3.  The  supplements  of  eegual  angles  are  eepicd. 
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Exercise  3.  Angles 

1.  How  many  degrees  are  there  in  one  fourth  of  a 
right  angle  ? 

Wlien  the  answer  to  such  a  question  cannot  be  expressed  exactly 
in  degrees,  niiimtes,  and  seconds,  it  shoidd  be  carried  to  tenths  of  a 
second,  but  may  be  expressed  in  degrees  and  thousandths  of  a  degree. 

2.  Are  the  angles  47°  10^  and  43°  40'  complementary? 
If  not,  what  is  the  complement  of  47°  10'?  of  43°  40'? 

3.  Draw  any  acute  angle  and  construct  both  its  com¬ 
plement  and  its  supplement. 

4.  Are  the  angles  103°  42'  3.8"  and  70°  17'  57.2"  sup¬ 
plementary  ?  If  not,  what  is  the  supplement  of  the  angle 
103°  42'  3'.8"  ?  of  the  angle  70°  47'  57.2"  ? 

5.  The  complement  of  a  certain  angle  .r 
is  3  X.  How  many  degrees  are  tliere  in  each 
of  the  angles  ? 

6.  What  kind  of  angle  is  the  supplement  of  an  acute 
angle  ?  of  a  right  angle  ?  of  an  obtuse  angle  ?  Draw  a 
fiorure  in  each  case  to  illustrate. 

O 

7.  Describe  each  angle  in  this  ligure 
with  reference  to  the  terms  acute,  right, 
obtuse,  adjacent,  complementary,  and 
supplementary. 

8.  The  supplement  of  a  certain  angle  x  is  4  .r.  How 
many  degrees  are  there  in  each  angle  ?  Draw  the  ligure. 

9.  AVhat  kind  of  angle  is  always  greater  than  its  sup¬ 
plement  ?  Draw  a  figure  to  illustrate. 

10.  What  kind  of  angle  is  formed  by  the  sum  of  a 
right  angle  and  an  acute  angle  ?  by  their  difference  ? 
Draw  a  figure  in  each  case  to  illustrate. 
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33.  Rectilinear  Figure.  A  closed  plane  figure  formed 
by  segments  of  straight  lines  is  called  a  rectilinear  figure. 


The  segments  are  called  the  .vh/cx  of  the  figure. 

Teachers  may  ol)serve  that  the  definition  might  he  extended  to 
include  figures  that  are  not  closed,  but  this  is  neither  necessary  nor 
desirable  at  this  time. 

34.  Square.  A  rectilinear  figure  of  four  ecpial  sides  and 
four  right  angles  is  called  a  square. 

This  figure  is  too  well  known  to  re(iuire  illustrating. 

We  shall  not  at  present  explain  the  word  "rectangle,”  it  l)eing 
so  familiar  that  it  can  be  freely  used  in  the  exercises. 

35.  Triangle.  A  rectilinear  figure  of  three  sides  is  called 
a  triangle. 

In  this  figure  the  lines  r/,  A,  c  are  the 
sides  of  the  triangle.  Small  letters  are 
usually  taken  to  represent  the  sides,  and 
they  correspond  to  the  capital  letters 
representing  the  opposite  angles. 

The  sides  taken  together  form  the 
perimeter  of  the  figure,  this  word  being  also  used  to  represent  the 
sum  of  their  lengths. 

The  ])oints  A,  B,  and  C  are  called  flie  rerliees  of  the  fri<nif/te.  They 
are  also  the  vertices  (f  the  onp/es  ^1,  />,  and  (  \  which  are  called  the 
(ni(/l('S  o  f  the  tridtpfle. 

'Idle  side  AB  u])on  which  the  triangle  is  supposed  to  stand  is 
called  the  txise  of  the  triangle. 

The  vertex  C,  oiiposite  the  base  of  a  triangle,  is  called  the  vertex 
of  the  triangle ;  that  is,  although  a  triangle  has  three  vertices,  the 
vertex  is  the  one  which  is  opposite  the  base. 

These  terms  are  familiar  to  students  who  have  studied  Book  I. 
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36.  Triangles  classified  as  to  Sides.  A  triangle  is 
an  isosceles  triangle  when  two  of  its  sides  are  equal ; 
an  ecfiilateral  triangle  when  all  of  its  sides  are  equal. 


Isosceles  Eouilateka  l 


The  word  equilateral  ineaiis  equal-sided.  It  applies  to  any  figure 
having  equal  sides. 

An  equilateral  triangle  is  a  special  kind  of  isosceles  triangle. 

An  isosceles  triangle  is  usually  represented  as  resting  (ui  the  side 
which  is  not  equal  to  either  of  the  other  sides.  This  side  is  called 
the  base  of  the  isosceles  triangle. 

If  no  two  sides  of  a  triangle  are  ecpial,  the  triangle  is  called  a 
scalene  triani/le,  but  the  term  is  not  commonly  used. 

37.  Triangles  classified  as  to  Angles.  A  triangle  is 

a  riylit  trianyle  when  one  of  its  angles  is  a  right  angle ; 

an  obtuse  trkmyle  when  one  of  its  angles  is  an  obtuse  angle; 

an  acute  trianyle  when  all  of  its  angles  are  acute  angles  ; 

an  equiauiiular  trianyle  when  all  of  its  angles  are  equal. 

/a  A 

Obtuse  Acute  Equiangular 

In  a  right  triangle  the  side  opposite  the  right  angle  is 
called  the  hypotenuse. 

The  other  two  sides  are  often  called  simply 
the  sides  of  the  right  triangle  when  no  con¬ 
fusion  is  likely  to  arise. 

After  he  has  studied  the  above  definitions 
the  student  should  be  asked  to  describe  each 
of  the  triangles  which  are  shown  in  this  figure, 
using  compasses  or  dividers  (compasses  with  two  needle  points)  if 
necessary  for  comparing  lines. 
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38.  Construction  of  Triangles.  The  simple  constructions 
given  below  should  be  studied : 

1.  Construct  a  triangle  having  its  sides  equal  respectively 
to  three  (liven  lines. 

Let  /,  m,  n  be  the  given  lines. 

It  is-  required  to  construct  a  /  \ 

triangle  with  /,  m,  n  as  sides.  \ 

Draw  a  line  with  the  ruler  and  a/ _ \b 

on  it  mark  oft  with  the  compasses  ^ 
a  line  segment  AB  equal  to  1. 

^  i  - 

It  is  more  nearly  accurate  to  do  this  _ 

with  the  compasses  than  with  a  ruler. 

A\"ith  A  as  center  and  m  as  ratlins  draw  an  arc  ;  tvith 
B  as  center  and  n  as  radius  draw  anotlier  arc  cutting 
the  lirst  arc  at  C.  Draw  AC  and  BC. 

Tlien  because  AB—l,  AC=  nu  and  BC=  n  it  follows 
that  ABC  is  the  required  triangle. 


2.  Construct  an  equilateral  triangle.,  given  one  of  the  sides. 
Let  .s-  be  the  given  side.  '--.c.'-' 

It  is  required  to  construct  a  tri- 
angle  with  each  side  equal  to  s.  /  \ 

Proceeding  exactly  as  in  the  case  /  \ 

above  considered,  except  that  each  /  \ 

side  is  equal  to  s,  Ave  have  the  eqni-  a/_ _ 

lateral  triangle  required.  - 

The  student  should  carry  out  the  construction  in  full,  using  the 
ruler  and  compasses. 


3.  Construct  an  isosceles  triangle^  given  the  base  and  one 
of  the  tivo  eepad  sides. 

This  is  the  same  as  the  first  of  the  above  constructions  if  m  is 
made  equal  to  n.  The  student  should  carry  out  the  construction  in  full. 
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Exercise  4.  Construction  of  Triangles 


M  1.  Construct  a  triangle  having  its  sides  respectively 
^  in.,  £  in.,  and  1  in. 

2.  Construct  a  triangle  having  its  sides  respectively 
£  in.,  1  in.,  and  in. 

3.  What  kind  of  triangle  does  the  triangle  in  Ex.  2 
seem  to  be  ?  Show  that  your  inference  is  correct  by  apply¬ 
ing  the  law  learned  in  Book  I,  that  the  square  on  the 
hypotenuse  is  equal  to  the  sum  of  the  squares  on  the 
""■^her  two  sides. 


4.  Construct  an  equilateral  triangle  having  each  side 
1  in.  long. 


^  5.  Construct  an  equilateral  triangle  having  its  perim¬ 
eter  3|;  in.  long. 


6.  Construct  an  isosceles  triangle  having  its  base  1  in. 
and  each  of  its  two  equal  sides  in. 

7.  Construct  a  right  triangle  having  one  side  2  in. 
and  the  other  side  in. 

As  stated  in  §37,  when  we  sj^eak  of  only  two  sides  of  a  rigdit 
triangle  we  mean  the  two  sides  other  than  the  hypotenuse. 

8.  Construct  an  equilateral  triangle  having  each  side 
^  in.  long,  and  on  each  of  the  three  sides  construct  another 
equilateral  triangle  outside  the  figure.  What  seems  to  be 
the  nature  of  the  entire  figure  thus  constructed? 

9.  Construct  an  isosceles  triangle  having  its  base  equal 
to  half  of  one  of  the  two  equal  sides. 

10.  Construct  an  isosceles  triangle  having  its  base  equal 
to  twice  one  of  the  two  equal  sides. 

At  any  time  that  a  construction  seems  to  be  impossible  the 
student  should  state  the  fact  in  writing  and  give  what  seems  to 
be  the  reason. 
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39.  Judging  by  Appearances.  In  looking  at  geometric 
lignres  we  often  line!  that  if  we  judge  simply  by  appearances, 
we  make  mistakes.  It  is  [)artly  for  this  I’cason  that  we 
shall  take  up  the  proof  of  certain  statements  in  geometry. 


Exercise  5.  Judging  by  Appearances 

1.  Estimate  which  is  the  longer  line,  ^iJ>  or  CD^  and 

how  many  sixteenths  of  an  incli  loiiger.  4 _ 

Then  test  the  result  of  your  estimate  hy 
measuring  with  the  compasses  or  with  a 
carefully  marked  piece  of  paper. 

2.  Estimate  which  is  the  longer  of  these 
two  lines.  All  or  Xl\  and  test  the  result  as  in  Ex.  1, 


A> 


<B 


<- 


3.  l^ook  at  this  tigure  and  state  whether  All  and  CD 
are  both  straight  lines.  If 
one  of  them  is  not  a  straiglit 
line,  which  one  is  it  ?  Test 
your  answer  by  using  a  ruler 
or  the  folded  edge  of  apiece 
of  paper. 

4.  Look  at  this  tigure  and  state  whether  tlie  line  AB 

will,  if  prolonged,  lie  on  CD.  Also 
state  whether  the  line  JJX  will,  if 
prolonged,  lie  on  YZ.  Test 
your  answers  by  laying  a  ruler 
along  the  lines.  f7  x 

5.  Look  at  this  figure  and  state 
Avhich  of  the  three  lower  lines  is  AB 
prolonged.  Then  test  your  answer 
by  laying  a  ruler  along  AB. 
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40.  Bases  for  Proofs.  Since  we  cannot  trust  to  appear¬ 
ances  when  absolute  accuracy  of  statement  is  demanded, 
and  since  instrnments  for  measuring  can  never  be  abso¬ 
lutely  exact,  Ave  must  depend  upon  oiir  reasoning  powers 
to  prove  most  of  our  statements  in  geometry. 

Pliere  are,  however,  certain  statements  that  are  so  evi¬ 
dent  that  linman  reason  and  common  sense  ahvays  accept 
them  as  bases  for  proofs.  For  example,  it  Avould  be  un¬ 
reasonable  to  ask  yon  to  prove  such  a  simple  statement 
as  that  two  numbers  must  be  equal  if  they  are  both  equal 
to  a  certain  other  number. 

There  are  two  kinds  of  simple  statements  that  we  shall 
assume  as  bases  upon  which  to  build  our  geometry.  The 
first  is  used  generally  in  all  mathematics,  and  Ave  liaAm 
already  met  Avith  it  in  algebra  (page  10);  the  second  is 
used  only  in  some  particular  part  of  mathematics ;  in 
this  case,  geometry.  These  Avill  noAV  be  delined. 

41.  Axiom.  A  general  statement  admitted  Avithont  proof 
J  to  be  true  is  called  an  axiom. 

For  example,  it  is  stated  in  algebra  that  "if  e(pials  are  added  to 
equals  the  sums  are  equal.”  This  is  so  simple  that  it  is  generally 
accepted  without  proof.  It  is  therefore  aii  axiom. 

42.  Postulate.  In  geometry  a  geometric  statement  ad¬ 
mitted  without  proof  to  be  true  is  called  a  ^^ostidate. 

For  example,  it  is  so  evident  that  all  straight  angles  are  equal, 
that  this  statement  is  a  postulate.  It  is  also  evident  that  a  straight 
line  may  be  drawn  and  that  a  circle  may  be  described,  and  these 
statements  are  therefore  postidates  of  geometry. 

Axioms  are  therefore  general  mathematical  assumptions,  while 
geometric  postulates  are  the  assunqAions  peculiar  to  geometry.  Pos¬ 
tulates  and  axioms  are  the  assumptions  upon  which  the  whole  sci¬ 
ence  of  mathematics  rests,  and  some  teachers  prefer  to  use  the  word 
assumptions  ”  to  include  both. 
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43.  List  of  Axioms.  The  following  are  some  of  the 
axioms  used  in  geometry.  They  have  already  been  studied 
in  algebra  (p.  16)  and  are  given  here  for  the  purpose  of 
review.  Other  axioms  wdll  be  assumed  later  when  needed. 


1.  If  equals  are  added  to  erjucds,  the  sums  are  equal. 


For  example,  since 
and 

we  see  at  once  that 


9  =  5+4 
5  =  8  +  2 

9+5=5+4+8+2 


or 


14  =14 


Likewise,  if  a  =  o  and  h  =  7,  then  a  +  5  =  o  +  7  =  10. 


2.  If  equals  are  subtracted  from  equals.,  the  remainders 
are  equed. 


For  example,  since 
and 

we  see  at  once  that 


9  =  5  +  4 

8  =  2+1 

11-8  =  5  +  4-2-1 


or 


6  =  0 


Likewise,  if  a  =  1<)  and  x  =  8,  then  a  —  x  =  10  —  3  =  7. 

3.  If  eejuals  are  multiplied  hi/  eqmds^  the  qjroduets  are 
equed. 

For  example,  since  12  =  15  —  3 

and  2  =  2 _ 

we  see  at  once  that  2  x  12  =  2  x  15  —  2x8 
or  24  =  80  -  0 

or  24  =  24 

Likewise,  if  4-^  =  't,  then  .r  =  2  x  7  =  14. 


4.  If  equeds  are  divided  hi/  equals.,  the  quotients  are  eepial. 

For  exani[)le,  since  10  =  9+7 

we  see  at  once  that  10  -e  4  =  (9  +  7)  4 

4  =  «  +  -7 
4  =  yp  =  4 

The  divisor  is  never  zero,  division  by  zero  having  no  meaning. 


or 
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44.  List  of  Postulates.  The  following  are  among  the 
more  important  postulates  used  in  geometry.  Other  postu¬ 
lates  will  be  introduced  as  needed. 

These  postulates  have  already  been  stated.  They  should  now  be 
memorized,  the  first  three  by  number. 

/  1.  One  straight  line  and  only  one  can  he  drawn  through 
two  given  points. 

Two  points  determine  a  straight  line. 

Two  straight  lines  cannot  intersect  in  more  than  one  point. 

These  are  three  different  ways  of  expressing  the  same  idea. 

2.  A  straight  line  is  the  shortest  path  hetiveen  two  points. 

Since  distance  in  a  ])|ane  is  measured  on  a  straight  line,  this 
postulate  is  often  stated  yA  straight  line  is  the  shortest  distance  between 
two  points. 

3.  All  straight  angles  are  equal. 

All  right  angles  are  equal. 

The  second  statement  follows  from  the  first  by  Ax.  4. 

4.  A  straight  line  can  he  hisected. 

5.  Ati  angle  can  he  hisected. 

6.  At  a  given  point  in  a  given  line  one  p)erpendicular 
and  only  one  can  he  constructed  to  the  line. 

7.  From  a  given  point  outside  a  given  line  one  perpen¬ 
dicular  and  only  one  can  he  constructed  to  the  line. 

8.  The  shortest  path  from  a  given  point  to  a  given  line 
is  the  perpendicular  from  the  point  to  the  line. 

9.  The  sum  of  two  adjacent  angles  tvhich  one  straight 
line  makes  ivitli  ajiother  is  equal  to  a  straight  angle. 

10.  If  the  sum  of  two  adjacent  angles  is  a  straight  angle., 
their  outer  arms  are  in  the  same  straight  line. 

Teachers  will  recognize  that  several  of  these  postulates  admit  of 
easy  proof  and  that  such  postulates  as  those  of  drawing  lines  and 
circles  are  omitted.  This  arrangement  is  desirable  for  beginners. 
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45.  Theorem.  A  statement  which  is  to  be  proved  is 
called  a  theorem. 

F or  example,  it  is  stated  in  arithmetic  that  the  square  on  the 
hypotenuse  of  a  riglit  triangle  is  ecjual  to  the  sum  of  the  squares  on 
the  other  two  sides.  This  statement  is  one  of  the  most  important 
theorems  of  geometry. 

46.  Problem.  A  construction  which  is  to  be  made  so  that 
it  shall  satisfy  certain  given  conditions  is  called  a  problem. 

For  exanqile,  reipiired  to  construct  an  angle  e(pial  to  a  given 
angle.  This  construction  was  made  in  §  19,  and  later  it  can  easily 
be  proved  that  the  construction  is  correct. 

47.  Proposition.  A  statement  of  a  theorem  to  be  proved 
or  a  problem  to  be  solved  is  called  a  proposition. 

In  geometry,  therefore,  a  pro[)Osition  is  either  a  theorem  or  a 
problem.  We  shall  find  that  most  of  the  propositions  at  first  are 
theorems.  After  we  have  proved  a  numlier  of  theorems  we  shall  prove 
that  some  of  the  constructions  already  made  in  problems  are  correct. 

48.  Corollary.  A  truth  that  follows  from  another  with 
'  little  or  no  proof  is  called  a  coroUnrij. 

For  exam])le,  since  we  admit  that  all  straight  angles  are  equal, 
it  follows  as  a  corollary  that  all  right  angles  are  equal,  since  a  right 
angle  is  half  of  a  straight  angle. 

49.  How  Propositions  are  Proved.  We  have  said  that 
we  are  now  about  to  prove  our  statements  in  geometry, 
and  we  shall  now  see  what  is  meant  by  a  proof.  For  this 
purpose  we  shall  take  a  simple  proposition  concerning 
vertical  angles,  a  term  which  we  must  first  define. 

50.  Vertical  Angles.  When  two  angles  have  the  same 
vertex,  and  the  sides  of  the  one  are  prolonga¬ 
tions  of  the  sides  of  the  other,  these  angles 
are  called  vertical  angles. 

In  the  figure  the  angles  ,r  and  are  vertical  angles, 
as  are  also  the  angles  w  and  //. 
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51.  If  tioo  lines  intersect,  the  vertical  anrjles  are  ecjual. 


Given  the  lines  AC  and  BD  intersecting  at  O. 

To  i)r  ore  that  TAOB  =  Z.QOI). 

Proof.  Z.AOB  +  ZBOC=Si  st.  Z.  Post.  9 

{The  sum  of  two  odjacent  angles  which  one  straight  line  makes  loith 
another  is  equal  to  a  straight  angle.) 

Likewise  Z  BOO  +  ZCOD  =  a  st.  Z.  Post.  9 

Therefore  Z  A  OB  -f  ZBOC  =  ZBOC  A-  Z  COD.  Post.  3 

(^1^/  straight  angles  are  equal.) 

Therefore  ZA  OB  =  ZCOD.  Ax.  2 

{For  we  have  subtracted  ZBOC  from  equals,  leaving 
ZAOB  =  ZCOD.) 

52.  Nature  of  a  Proof.  From  an  examination  of  the 
above  proof  it  may  be  inferred  that  in  the  treatment  of 
a  theorem  there  are  three  things  to  be  considered : 

1.  Certain  things  are  fiven  ;  in  the  above  case,  that  AC 
and  BD  intersect  at  0. 

2.  A  definite  thing  is  stated  as  the  proposition  which 
is  to  he  proved',  in  the  above  case,  that  ZAOB  =  ZCOD. 

3.  There  is  a  proof,  consisting  of  definite  statements, 
each  supported  ])y  the  autliority  of  a  definition,  an  axiom, 
a  postulate,  or  a  proposition  previously  proved. 


162 


INTRODUCTION 


Exercise  6.  Statements  to  be  Memorized 


All  work  oral 


I>efine  tke  folloiving  terms  : 


1.  Circle. 


6.  Acute  angle. 

7.  Obtuse  angle. 


2.  Equal  angles. 

3.  Straight  angle. 

4.  Right  angle. 

5.  Perpendicular. 


9.  Complement. 

10.  Supplement. 


8.  Adjacent  angles. 


The  definitions  of  the  above  terms  are  needed  in  certain  proofs 
and  hence  they  should  now  be  memorized. 

11.  State  the  postulates  by  number  and  state  the  ground 
for  assuming  each. 

The  postulates  are  so  often  used  that  it  is  convenient  to  refer  to 
them  l)y  number.  If  desired,  however,  only  the  first  three  need  be 
learned  by  nundjer,  the  others  l)eing  given  in  full  as  required.  The 
ground  for  assuming  each  may  be  illustrated  at  the  blackboard. 

State  and  illustrate  the  foUowin<j  axioms : 

12.  Axiom  1.  13.  Axiom  2.  14.  Axiom  3.  15.  Axiom  4. 

Define  and  illustrate  the  following  : 

16.  Theorem.  17.  Problem.  18.  Corollary. 

19.  Define  and  illustrate  the  terms  axiom  and  postidate. 

20.  Define  vertical  angles. 

21.  State  the  theorem  relating  to  vertical  angles. 

Geometry  is  not  a  science  to  l)e  memorized;  it  is  a  science  to  be 
understood.  There  are  a  few  definitions  and  statements,  like  those 
mentioned  al)ove,  that  should  be  memorized  for  convenience  in 
future  work,  and  the  statements  of  the  propositions  should  be  mem¬ 
orized  for  the  same  reason ;  but  in  the  case  of  many  terms  it  is 
merely  necessary  that  they  should  be  used  properly. 
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Exercise  7.  Statements  to  be  Explained 

All  work  oral 


Explain  in  your  oum  lanyuaye  what  you  understand  hy  the 
following  terms,  illustrating  at  the  hlackhoard  if  necessary : 


1.  Surface. 

2.  Line. 

3.  Point. 

4.  Plane. 

5.  Straight  line. 

6.  Broken  line. 

7.  Curve. 

8.  CUrcniiiference. 

9.  C'enter. 

10.  Arc. 

11.  Radius. 

12.  Diameter. 


13.  Semicircle. 

14.  Bisect. 

15.  AI  id-point. 

16.  Angle. 

17.  Vertex. 

18.  Arms  of  an  angle. 

19.  Sum  of  angles. 

20.  Proposition. 

21.  Intersect. 

22.  Greater  angle. 

23.  Keflex  angle. 

24.  Horizontal. 


Explain  what  is  meant  hy  the  following  st<(tements,  illus¬ 
trating  at  the  hlaekhoard  if  necessary : 

25.  A  surface  has  no  thickness. 

26.  A  line  has  position,  shape,  and  size,  its  size  consist¬ 
ing  only  of  its  length. 

27.  A  point  lias  position  but  not  size. 

28.  A  line  turning  about  a  point  generates  an  angle. 

29.  The  smallest  of  the  angles  formed  by  two  lines 
through  a  point  is  called  the  angle  between  the  lines. 

30.  The  foot  of  a  perpendicular  is  the  point  in  which  a 
perpendicular  meets  the  line  to  which  it  is  drawn. 
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Exercise  8.  Review 

1.  Draw  a  line  AB  which  shall  be  2  in.  long.  Then 
hnd  a  point  C  such  that  NC=3in.  and  BC=2^i\\. 

Notice  that  two  such  points  can  be  found  on  the  paper. 

2.  Mark  on  paper  three  points  P,  Q,  R  such  that 
PQ  =  1  in.,  QR  =  in.,  and  RP  =  IT  in. 

3.  Construct  an  equilateral  triangle  ABC  with  each 
side  in.  Within  this  triangle  find  a  point  P  such  that 
AP  =  1  in.  and  BP  =  1  in. 

4.  A  point  P  is  2  in.  from  a  line  AB.  Draw  a  figure 
showing  how  you  would  find  two  points  on  the  line,  each 
of  which-  is  3  in.  from  P. 

5.  Draw  a  line  and  construct  any  point  P  that  shall 
be  2  in.  from  the  line. 

6.  Draw  a  line  UP,  mark  any  point  P  on  it,  and  at 
P  construct  a  line  PQ  perpendicular  to  AB.  Tfien  from  Q 
construct  a  line  perpendicular  to  AB. 

Of  course  the  two  perpendiculars  should  coincide,  and  thus  each 
construction  forms  a  check  ujton  the  other. 

7.  In  this  figure,  supposing  that  A  w  is  equal  to  120°, 
find  the  number  of  degrees  in  each  of  the 
angles  .r,  y,  and 

8.  Consider  Ex.  7  when  Z?c  =  116°  30'. 

p/'  9.  With  a  protractor  draw  an  angle  of 
60°,  bisect  this  angle  by  §  23,  and  measure  each  of  the 
halves  with  the  protractor,  thus  checking  your  work. 

10.  Draw-  any  triangle,  with  a  protractor  measure  each 
angle,  and  find  the  sum  of  the  angles.  Now  cut  the  tri¬ 
angle  from  paj3er,  cut  off  the  three  angles  and  fit  them 
together,  measure  their  sum,  and  thus  check  your  work. 
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II.  TRIAIIGLEkS 

53.  Congruent  Figures.  If  two  figures  have  exactly  the 
same  sliape  and  size,  tliej  are  called  coiuiruent  iiunres. 

For  example,  the  two  squares  liere  shown 
are  congruent  hgures,  two  circles  with  equal 
radii  are  congruent  figures,  and  two  straight 
lines  each  of  which  is  1  in.  long  are  con¬ 
gruent  figures. 

If  two  figures  can  he  made  to  coincide  in  all  their  parts, 
they  are  conyrueyit  figures. 

By  the  parts  of  a  figure  we  mean  the  sides,  angles,  and  surface. 

54.  Corresponding  Parts.  It  is  customary  in  geometry  to 
letter  the  angles  of  a  triangle  by  capitals  arranged  about 
the  figure  in  counterclockwise  order ;  that  is,  reading  about 
the  figure  in  the  direc¬ 
tion  opposite  to  that  in 
which  the  hands  of  a 
clock  move.  As  we  have 
already  seen,  it  is  cus¬ 
tomary  to  letter  the  sides  of  a  ti’iangle  by  using  small  letters 
placed  opposite  their  respective  capitals. 

In  the  case  of  two  congruent  triangles  it  is  convenient 
to  use  in  one  triangle  the  same  letters  that  are  used  in 
the  other,  but  with  a  prime  (')  after  each  letter  in  one  of 
the  figures. 

In  the  triangles  shown  above.  A’  (read  ”A-prime  ”)  cor- 
responds  to  A,  B'  corresponds  to  B,  C'  corresponds  to  C, 
a'  corresponds  to  a,  and  so  on ;  that  is,  these  pairs  of  parts 
are  respectively  equal. 

It  is  therefore  evident  that 

In  two  congruent  figures  the  parts  of  one  figure  are  respec¬ 
tively  equal  to  the  corresponding  parts  of  the  other  figure. 
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55.  Inferences  as  to  Congruent  Triangles.  When  we 
examine  two  triangles  we  easily  infer  certain  facts  relating 
to  them.  Consider,  for  example,  the  following  questions 


relating  to  the  two  triangles  here  shown,  drawing  the 
necessary  figures  to  explain  each  answer : 

1.  If  /-A=AA'  and  you  are  not  sure  about  any  of  the 
other  parts,  are  tlie  triangles  necessarily  congruent  ? 

If  the  triangles  are  not  congruent,  draw  two  triangles  having 
A  A  =AA'  and  yet  evidently  not  congruent.  Do  the  same  in  con¬ 
sidering  the  other  questions  given  below. 

2.  If  Z  A  =  Z  A’  and  h  =  h\  are  the  triangles  necessarily 
congruent  ? 

3.  If  Z.A=AA\  h  =  h\  and  c  =  c\  are  the  triangles 
necessarily  congruent  ? 

4.  If  Z.A  =ZZ',  AB  =  and  c  =  Z,  are  the  triangles 
necessarily  congruent  ? 

5.  If  AA=AA\  AB  =  AB\  and  ZC  =  ZC',  are  the 
triangles  necessarily  congruent  ? 

6.  If  a  =  a',  b  =  b\  and  c  =  c',  are  the  triangles  neces¬ 
sarily  congruent  ? 

56.  Doubts  as  to  the  Inferences.  None  of  the  inferences 
in  §  55  may  be  correct.  When  we  look  at  these  lines  we 
may  think  that  they  are  ^ ^ 

not  equal,  but  they  are.  ^  ^ 

To  be  certain  of  any  inference  we  must  find  some  way 
of  proving  it.  Proving  correct  inferences  or  disproving 
incorrect  ones  is  one  of  the  main  purposes  of  geometry. 
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57.  Examination  of  an  Inference.  Let  us  consider  the 
inference  of  §  55,  3,  that  if  ZA  =  Z h  —  and  e  —  C, 
the  two  triangles  are  necessarily  congruent. 

C  c' 


A’  C  B' 

It  aids  the  eye  if  we  mark  the  equal  corresponding 
parts  in  some  such  way  as  in  the  above  figures.  On  a 
blackboard  we  may  use  colored  crayons,  c  and  c'  being  in 
red,  for  example,  and  h  and  V  in  blue,  with  A  A  and  ZZ' 
designated  by  green  arcs. 

Teachers  will  see  the  objections  to  the  use  of  colored  crayons  ex¬ 
cept  in  the  case  of  a  few  propositions  at  the  most.  The  student 
should  early  become  familiar  with  the  tools  that  he  will  actually  use, 
the  black  lead  pencil  and  the  white  crayon. 

To  prove  that  the  two  triangles  are  congruent  let  us  see 
if  one  triangle  can  be  placed  on  the  other  so  as  to  exactly 
coincide.  To  help  us  see  this  clearly  we  may,  if  we  wish, 
cut  two  triangles  out  of  paper. 

Suppose  that  A  ABC  is  placed  upon  AA'  B’C'  so  that  the 
point  A  lies  on  the  p)oint  A\  and  c  lies  along  U;  then  where 
does  the  point  B  lie,  and  why? 

On  what  line  does  h  then  lie,  and  why  ? 

Then  where  must  C  lie,  and  why  ? 

Having  found  where  B  and  C  lie,  where  does  a  lie  ? 

What  have  we  now  shown  tvitli  respect  to  A  ABC  coin¬ 
ciding  with  AA'B'C^?  Are  the  triangles  congruent? 

Complete  the  following  statement :  Tioo  trimigles  are  con¬ 
gruent  if  two  sides  and  the  included  angle  of  one  are  equal 
respectively  to  . 

The  statement  and  formal  proof  will  now  be  given  on  page  168. 
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Theorem.  Two  Sides  and  Included  Angle 

58.  Tujo  irlanriles  are  congruent  if  two  sides  and  the 
included  angle  of  one  are  eciucd  respectlrehj  to  two  sides 
and  the  included  angle  cf  the  other. 

Given  the  triangles  ABC  and  A^B'C\  with  side  b  equal  to 
side  6^  side  c  equal  to  side  cS  and  angle  A  equal  to  angle  A'. 

To  prove  that  A  ABC  and  A’B’C  are  congruen  t. 

Proof.  Taking  the  figure  on  the  opposite  page,  place 
A  ABC  upon  AA'B'C'  so  that  point  A  lies  on  point  A', 
and  c  lies  along  c\  C  and  C'  l}dng  on  the  same  side  of  e'. 

Then  B  lies  on  i>', 

(For  c  is  given  equal  ta  c'.) 
h  lies  along  />', 

{For  /.A  is  given  equal  to  ZA'.) 
and  C  lies  on  C'. 

{For  h  is  given  equal  to  h' .) 

Hence  a  coincides  with  n'.  Post.  1 

{One  straight  line  and  only  one  can  be  drawn  t/trough  two  given  points.) 

Tlierefore  A  ABC  and  A  B’ C’  are  congruent.  §  53 

59.  Application.  In  the  lower  figure  on  the  opposite  page 
sliow  how  A  ABAC'  can  be  laid  out  so  as  to  be  congruent 
to  A  ABC.  Then  show  how  to  find  the  length  of  a  certain 
line  by  measuring  the  length  of  a  certain  other  line. 
Explain  the  method  in  full. 

In  all  such  cases  the  whole  figure  must  he  laid  out  in  the  same 
])lane;  that  is,  the  ])oints  A,  B,  C,  B'  and  C  must  either  be  at  the 
same  level  or  at  least  l)e  in  the  same  plane. 

AVliile  the  purpose  of  intuitive  geometry  is  largely  practical  and 
that  of  demonstrative  geometry  lai'gely  intellectual,  a  few  aj)plications 
of  the  propositions  demonstrated  add  materially  to  the  interest. 
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Exercise  9.  Congruence  of  Triangles 


1.  In  this  ligure,  ZA  =  Zi?,  M  is  the  mid-point  of  AB, 

and  A  Y=BX.  Prove  that  MY  =  MX.  c 

2.  In  Ex.  1  what  other  equalities  may  be 

proved  l)y  the  congruence  of  tlie  triangles  ?  m  ^ 


3.  In  this  figure,  ABCD  is  a  square  and  F 
is  the  mid-point  of  AB.  Prove  tliat  A  API)  is 
congruent  to  ABFC.  Since  the  triangles  are 
congruent,  what  other  parts  of  the  figure  are 
respectively  equal  ? 


4.  In  this  figure,  AT)  —  BC  and  each  is  perpendicular 

to  AB.  What  do  you  infer  as  to  the  rela-  jy  c 

tion  of  AC  to  BF‘^1  Prove  tlie  correctness  of 
your  inference. 

5.  In  this  figure,  AD=BC  and  each  is  perpendicular 
to  AB ;  also  I)F  =  CQ.  What  do  you  infer 
as  to  the  relation  of  XAFB  to  XBQA^  ^ 

Prove  the  correctness  of  your  inference.  ^ 


6.  Sliow  how  to  find  the  distance  from  a  point  P  west 
of  a  hill  to  a  point  Q  east  of  the  hill, 
using  the  figure  here  shown. 

O  O 

7.  Suppose  tliat  it  is  known  that  a 
machine  Avill  run  satisfactorily  if  three 
wheels  properly  gear  into  three  other  wheels.  Suppose  also 
that  it  is  given  that  Avheel  a  gears  into  Avheel  a\  that  it 
can  be  shown  that  wheel  h  gears  into  wheel  />',  and  that 
it  can  then  be  shown  that  wheel  e  gears  into  wheel  <?'. 
What  follows  as  to  the  running  of  the  machine  ? 

The  reasoning  is  identical,  in  its  main  ])oints,  with  that  of  §  58. 
Siicli  exercises  are,  of  course,  not  geometric,  but  they  give  training 
in  transferring  geometric  reasoning  to  other  lines. 
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60.  Inferences  as  to  Isosceles  Triangles.  If  we  ex¬ 
amine  an  isosceles  triangle,  we  find  that  it  has  otlier 
qualities  besides  having  two  equal 
sides.  Using  this  figure,  in  winch 
h  =  c,  we  shall  now  consider  a  few 
of  these  qualities. 

1.  If  a  is  also  equal  to  h  and  c,  the 
triangle  is  not  only  isosceles,  but  what 
other  name  may  be  given  to  it  ? 

2.  If  Z  A  is  a  right  angle,  the  tri¬ 
angle  is  not  only  isosceles,  but  what 
other  name  may  ])e  given  to  it  ? 

3.  If  as  stated,  it  looks  as  if  AB  and  Z  (7  must 

each  be  smaller  than  what  kind  of  angle  ? 

4.  It  looks  as  if  tliere  were  a  certain  relation  with  respect 
to  size  between  Z.B  and  Z  C.  What  does  this  relation 
appear  to  be  ? 

5.  It  looks  as  if  the  vertex  A  were  directl}^  above  a 
certain  point  on  BC.  What  point  does  tins  seem  to  be? 

6.  It  looks  as  if  a  perpendicular  from  A  to  BC  would 
divide  BCmio  what  kind  of  segments,  with  respect  to  size? 

7.  The  perpendicular  from  A  to  BC  divides  the  triangle 

ABC  into  two  triangles.  What  relation  apparently  exists 
between  these  two  triangles  ?  ^ 

No  one  of  inferences  3-7  may  be 
correct.  When  we  look  at  this  figure 
the  line  PQ  seems  to  be  about  equal 
to  the  line  if  A,  but  when  we  measure 
their  lengths  we  find  that  they  are  not 
equal.  As  stated  in  §  56,  we  must 

find  some  way  of  proving  or  disproving  our  inferences 
before  we  can  be  certain  of  their  truth,  and  this  constitutes 
the  important  part  of  demonstrative  geometry. 
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61.  Further  Inferences.  There  are  other  inferences  that 
we  may  easily  draw  from  a  study  of  the  isosceles  triangle. 
Consider,  for  example,  this  figure, 

AM  being  drawn  so  as  to  bisect  ZG, 
thus  making  Z  x  equal  to  Z  ij. 

1.  Since  Z.x  =  A  y,  what  seems  to 
be  the  relation  of  x'  to  y'  ? 

It  is  often  coiiYenient  to  use  a  prime  (') 
to  designate  a  quantity  wliicli  lias  some 
definite  relation  to  another  quantity.  We 
have  seen  this  in  connection  with  congru¬ 
ence,  and  here  we  have  another  example  of 
its  use.  It  is  also  convenient  to  use  a  dotted  line  to  represent  a 
line  like  AM  that  is  an  auxiliary  line  and  is  drawn  merely  to  aid 
us  in  a  discussion. 

2.  What  seems  to  be  the  relation  of  the  two  angles  at 
df  ?  Then  what  name  can  be  given  to  each  of  the  angles? 

3.  What  kind  of  line  does  AM,  or  p,  seem  to  be  with 
respect  to  BC,  or  c/ ? 

4.  If  we  draw  the  line  p  so  as  to  bisect  a  instead  of 
bisecting  ZZ,  that  is,  so  as  to  make  x’  equal  to  y’\  what 
seems  to  be  the  relation  as  to  size  between  Z  x  and  Z  ^  ? 

5.  If  we  draw  the  line  p  so  as  to  make  Z  equal  to  y\ 
what  kind  of  line  does  it  seem  to  be  with  respect  to  being 
oblique  or  perpendicular  to  u  ? 

b.  If  a  perpendicular  is  drawn  to  a  at  its  mid-point 
7lf,  do  you  think  it  will  pass  through  A  or  not  ?  What 
else  can  you  infer,  say  with  respect  to  ZA? 

As  stated  in  §  60,  no  one  of  these  inferences  may  be 
correct,  and  if  we  wish  to  be  certain  as  to  any  one  of 
them  we  must  prove  the  truth  of  that  inference. 

We  shall  now  examine  one  of  the  most  important  of 
the  inferences  of  §§60  and  61. 


A 
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62.  Examination  of  an  Inference.  In  §  60,  4,  you  prob¬ 
ably  drew  the  inference  that  Zi>  =  ZG.  We  shall  now 
examine  this  inference  and  see  how 

A 

we  can  prove  that  it  is  correct ;  that 
is,  how  we  can  prove  that  Z.B  =  Z.C 
if  we  know  that  h  =  c. 

W e  have  already  proved  one  prop¬ 
osition  about  equal  angles  (§  51),  but 
since  that  referred  to  vertical  angles 
it  does  not  help  ns  in  this  case. 

We  have  also  proved  a  proposition 
about  congruent  triangles  (§  58),  and 

congruent  triangles  have  equal  angles.  Possibly  we  may 
be  able  to  prove  that  Z  /:?  =  Z(7  if  we  can  divide  A  ABC 
into  two  congruent  triangles. 

In  order  to  use  §  58  we  must  have  tAvo  sides  and  the 
included  angle  of  one  triangle  equal  respectively  to  tAvo 
sides  and  the  included  angle  of  another  triangle,  so  in 
order  to  get  tAvo  equal  angles,  let  ns  suppose  AM  to  be 
the  bisector  of  A  A  (§44,5). 

Then  in  A  ABM  and  ACM,  Avhat  is  the  relation  of  h 
to  c  Avith  respect  to  size  ?  Hoav  do  yon  knoAV  this  ? 

What  is  the  relation  of  Z  x  to  Z  y  Avith  respect  to 
size?  How  do  yon  knoAV  this? 

What  line  is  the  same  in  A  ABM  and  ACM;  that  is, 
Avhat  line  is  common  to  the  two  triangles  ? 

Then  Avhat  parts  of  one  triangle  liave  yon  shoAvn  to 
be  equal  to  Avhat  parts  of  the  other  triangle  ? 

What  can  yon  say  as  to  congruence  of  the  triangles  ? 

What  can  yon  say  as  to  the  relation  of  AB  to  ZG? 

Complete  the  folloAving  statement : 

In  an  isosceles  triangle  the  angles  opposite  the  equal  •  •  •. 

The  statement  and  formal  proof  will  now  be  given  on  page  174. 
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Theorem,  isosceles  Triangle 

63.  In  an  isosceles  triancjle  the  angles  opposite  the 
equal  sides  are  equcd. 

Given  the  isosceles  triangle  ABC  with  side  b  equal  to  side  c. 

To  qjrove  that  ZB  =  ZC. 

Proof.  In  the  figure  suppose  that  p  bisects  ZA,  so  that 
Zx=Zi/^  and  suppose  that  p  meets  BC  at  M. 

Then  ill  Ad7Al/aud  ACJI  we  have  it  given  that 

h  =  c. 

F  urther,  Zx  =  Z  y, 

{For  p  bisects  ZA.) 

and  side  p  is  common  to  both  triangles. 

Therefore  AAB31  and  ACJI  are  congruent.  §  58 

{Tioo  triangles  are  congruent  if  two  sides  and  the  included  angle  of  one  are 
equal  respectively  to  two  sides  and  the  included  angle  of  the  other.) 

Therefore  ZB  =  ZC.  §54 

64.  Co  ROLLARY.  Jf  a  trianyle  has  two  equal  angles.,  the 
sides  rtppo.Ate  these  anf/les  are  equal. 

That  is,  in  the  figure,  if  ZJJ  =  Z  C,  then  h  =  c.  This  is  called  the 
converse  of  the  theorem  of  §  Go,  what  is  given  in  one  being  that  which 
is  to  be  })roved  in  the  other.  Not  all  converse  propositions  are  true, 
and  each  case  must  be  considered  l)y  itself  for  the  present. 

For  tlie  ])resent  we  shall  assume  that  this  corollary  is  true,  as 
seems  evidently  to  be  the  case.  It  will  be  assigned  later  as  an  exer¬ 
cise  t('>  be  proved.  We  sliall  not  use  this  corollary  in  the  proof  of 
any  proposition  that  will  l)e  needed  to  prove  it  when  it  is  given  later 
as  an  exercise,  so  that  the  proof  when  given  will  be  complete. 

65.  Application.  In  the  figure  of  the  bridge  on  the  oppo¬ 
site  page,  state  your  inferences  as  to  the  various  equal  parts 
and  how  these  inferences  are  related  to  §§  (33  and  64. 
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Exercise  10.  Isosceles  Triangles 


1.  In  this  iigure,  wliicli  represents  the  cross-section  of 

the  attic  of  a  house,  it  is  known  that  the  rafters  AB  and 
AC  are  equal  in  length.  Suppose  that  a 

we  lind  by  ineasurino;  that  Z/>=  30° 
but  that  we  cannot  conveniently  pass 
the  partition  2^  so  as  to  measure  AC.  .If  we  are  told 
that  AC  =  28°,  is  the  information  correct  ?  Why  ? 

2.  This  figure  represents  a  square  ABCB 
separated  into  two  triangles  by  the  diagonal 
AC.  State  what  angles  are  equal  by  §  63. 

3.  In  the  same  ligure  state  what  triangles 
are  congruent  by  §  58,  and  hence  show  what 
other  angles  are  equal  besides  those  found  in  Ex.  2. 

4.  In  tliis  ligure  it  is  given  that  AB=  BC  ^ 

and  ADBA  =  AJJBC.  Prove  that  A  AC  I)  a 
is  isosceles. 


5.  The  diagonals  GGand  BD  of  a  square  ^ 

A  BCD  intersect  at  F.  Prove  that  A  ABF  is  isosceles. 

6.  In  this  figure  it  is  given  that 
FB=  FC  and  AAFB  =  AAFC.  Prove 
that  A  ABC  is  isosceles. 

7.  It  is  known  that  B  will  pay  C  a  certain  sum  if  T 
will  pay  T'  a  certain  sum.  But  T  will  pay  T'  if  h  will 
sell  his  house  to  c,  if  x  will  pay  tj  what  he  owes  him,  and 
if  has  a  certain  sum  in  the  bank.  If  now  sells  his 
house  to  c,  if  x  [)ays  //,  and  if  j)  has  the  certain  sum  in  the 
bank,  what  conclusion  do  you  draw  as  to  i>’s  paying  C 
the  sum  specified  ? 

It  should  be  observed  that  the  reasoning  is  practically  identical 
with  the  reasoning  of  §  03. 
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66.  Another  Inference.  Suppose  that  these  two  triangles 
have  two  angles  and  the  included  side  of  one  equal  respec¬ 
tively  to  two  angles  and  the  included  side  of  the  other; 
that  is,  suppose  that  q 


and 


From  the  general  appearance  of  the  triangles,  what  do 
you  infer  as  to  their  congruence  ? 

67.  Examination  of  the  Inference.  Let  us  see  if  one  of 

the  triangles  can  be  placed  on  the  other,  as  in  §  58,  so  as 
to  coincide  with  it ;  in  other  words,  let  us  make  certain 
that  all  the  parts  of  one  triangle  tit  perfectly  the  respec¬ 
tive  parts  of  the  other. 

Suppose  that  A  ABC  is  placed  upon  AJ/B'C'  so  that  A 
lies  on  A'  and  c  lies  along  c'j  C  and  C  lying  on  the  same 
side  of  a'.  Then  where  does  B  lie?  How  do  you  know 
that  it  lies  there  ? 

On  what  line  does  h  then  lie  ?  How  do  you  know  that 
it  lies  there  ? 

On  what  line  does  a  then  lie?  How  do  you  know  that 
it  lies  there  ? 

Lecause  C  is  on  both  a  and  h,  at  what  point  does  it  lie 
on  a'  and  h'  ? 

What  have  you  now  shown  with  respect  to  the  triangles  ? 

Have  you  fully  proved  this  statement  about  tlie  con¬ 
gruence  of  the  triangles,  or  do  you  merely  infer  from  the 
appearance  of  the  figures  that  it  is  probably  true  ? 

Complete  the  following  statement: 

Two  triangles  are  congruent  if  tivo  angles  and  the  included  •  •  •. 

The  statement  and  formal  proof  will  now  be  given  on  page  178. 
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THEOREM.  Two  Angles  and  Included  Side 

68.  Two  triangles  are  congruent  if  two  anrjles  aucl 
the  included  side  of  one  are  eegucd  resj^ectively  to  two 
angles  and  the  included  side  of  the  other. 

Given  the  triangles  AEC  andA'E'C'  with  angle  A  equal  to 
angle  A',  angle  C  equal  to  angle  and  side  &  equal  to  side 

To  pr  ore  thcd  A  ABC  and  A’B’C’  are  congruent. 

Proof.  Taking  the  figure  on  the  opposite  page,  place 
A  ABC  upon  AA’B’C’  so  that  A  lies  on  A'  and  b  lies  along 
Id  B  and  B'  lying  on  the  same  side  of  V . 

Then  C  lies  on  6", 

{For  h  is  yiven  equal  to  //.) 
a  lies  along  c', 

{For  ZA  is  given  equal  to  ZA'.) 
and  u  lies  along  u'. 

{For  Z  0  is  given  equal  to  Z  C'.) 

Since  B  is  on  a  and  on  c,  it  lies  on  both  a'  and  a\  and 
hence  B  lies  on  />',  the  only  point  common  to  both  a  and  c. 

Therefore  A  ABC  and  A  B'  C'  are  congruent.  §  53 

69.  Application.  The  lower  figure  on  tlie  opposite  page 
shows  how  A  ABC  can  be  laid  out  so  as  to  be  congruent 
to  AA'B'C  and  how  a  certain  line  can  then  be  measured 
so  as  to  find  the  distance  d  across  a  harbor.  Explain  the 
operation  in  full. 

From  any  convenient  point  (!  draw  the  line  CA'.  From  A' 
sight  througli  C  and  make  h  ecpial  to  //.  From  B'  sight  through  C 
and  lay  a  taut  string  along  a.  Then  at  A,  using  a  jn'otractor  and 
ruler,  make  an  angle  e(pial  to  angle  .F.  Sight  along  c,  thus  fixing 
the  position  of  B,  and  measure  c. 
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Exercise  11.  Congruence  of  Triangles 


1.  In  this  figure,  A  BCD  is  a  square,  M  is  the  mid-point 
of  AB^  and  the  lines  JAY  and  d/Yinake  equal  angles  with 
AB.  Prove  that  A  A^FY  and  BMX  are  con¬ 
gruent.  What  other  ans^les  in  the  concyruent 
triangles  are  ec^ual,  and  why  ? 

2.  In  the  figure  of  Ex.  1  what  angles  of 
MXCI)  are  equal,  and  wdiy  ? 


3.  In  this  figure,  ABC!)  is  a  square  and 
Z  p  is  e(pial  to  Z  q.  AY  hat  other  angles  in 
the  two  triangles  are  equal  ?  AY  hat  lines 
are  equal?  (five  the  necessary  proofs. 


4.  In  this  ligure  if  AJF  bisects  Z  .1  and  is  also  perpen¬ 
dicular  to  BC\  A  ABC  is  isosceles. 

Evidently  this  must  he  done  lyy  §  ()8.  b 


5.  In  this  figure  it  is  given  that  ZZ  =  ZZ',  Z7i  =  Z />', 
and  AB=A'B'.  Find  the  other  equal 
lines  and  equal  angles  and  prove  that 
they  are  equal.  - —^5 


6.  A  peid)endicular  to  the  bisector  of  an  angle  forms 
an  isosceles  triangle  witli  the  arms  of  the  angle. 

7.  In  this  figure  it  is  given  that  Z /)('/>  =  Z  Y7>Z, 
XCBI)=AI)AC\  and  BC=AI).  Find 
the  other  equal  lines  and  equal  angles 
and  prove  that  they  are  equal. 


8.  C  promises  to  go  into  business  with  C’  if  A  goes 
into  business  with  A'  and  if  f>  goes  into  Imsiness  with  B'. 
If  Z  does  go  into  business  with  Z',  and  if  B  goes  into 
business  witli  /?',  what  follows  ? 

Notice  that  the  reasoning  is  analogous  to  that  of  §  68. 
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70.  Another  Inference.  Suppose  that  these  two  triangles 

have  the  three  sides  of  one  e(|nal  respectively  to  the  three 
sides  of  the  other;  that 
is,  suppose  that  ^ 

a  =  e/,  h/  \a 

h  =  //,  / 

A  c  B  A’  C  B' 

and  c  =  6' . 

From  the  appearance  of  the  triangles,  what  do  you 
infer  as  to  their  congruence?  Would  you  draw  the  same 
inference  if  the  three  angles  of  one  were  equal  respec¬ 
tively  to  the  three  angles  of  the  other  ?  Draw  hgures  to 
illustrate  your  answer  to  this  second  question. 

71.  Examination  of  the  Inference.  In  the  case  in  which 
the  three  sides  of  one  are  ecpial  respectively  to  the  three 
sides  of  the  other,  see  if  you  can  give  a  satisfactory  proof  by 
placing  A  ABC  on  AJ/R'C'  as  in  §§58 
and  68.  If  not,  try  placing  them  as 
here  shown. 

Because  a  =  a',  what  kind  of  triangle 
is  ABC'C?  Therefore  what  two  angles 
of  ABC’C  AVQ  equal? 

Because  h  =  h\  what  kind  of  triangle 
is  A  ACC'? 

Therefore  what  two  angles  of  A  ACC'  are  equal? 

Adding  two  pairs  of  equal  angles,  what  can  now  be  said 
as  to  the  equality  of  Z  C  and  Z  C  ? 

Can  you  now  prove  thatAZRC  and  are  con¬ 

gruent  by  using  §  58  ?  Try  it. 

Complete  the  following  statement: 

Ttvo  triangles  are  congruent  if  the  three  •  • 

The  statement  and  formal  proof  will  now  be  given  on  page  182. 
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Theorem.  Three  Sides 

72.  Two  trlanfjles  are  eon(fruent  if  the  three  sides  of 
one  are  equal  respeetirelij  to  the  three  sides  of  the  other. 

Given  the  triangles  ABC  and  A'R'C'  with  side  a  equal  to 
side  a',  side  h  equal  to  side  and  side  c  equal  to  side  c’. 

To  qjrore  that  A  ABC  and  A' B' C  are  eorajraent. 

Proof.  Suppose  that  there  are  no  sides  longer  than 
c  and  d.  Then  place  A  ABC  so  that  A  lies  on  A\  c  lies 
along  c',  C  aiid  C  lying  on  opposite  sides  of  A’ B'. 

Then  B  lies  on  B’. 

(For  c  is  given  equal  to  c'.) 

Draw  CC. 

Since  h  = 

we  have  ZAC'C  =  ZACC'.  §68 

{In  fin  ifiosceles  triangte  the  ani/les  opposite  the  etpuil  sides  are  equal.) 

Since  a  =  a', 

we  have  Z  CC  U  =  Z  C'CB.  §  6  8 

A dding,  Z  A C'C  +  ZCC' /!  =  Z  ACC"  +  Z C'CB ;  Ax.  1 

that  is  ZAC'B  =  ZACB. 

Therefore  AABC  and  A' B'C'  are  congruent.  §  58 

{Tivo  triangles  are  congruent  if  two  sides  and  the  included  angle  of  one 

are  equal  respectively  to  two  sides  and  the  included  angle  of  the  other.) 

73.  Application.  In  the  lower  figure  on  the  opposite 
page  a  bridge  is  shown  supported  on  a  single  pier.  The 
bridge  is  made  up  of  triangles,  and  although  tliese  tri¬ 
angles  are  jointed  at  the  vertices,  they  are  rigid  ;  that  is, 
their  shape  is  fixed  if  their  sides  are  fixed.  How  does 
§  72  apply  ? 
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Exercise  12.  Congruence  of  Triangles 

1.  Using  three  rods  of  different  lengths  placed  end  to 
end  so  as  to  form  a  triangle,  can  you  form  triangles  of 
different  shape  and  size  ?  State  the  reason  for  your  answer, 
drawing  a  figure  to  illustrate. 

2.  Three  iron  rods  are  hinged  at  their  extremities  as 
shown  in  this  figure.  Is  the  figure  rigid ;  that  is,  can  its 
shape  be  changed  ?  State  the  reason. 

This  explains  the  statement  that  a  triangle  is 
determined  hg  its  three  sides.  It  also  explains  why 
the  triangle  is  called  a  unit  of  rigiditg  in  bridge 
building  and  in  steel  construction  generally. 

3.  Four  iron  rods  are  hinged  at  their  extremities  as 
shown  in  this  figure.  Is  the  figure  rigid  ?  If  not,  state 
two  ways  in  which,  by  the  addition  of  a 

single  rod  in  each  case,  it  can  be  made  rigid. 

Upon  what  theorem  does  this  depend  ? 

4.  Draw  a  rough  figure  of  the  framework 
of  a  bicycle.  State  the  reason  or  reasons 
for  its  rigidity. 

5.  The  following  method  is  sometimes  used  for  bisecting 
an  angle  by  the  aid  of  a  carpenter’s 
square:  Place  the  S({uare  as  here 
shown  so  that  the  edges  shall  pass  ^ 
through  A  and  />,  two  points  equidis¬ 
tant  from  0  on  the  arms  of  the  given 
angle  A  OB,  and  so  that  GP=  BP.  Draw 
OP  and  show  that  it  bisects  AAOB. 

6.  If  from  any  vertex  of  a  square  there  are  drawn  line- 
segments  to  the  mid-points  of  the  two  sides  not  adjacent 
to  the  vertex,  these  line-segments  are  equal. 
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7.  Prove  that  either  diagonal  of  a  square  bisects  two 
angles  of  the  square. 

8.  In  this  section  of  a  support  for  a  heavy 
tank,  are  both  cross  braces  necessary  for  rigid¬ 
ity  ?  State  the  reason. 

9.  In  an  equilateral  triangle  a  line  is  drawn  from  one 
vertex  to  the  mid-point  of  the  opposite  side,  thus  cutting 
the  equilateral  triangle  into  two  triangles  T  and  T'. 
Wliat  can  be  said  as  to  the  congruence  of  T  and  T'? 
Prove  your  statement. 


10.  Two  isosceles  triangles  -of  different  heights  are  con¬ 
structed  on  the  same  base  and  on  the  same  side  of  the 
base.  Prove  that  the  line  through  their  vertices  bisects  the 
angles  at  the  vertices. 

11.  In  Ex.  10  suppose  the  two  isosceles  triangles  to  be 
on  opposite  sides  of  the  base. 

12.  In  this  figure  a=a'  and  h=h’.  b 

Prove  that  /.P=AQ.  ^ 


13.  T  'wo  isosceles  triangles,  GAB  and  are  con¬ 

structed  on  the  same  base  AB.  Prove  ilvdA  APAO  =  /LPBO. 


14.  The  line  from  the  vertex  of  an  isosceles  triangle  to 
the  mid-point  of  the  base  is  perpendicular  to  the  base. 

15.  A  lawyer  wishes  to  prove  that  T  signed  a  certain 
paper  T'.  lie  can  p/ove  it  if  he  can  show  that  e  was  at 
A  at  a  certain  time.  He  can  prove  that  c  was  at  c'  at  that 
time  if  he  can  prove  two  statements.  But  he  can  prove  these 
statements  by  reliable  witnesses.  What  follows,  and  why? 

Notice  that  the  reasoning  is  analogous  to  that  of  §  72. 

The  student  has  now  reached  the  point  where  he  may  profitably 
read  the  proofs  without  any  assistance.  These  proofs  should  not  be 
memorized,  bnt  the  student  should  read  the  statements  and  try  to 
work  out  the  proofs  for  himself  before  reading  those  given  in  the  book. 
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Theorem.  Congruence  of  Right  triangles 

74.  7  \vo  rujlLt  trkin(jJes  are  con/jruenf  If  the  hyjoote- 
nuse  and  an  aente  am/te  of  ejne  are  erjual  respeetieel ij  to 
the  hypotenuse  and  an  aente  anyte  of  the  other. 

c  C' 


Given  the  right  triangles  ABC  and  A'B'C'y  with  hypote¬ 
nuse  AC  equal  to  hypotenuse  A'C'  and  with  angle  A  equal  to 
angle  A\ 

To  prove  that  A  ABC  and  A'  B’  C’  are  eonyrnent. 

Proof.  Place  A  ABC  on  AA’  B'  C  so  that  J  lies  on  J'  and 
AC  lies  along  A'C’. 

Then  C  lies  on  C\ 

{For  AC  is  (jiven  equal  to  A'C' .) 
and  AB  lies  along  A' B' . 

{For  ZA  is  given  equal  to  ZA'.) 

Then  because  C  lies  on  C'  Proved 

{For  it  has  been  shown  that  C  lies  on  C'.) 
and  AB  and  B'  are  rt.  Given 

{For  the  k.  are  right  A .) 

CB  must  coincide  with  C'B'.  Post.  7 

{Only  one  ±  can  he  constructed  from  C'  to  A'B' .) 

Therefore  A  ABC  and  AA’B'  C  are  congruent.  §  53 
{For  the  two  A  have  been  made  to  coincide.) 


CONGRUENCE  OF  RIGHT  TRIANGLES  187 


Exercise  13.  Congruence  of  Right  Triangles 


1.  The  perpendicular  from  the  vertex  of  an  isosceles 
triangle  to  the  base  bisects  the  base. 

2.  In  this  figure,  Z ANT— Z A7>T=  90° 
and  ABXA  is  bisected  by  XY.  Prove  that  ^ 

AABY  is  isosceles. 

3.  In  Ex.  2  prove  that  A'F  is  perpendicular  to  AB  and 
bisects  it,  and  also  prove  tliat  AAXB  is  isosceles. 


4.  In  this  figure,  AC  =  BD,  Z  BAJJ  =  A  ABC  =  90°,  and 

AADB  =  ABCA.  Prove  that  BC  =  AI)  and  _ c 

that  AB  —  DC. 


5.  In  Ex.  4  prove  tliat  A  ABF  is  isosceles,  a 


6.  In  this  figure,  AC  =  AB  =  90°,  ADFA=A  CFB,  and 
AF  =  BF.  Draw  HC'  and  BB  and  prove  the  following 
statements :  d  p  c 


1.  AB  =  BC. 

2.  FB  =  BC. 

3.  AC  =  BB. 


4.  ABAP  =  AABP. 

5.  APAB^  APBC. 

6.  ABAB  =  AABC. 


7.  In  this  figure,  ABAB  =  AABC  ^  AC  =  BB,  and 
Z  ABB  =  Z  BA  C.  Write  all  tlie  other  equalities  d 
in  the  figure  and  then  prove  each  statement 
concerning  these  equalities. 

8.  A  physician’s  test  for  a  certain  disease  is  that  an 
invalid  has  a  temperature  C  and  a  certain  symptom  A, 
and  that  a  blood  test  reveals  a  certain  condition  B’.  He 
finds  that  the  invalid  has  the  temperature  C,  the  symp¬ 
tom  A  is  apparent,  and  a  blood  test  reveals  the  condition 
B’.  What  is  the  physician’s  decision  as  to  whether  the 
invalid  has  the  disease  ? 

Notice  that  the  reasoning  is  analogous  to  that  of  §  74. 
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THEOREM.  CONGRUENCE  OF  RIGHT  TRIANGLES 


75,  Two  rujld  triamiles  are  confjruent  if  the  hyioote- 
nuse  and  a  side  of  one  are  equal  resq:)eetwelij  to  the 
hijq)otenuse  and  a  side  of  the  other. 


c' 


Given  the  right  triangles  ABC  and  A'B’C'y  with  hypotenuse 
b  equal  to  hypotenuse  b'  and  with  side  a  equal  to  side  a'. 

To  qjrove  that  A  ABC  and  A'B'C  are  congruent. 

Proof.  Place  A  ABC  beside  AA'B'  C^  so  that  hypotenuse 
h  coincides  with  hypotenuse  h\  A  lying  on  A',  C  on  G', 
and  B  on  the  opposite  side  of  AC  with  respect  to  B’. 

Draw  BB’. 


Then  in  the  figure  at  the  right, 


a  =  a\ 

Given 

and  therefore 

X  =  x' . 

§  os'" 

(For  they  are  angles  opposite  the  equal  sides  of  an  isosceles  A.) 

Since 

AB  =  ZB', 

Post.  3 

we  have 

y  =  y'- 

Ax.  2 

(For  lue  have  subtracted  equals,  x  and  x',from  equals.) 

Therefore 

C  =  d . 

§64 

(For  they  are  sides  opposite  equal  angles  of  a  triangle.) 

Therefore 

AA’BC’  and  A' B’ C'  are  congruent. 

§  58 

That  is,  A  ABC  and  A' B’  C'  are  congruent. 
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Exercise  14.  Congruence  of  Right  Triangles 

1.  In  this  figure  AB=^AC  and  A3I  is  perpendicular  to 
BC.  Prove  that  BM=  CM. 

A 

2.  In  Ex.  1  prove  that  A3I  bisects 
ABAC. 

3.  If  from  any  point  on  a  given  perpendicular  to  a  given 
line  two  equal  obli(|ue  lines  are  drawn  to  tlie  line,  they 
meet  the  line  at  equal  distances  from  the  perpendicular. 

4.  In  this  figure  AP  =  BF  and  ZA  =  ZB  —  90°.  Prove 
that  OA=OB. 

5.  In  Ex.  4  prove  that  a  line  drawn 
through  0  and  P  bisects  both  Z  O  and  ZP.  o 

6.  In  this  figure  ZP  —  ZQ  —  90”  and  b  =  h'.  What  other 
statement  can  you  prove  concerning 
the  figure?  Prove  it. 

h 

7.  If  the  perpendiculars  from  the  p 
mid-point  of  one  side  of  a  triangle 
upon  the  other  two  sides  are  equal,  the  triangle  is  isosceles. 

8.  ABCP  is  a  square  and  M  is  the  mid-point  of  AB. 
With  M  as  center  an  arc  is  drawn  cutting 
BC  P  and  AD  at  (),  and  the  lines  MP  and 
MQ,  are  drawn.  Name  the  pairs  of  equal 
angles  in  the  figure  besides  tlie  right  angles 
and  prove  your  statements. 

9.  A  man  decides  to  go  into  a  certain  business  if  con¬ 
ditions  A  and  h  are  favorable  and  if  he  can  secure  the 
consent  of  a  and  of  a!  to  the  undertaking.  He  finds  that 
the  condition  A  is  favorable  if  b  is,  and  he  further  finds 
that  condition  b  is  favorable.  He  then  secures  the  consent 
of  a  and  of  a! .  What  is  his  conclusion  ? 


a 
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Exercise  15.  Review  of  Congruence 


1.  In  this  figure,  ABCD  is  a  square  and  the  lines  AE 
and  BF  are  so  drawn  that  AEAl)  =  AFBC.  Write  all 
the  other  e(|ualities  in  the  figure  and  prove  ^  ^ 

each  statement. 

2.  If  the  mid-points  of  the  sides  of  an  equi¬ 
lateral  triangle  are  joined  by  lines,  the  resulting 
triangle  is  also  equilateral. 


3.  Wishing  to  measure  the  distance  AX  in  this  figure, 
a  boy  placed  a  pair  of  compasses  QCP  at  the  top  of  a 
post  AQ  so  that  the  arm  CB  pointed 
to  X.  lie  then  turned  the  com¬ 
passes  around,  keeping  the  angle 

fixed,  and  sighted  along  the  arm  to  _ 

y.  He  then  measured  A  Y  and  thus  ^  ^ 

found  the  distance  AA".  Explain  the  principle  involved. 

4.  In  this  figure,  AI>  =  DC\  BC=AI), 


and  MC,  Prove  that  2IQ. 

jr 

5.  In  the  figure  if  a  ray  of  liglit  LF  is  reflected  from  a 
mirror  dOP,  the  angle  known  as  the  aiujle  of  incidence^ 
is  equal  to  the  angle  h,  known  as  the  a}i(jle 
of  reflection^  the  line  B(J  being  perpendicu¬ 
lar  to  d/J/'.  The  light  from  L  is  reflected 
at  F  and  strikes  the  eye  at  F.  The  line 
LIJ  is  perpendicular  to  d/d/',  and  FFlJ  is 
a  straight  line.  Prove  that  Z.r  =  Z//  and 

=  and  explain  why  the  light  appears  to  be  at  the 

same  distance  behind  the  mirror,  at  L\  that  it  really  is  in 
front  of  it,  at  L. 


6.  Lines  from  the  mid-points  of  the  equal  sides  of  an 
isosceles  triangle  to  the  mid-point  of  the  base  are  equal. 
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76.  How  to  Prove  an  Original.  Thus  far  special  sug¬ 
gestions  have  been  given  so  freely  that  the  student  has 
probably  found  little  serious  difficulty  with  the  exercises. 
When  he  has  met  with  new  theorems,  or  originals  as  they 
are  often  called,  he  has  found  that  he  can  easily  prove 
them  by  the  aid  of  one  or  two  propositions  immediately 
preceding  them.  It  is  now,  however,  desirable  to  consider 
certain  general  suggestions  tliat  will  be  of  assistance. 

1.  Draw  the  figure  as  yon  read  the  jjroposition^  makmg 
the  figure  general^  cleai\  neat^  aoid  accurate. 

That  is,  if  the  proposition  relates  to  a  triangle,  do  not  draw  an 
equilateral  triangle,  or  a  right  triangle,  or  an  isosceles  triangle,  but 
draw  a  general  triangle  witliont  special  i)eciijiarities.  Draw  rapidly, 
but  make  the  figure  clear,  neat,  and  accurate. 

2.  Write  down  exactly  ivhat  is  given.,  and  then  write  down 
exactly  ivhat  is  to  he  proved. 

Failure  to  do  this  is  the  cause  of  much  of  the  difficulty  found. 

3.  Analyze  the  piwposifion. 

This  means  that  you  should  proceed  somewhat  as  follows:  "I  have 
to  prove  this,  and  I  can  prove  it  if  I  can  prove  X ;  I  can  prove  X  if 
I  can  prove  F;  I  can  prove  Y  if  I  can  prove  Z ;  but  I  can  prove  Z, 
so  I  can  reverse  this  reasoning  and  thus  prove  my  theorem.” 

Another  form  of  analysis  consists  in  assuming  the  proposition 
proved,  seeing  what  conclusion  follows,  reasoning  from  this  until  a 
known  truth  is  reached,  and  then  retracing  the  steps. 

In  all  this  work  it  is  well  to  recall  the  conditioiis  of  con¬ 
gruence  of  triangles  as  thus  far  proved : 

1.  Two  sides  and  the  included  angle  (§  58). 

2.  Two  ayigles  and  the  included  side  (§  68). 

3.  Three  sides  (§  72). 

4.  Hypotenuse  and  an  acute  angle  of  a  right  triangle  (§  74). 

5.  Hypotenuse  and  side  of  a  right  triangle  (§  75). 
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77.  Attacking  an  Original.  Suppose  that  the  following 
original  is  given  to  be  proved : 

Two  lines  drawn  from,  the  mid-jooint  of  the  base  of  an 
isosceles  triaoajle  making  equal  angles  witli  the  base  meet 
the  equal  sides  at  qxnnts  equidistant  from  the  vertex. 

Following  the  suggestions  given  in  §  76  we  proceed  as 
follows : 

1.  Draiv  the  figure. 

Tt  is  desirable  to  take  as  general  an  isos¬ 
celes  triangle  as  we  can,  and  in  particular 
to  avoid  an  equilateral  triangle  lest  our  e^-e 
should  be  deceived  by  such  a  special  figure. 

It  is  convenient  to  use  M  for  niid-})oint 
because  it  is  an  initial,  but  any  otlier  letter, 
say  the  letter  ]\  will  serve  the  puiq»ose.  It  is  well  to  use  A  and  E 
for  the  special  ])oints,  or  some  letters  not  likely  to  be  confused  with 
A,  B,  and  C,  although  this  is  not  al)Solutely  necessary. 

The  figure  need  not  be  constructed,  since  this  would  take  too  much 
time,  l.uit  it  should  be  drawn  neatly  and  should  be  accurate  enough 
for  the  purposes. 

2.  Write  do^vn  exactly  udiat  is  given.,  and  th'en  write  down 
exactly  what  is  to  be  proved. 

That  is : 

Given  A  B  =  A  C,  BM  =  CM,  and  ZXMB  =  Z  YMC. 

To  ])rove  that  .lA'  =  A 

8.  Then  analyze  the  qoroqmsition. 

For  example:  I  can  prove  that  AA"  =  AF  if  I  can  prove  that 
BX  =  CV,  because  I  already  know  that  AB  =  AC. 

I  can  prove  that  BX  —  CV  if  I  can  prove  that  AMBX  and  MCY 
are  congruent. 

I  can  prove  this  if  I  can  bring  it  under  the  case  of  two  sides  and 
the  included  angle,  or  the  case  of  two  angles  and  the  included  side. 

But  I  can  do  this,  for  Z7>  =  Z  G,  Z  XMB  —  Z  YMC,  and  BM  —  CM. 

I  can  now  reverse  my  reasoning  and  })rove  the  theorem. 
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Exercise  16.  Review 


1.  Two  lines  drawn  to  a  <jiven  line  from  any  j)oint  in  a 
2}er2}endicular  to  the  line^  cuttiny  off  on  tlte  given  line  equal 
segments  from  tlte  foot  of  the  2^er2)endicular^  are  equal  and 
make  equal  angles  ivitli  the  q^erqwndicular. 

Exercises  which  are  2)rinted  in  italics  in  this  book  are  often  given 
as  basal  propositions  in  textbooks  on  geometry  and  shonld,  there¬ 
fore,  be  given  to  all  classes.  They  are  not,  however,  essential  to  the 
logical  sequence  of  the  propositions  in  this  book. 


2.  Two  lines  drawn  to  a  given  line  from  any  q^oint  in  a 
q^erqoendieular  to  the  line,,  making  equed  angles  with  the  qiven 
line^  cut  off  equal  segments  from  the  foot  of  the  q^eyqmndicular. 

3.  In  this  figure  state  wliat  must  be  known  in  order 
that  tlie  two  triangles  may  be  proved  congruent.  Give  as 
many  answers  as  yon  can,  but  let 

no  answer  include  any  unnecessary  ^ 

condition.  *  ^ 

4.  If  two  lines,  AB  and  CD^  bisect  each  other  at  0,  the 
line  joining  A  and  C  is  equal  to  the  line  joining  B  and  D. 

5.  State  another  proposition  relating  to  the  figure  de¬ 
scribed  in  Ex.  4,  and  prove  it. 

6.  Two  triangles,  ABC  and  ABD^  are  constructed  on 
AB  so  that  BC  =  AD  and  BI)  =  AC,  the  vertices  C  and  D 
lying  on  the  same  side  of  the  base  AB.  State  all  the  pairs 
of  equal  angles  in  the  figure  and  prove  each  statement. 

7.  In  the  figure  of  Ex.  6  prove  that  a  cer¬ 
tain  triangle  is  isosceles. 

O 

8.  In  this  figure,  AB  =  BC  and  CT>=DA. 

Prove  that  A  A— AC. 

There  are  two  simple  methods  of  proving  this  exercise,  and  the 
student  should  discover  both  methods. 
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9.  In  the  equilateral  triangle  ABC  the  points  P  and  Q 
are  taken  on  AB  so  that  AP=BQ.  Draw  CP  and  CQ, 
state  all  the  other  equalities  that  you  can  in  relation  to 
the  ligure,  and  prove  each  statement. 

10.  The  points  d/  and  A"  are  the  mid-points  of  the 
respective  sides  BC  and  Al)  of  the  square  ABC  I).  Draw 
AMj  BN^  J/A',  d//>,  and  XC\  lind  as  many  isosceles  triangles 
as  you  can  in  the  figure,  and  prove  that  each  of  these 
triangles  is  isosceles. 

11.  In  this  figure  angles  m  and  u  are  sup-  A 

plementary.  Prove  that  A  ABC  is  isosceles.  /  \ 

12.  On  two  sides  of  an  equilateral  triangle  ^  /  ^A  p 

ABC  two  congruent  isosceles  triangles  BCP  \ 

and  CQA  are  constructed  so  as  to  lie  outside 

of  A  ABC.  Prove  that  the  distance  from  A  to  P  is  equal 
to  the  distance  from  B  to  (J. 

13.  The  perpendicular  bisectors  of  the  sides  AB  and 
BC  of  the  ecpulateral  triangle  AB>C  meet  in  the  point  P. 
Compare  the  distances  of  P  from  J,  7>,  and  C. 

14.  In  Ex.  to  prove  that  JP,  BI\  and  CP  bisect  the 
angles  at  A,  i>,  and  C  respectively. 

15.  In  Ex.  13  prove  that  the  perpendiculars  from  i" 
to  the  three  sides  of  the  triangle  are  equal. 

16.  Erom  Exs.  13-15,  where  is  P  situated  with  respect 
to  the  three  perpendicular  bisectors  of  the  three  sides  ? 
to  the  three  l)isectors  of  the  three  angles  ? 

17.  In  the  isosceles  triangle  ABC,  AB=AC,  M  is  the 
mid-point  of  the  base  BC,  and  and  Y  are  taken  on  AB 
and  AC  respectively  so  that  BX=CY.  State  four  other 
relations  of  equality  in  the  figure,  and  prove  each  of  the 
four  statements. 
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III.  PAPvALLEL  LINES 


78.  Parallel  Lines.  Lines  wliicli  lie  in  the  same  plane  and 
cannot  meet,  however  far  they  may  be  produced,  are  called 
parallel  lines,  or  simply  parallels. 

For  example,  .1 B  and  CD  are  parallel  lines.  (j _ d 

Since  the  student  is  already  familiar  with  such  ,  _ 

lines,  further  illustrations  are  not  necessary. 

It  shoidd  be  observed  that  in  the  above  definition  the  words  "  in 
the  same  plane  ”  are  essential. 


79.  Inferences  as  to  Parallels.  If  two  lines,  a  and  h, 
are  both  perpendicular  to  the  same  line  p,  what  do  you 

infer  as  to  their  bemg  parallel  ?  Give  _ ^ _ 

several  illustrations  of  two  sucli  lines  p _ h _ 

in  the  schoolroom,  using  for  each  illus¬ 
tration  two  lines  on  the  walls,  Poor,  ceiling,  or  desks. 

Complete  the  following  statement : 

Two  Ihies  in  the  same  plaoie  perpendicular  to  the  •  •  •. 


•P 


Phis  figure  shows  a  line  I  and  a  point  F 
not  on  1.  How  many  lines  do  you  think  i 

can  be  drawn  through  P  parallel  to  I  ?  Give  an  illustration 
of  such  a  case  iu  the  schoolroom,  preferably  with  respect 
to  lines  on  the  walls,  ceiling,  or  floor. 

Complete  the  following  statement : 

Through  a  given  point  only  one  line  caoi  •  •  •. 

In  this  figure  suppose  that  a  is  p)arallel  to  h  and  that 
p  is  perpendicular  to  a ;  what  do  you  infer  as  to  the 

relation  of  p  to  h  with  respect  to  perpeii-  g _ 

dicularity  ?  Give  an  illustration  of  such  p  ^ 
a  case  in  the  schoolroom.  - 

Complete  the  following  statement : 

Tf  a  line  is  perpendicular  to  one  of  two  parallel  lines, 
it  is  •  • 
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80.  Three  Postulates  of  Parallels.  From  the  statements 
made  on  page  195  you  have  inferred  three  facts  concern¬ 
ing  parallel  lines.  Phvo  of  these  facts  are  easily  proved, 
but  all  three  seem  so  evident  that,  for  the  present,  we 
may  assume  that  the  statements  are  true  ;  that  is,  we  may 
take  them  as  postulates  (§  42). 

In  beginning  the  study  of  geometry  it  is  desiral)le  to  avoid  proving 
various  pro[)Ositions  whose  truth  is  easily  inferred.  In  a  second 
course  in  geometry  these  may  be  considered  more  scientifically. 


1.  Two  lines  in  the  same  phoie  'perpeoidicular  to  the  same 
line  are  j^arallel. 

- - a 

If  a  and  h  are  supposed  to  be  perpendic-  ‘ ^ 
ular  to  I  they  cannot  meet,  as  at  P ;  for  if 

they  did  meet  we  should  have  two  perpendiculars  from  P  to  I,  which 
is  contrary  to  Post.  7. 


2.  Thnme/h  a  f/iven  point  onlp  one  line  can  he  drawn 
parallel  to  a  given  line.  p 

From  this  figure  it  seems  quite  evident  that  ^ 

only  one  of  the  lines  that  can  be  drawn  through  ^ 

P  can  be  parallel  to  /.  Addle  this  is  no  proof  for  the  statement,  we 
are  probably  as  convinced  of  the  simple  truth  as  we  would  be  if  a 
proof  could  be  given. 


3.  Jf  a  line  is  perpendicidar  to  o)te  of  two  paredlel  lines., 
it  is  cdso  perpendicular  to  the  other. 

That  is,  if  a  and  h  are  parallel  lines,  and  if  p  is  perpendicular  to  a, 
then  p  is  also  peiq)endicular  to  7. 

This  is  easily  seen,  for  if  p  is  not  per]>en-  _ ^ ® _ 

dicular  to  h,  suppose  that  it  is  perpendicular  p 

to  some  other  line,  such  as  c,  drawn  through  f _ _ 

the  ])oint  of  intersection  of  j)  and  h. 

If  this  sup[)osition  Avere  correct,  c  would  be  parallel  to  a  b}^  the 
first  of  these  three  ])Ostulates. 

But  this  is  im}>ossible,  for  h  and  c  cannot  both  be  parallel  to  «, 
by  the  second  of  these  })Ostulates. 


POSTULATES  AND  DEFINITIONS 
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81.  Transversal.  A  line  which  cuts  two  or  more  lines 
is  called  a  transversal  of  those  lines. 

For  example,  in  tlie  figure  below,  the  line  t  is  a  transversal  of  the 
lines  I  and  V. 

82.  Angles  made  by  a  Transversal.  In  this  figure  it  is 
customaiy  to  give  special  names  to  certain  angles : 

rt,  fg  6-',  d'  are  called  exterior  angles ; 

n/,  h\  (?,  d  are  called  interior  angles ; 

d  and  It  are  called  alteriiate  angles, 
and  similarly  for  c  and  a' ; 

a  and  a'  are  called  co7xesponding  angles,  and  similarly  for 
h  and  h',  for  c  and  c’,  and  for  d  and  d’. 

The  angles  a  and  c'  are  called  alternate  exterior  ariqles,  and  simi¬ 
larly  for  h  and  d' \  but  when  alternate  angles  are  mentioned  we  ordi¬ 
narily  mean  alternate  interior  angles ;  that  is,  we  ordinarily  mean 
d  and  h',  or  c.  and  ci. 

83.  Inferences  as  to  Parallels.  In  this  figure,  represent¬ 
ing  two  parallel  lines  cut  by  a  transversal,  d  and  h'  are 
alternate  angles.  From  the  appearance 
of  the  figure,  what  do  you  infer  as  to 
the  relative  size  of  d  and  h'  ? 

What  do  you  infer  as  to  the  relative 
size  of  h  and  h’  ? 

Write  the  statements  of  these  two  inferences  of  geo¬ 
metric  theorems  relating  to  parallel  lines,  beginning  each 
statement  thus : 

If  two  parallel  lines  are  ent  hy  a  transvei^sal,  •  •  •. 

Tlie  student  should  have  no  difficulty  in  making  further  correct 
inferences  as  to  equality  of  angles  in  the  figure  given.  lie  will  find 
it  interesting  to  letter  the  other  angles  and  to  state  every  equality 
which  exists  between*  any  two  of  them.  The  most  important  infer¬ 
ences,  however,  are  the  two  referred  to  above. 
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THEOREM.  PARALLELS  CUT  BY  A  TRANSVERSAL 

84.  If  two  2:>arallel  lines  are  cut  hy  a  transversal, 
the  alteiiiate  angles  are  equal. 

Given  /  and  V ,  two  parallel  lines,  and  the  transversal  t 
forming  with  them  the  alternate  angles  a  and  a!. 

To  qjrove  that  a  =  a’. 

Proof.  Taking  the  figure  as  shown  on  the  opposite  page, 
through  J/,  the  mid-point  of  AA',  suppose  that  BB'  is 
drawn  perpendicular  to  meeting  I  at  B. 

Then  BB'  is  likewise  A  to  /.  §  80,  3 

{Tf  a  line  is  J_  to  one  of  two  II  lines,  it  is  nlso  J_  to  the  other.)  ^ 

Since  h  and  //  are  rt.  A,  ABM  and  A' B' M  are  rt.  A. 

Furthermore,  ni  =  m',  §  51 

{If  two  lines  intersect,  the  vertical  A  are  equal.) 

and  A  M=  A'  M  C  on  s  t. 

(For  M  is  tlie  mid-point  of  A  A' .) 

Therefore  AARJ/  and  A'B’M  are  congruent.  §  74 

(Two  right  triangles  are  congruent  if  the  hypotenuse  and  an 
acute  angle  of  one  are  equal  respectively  to  the  hypot¬ 
enuse  and  an  acute  angle  of  the  other.) 

Therefore  a  =  a'.  §  54 

(For  they  are  corresponding  parts  of  congruent  triangles.) 

85.  Application.  In  the  lower  figure  on  the  opposite  page 
two  strata,  S  and  S',  of  rock  are  known  to  be  parallel.  It 
is  also  known  that  the  upper  stratum  makes  an  A  a  with 
a  vertical  line.  Without  measuring  Z  a',  which  the  lower 
stratum  makes  with  the  vertical  line,  how  does  it  compare 
in  size  with  Zed?  State  the  reason  for  your  opinion. 

What  other  angles  in  the  figure  can  you  show  to  be 
equal  ?  State  the  reason  in  the  case  of  each  pair  of  angles. 
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Exercise  17.  Parallel  Lines 

1.  If  two  2)araUel  lines  are  cut  hij  a  transversal^  each 
exterior  ane/le  is  equal  to  its  corresqujnditu/  interior  angle. 

2.  If  two  qyarallel  lines  are  cut  hg  a  transversal.,  the  interior 
angles  on  the  same  side  of  the  transverscd  are  snqiqjlementarij. 

3.  This  figure  represents  two  parallel 
lines  cut  by  a  transversal.  Find  the  values 
of  z,  y,  and  iv.,  given  that  n  =  70°;  given 
that  a  =  82°. 

4.  The  crosspieces  supporting  electric  wires  are  usually 
at  right  angles  to  the  poles.  AVliat  postulate  of  parallels 
is  illustrated  by  several  such  crosspieces  on  one  pole  ? 

5.  In  this  figure  three  parallel  lines  are 
cut  by  two  transversals,  and  certain  angles 
are  formed  as  shown.  Find  the  values  of 

y,  and  x. 

6.  A  man  walkimr  northward  chano^es  his  direction  to 
southwest.  Through  how  many  degrees  does  he  turn  ? 
If  he  wishes  to  walk  northward  again,  through  how 
many  degrees  must  he  turn  ?  Draw  a  figure  and  state 
the  proposition  on  which  your  second  answer  depends. 

7.  In  this  figure  each  angle  of  the  triangle 
is  60°,  and  two  lines  have  been  drawn  parallel 
to  the  base.  What  can  you  discover  as  to  the 
number  of  decrees  in  the  other  aimdes  ? 

8.  A  man  wishes  to  show  that  the  cost  of  manufacturing 
a  articles  is  h  dollars.  He  can  show  this  if  he  can  sliow 
that  the  cost  of  manufacturing  c  parts  of  each  article 
is  d  dollars.  To  show  this  depends  upon  knowing  three 
facts,  p,  ep  and  r.  The  fact  p  is  admitted  and  the  facts 
q  and  r  are  easily  shown.  What  follows  ? 
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Theorem.  Alternate  Angles  Given  Equal 

86.  When  two  lines  in  the  same  jActne  are  cut  hy  a 
transversal^  the  two  lines  are  'parallel  if  the  alternate 
arajles  are  equal. 


X 


Given  the  lines  AB  and  CD  cut  by  the  transversal  XY  at 
P  and  Q  respectively,  with  the  angles  APQ  and  DQP  equal. 

To  prove  that  AB  is  qmraUel  to  CD. 

Proof.  Through  0,  the  mid-point  of  PQ,  suppose  MN 


drawn  A  to  TZ>,  meeting  AB  at  M. 

Then  Z  MF  0  =  ANQO,  Given 

ZPOM=  AQON,  §  51 

(//  two  lines  intersect^  the  vertical  angles  are  equal.) 

and  OF  =  OQ.  Const. 

Therefore  A  0PM  and  OQN  are  congruent,  §  68 

{Two  triangles  are  congruent  if  two  angles  and  the  included 
side  of  one  are  equal  respectively  to  two  angles  and 
the  included  side  of  the  other.) 

and  hence  Z  OMF  =  Z  ONQ.  §  54 

But  Z  ONQ  is  a  rt.  angle,  Const, 

and  so  Z  OMF  is  also  a  rt.  angle. 

Therefore  AB  is  II  to  CD.  §  80,  1 

{For  each  is  ±  to  the  line  MN.) 
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Exercise  18.  Parallel  Lines 


1.  When  two  tines  in  the  same  plane  are  cut  hy  a  trans¬ 
versal,  the  two  lines  are  parallel  if  an  exterior  angle  is  equal 
to  the  corresponding  interior  angle. 

2.  When  two  lines  in  the  same  plane  are  cut  hy  a  trans¬ 
versal,  the  tiro  lines  are  parallel  if  two  interior  angles  on  the 
same  side  of  the  transversal  are  supplementary. 

3.  Two  lines  parallel  to  the  same  line  are  parallel  to  each 
other. 


4.  Ttro  angles  orhose  sides  are  parallel  each  to  each  are 
•  either  equal  or  suppleme)itary. 

Show  that  a  and  J>  are  both  equal  to  the 
same  angle. 

Show  that  c  is  e({ual  to  a. 

Sliow  that  (I  is  siipplenientary  to  an  angle 
that  is  equal  to  a. 


5.  Ill  this  figure,  B,  C,  and  D  are  in  a  straight  line. 
If  .r  =  74°,  y  =  48°,  and  2  =  58°,  prove  that  CE  is  parallel 
to  BA  and  find  the  number  of  degrees 
in  AC  BA  and  in  A  EC  A. 

6.  In  the  figure  of  Ex.  5  suppose 
that  X  =  142°,  ^  =  12°,  and  ^  =  2t)°,  prove 
tliat  CE  is  parallel  to  BA,  and  find  the  number  of  degrees 
in  AC  BA. 


The  student  should  sketch  a  new  hgure,  making  the  angles  conform 
approximately  to  the  new  measurements. 

7.  In  this  figure  suppose  that  .r=35°, 
y  =  48°,  and  2  =  83°.  Prove  that  AB  and  ^ 

CD  are  parallel. 

Through  Q  draw  a  line  parallel  to  .1 B. 

8.  In  the  figure  of  Ex.  7  prove  that  if  AB  and  CD 
are  given  parallel,  z  =  x  y. 
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9,  In  order  to  draw  a  line  parallel  to  a  given  line  I 
and  passing  tlirongli  a  given  point  P,  a  draftsman  uses 
a  celluloid  or  wooden  triangle,  as 
here  shown.  He  lays  the  hypote¬ 
nuse  along  the  given  Ime  Z,  places 
a  ruler  r  along  one  of  the  sides, 
and  slides  the  triangle  along  the 
ruler  until  the  hypotenuse  passes 
through  P.  He  then  draws  a  line  V  along  the  hypotenuse. 
Using  this  construction,  draw  a  line  through  a  given  point 
and  parallel  to  a  given  line.  State  the  authority  on  which 
this  construction  depends. 

10.  Draw  a  figure  showing  that  the  construction  in  Ex.  9 
can  be  made  about  as  easily  by  using  an  equilateral  triangle 
as  by  using  a  right  triangle. 

11.  In  order  to  draw  a  line  perpendicular  to  a  given 
line  I  and  passing  through  a  given  point  P,  a  draftsman 
lays  one  side  of  his  triangle 
along  the  given  line  /,  places  a 
ruler  r  along  the  hypotenuse, 
and  slides  the  triangle  along  the 
ruler  until  the  other  side  passes 
through  P.  He  then  draws  a  line  V  along  this  side.  Using 
this  construction,  draw  a  line  through  a  given  point  per¬ 
pendicular  to  a  given  line.  State  the  authority  on  which 
this  construction  depends. 

12.  Draw  a  line  AB  and  through  a  point  P  outside  AB 
draw  a  line  parallel  to  AB,  using  the  method  of  Ex.  9. 

13.  A  man  wishing  to  know  if  a  certain  statement  A 
is  true  finds  that  if  A  is  true,  then  B  is  true.  He  can 
show  that  B  is  true.  Does  it  follow  that  A  is  true  ?  State 
the  reason  for  your  answer. 

JM3 
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Exercise  19.  Review 


1.  A  draftsman  draws  a  series  of  parallel  lines  by 
means  of  a  T-square  as  here  shown. 

What  is  the  geometric  authority  for 
stating  that  the  lines  are  parallel  ? 

2.  The  accuracy  of  the  right  angle 
of  a  triangle  may  be  tested  by  first  drawing  a  perpen¬ 
dicular  BC  to  the  line  AA\  the  triangle  being  on  the  left, 
at  ABC,  and  by  then  drawing  a  per¬ 
pendicular  with  the  triangle  on  the 
right,  at  A' BC.  State  the  geometric 
principle  involved. 

3.  The  ancient  kind  of  leveling  instru¬ 
ment  here  shown  consists  of  an  isosceles 
right  triangle.  W^hen  the  plumb  line  cuts 
the  mid-point  M  of  the  base  BC,  the  line 
BC  is  level.  State  the  geometric  principle  involved. 

4.  A  bricklayer  often  uses  the  instrument  here 
shown  for  determining  if  a  wall  is  vertical.  When 
the  plumb  line  lies  along  a  line  that  is  parallel 
to  the  edge  AB,  he  knows  that  AB  is  vertical.  State 
the  geometric  principle  involved. 

5.  In  order  to  put  in  a  brace  joining  two  converging 
beams  and  making  equal  angles  with  them, 
a  carpenter  places  two  steel  squares  as 
here  shown,  so  that  OF  =  OQ.  Show  that 
BQ  makes  equal  angles  with  the  beams. 

6.  A  certain  kind  of  cloth  C  is  worth 
71  dollars  a  yard  if  it  is  all  wool.  A  cer¬ 
tain  kind  of  cloth  1)  is  worth  )i  dollars  a  yard.  What  is 
your  conclusion  as  to  D  being  all  wool  ? 
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IV.  PARALLELOGRAMS 

87.  Quadrilateral.  A  rectilinear  figure  formed  by  four 
straight  lines  is  called  a  quadrilateral. 

b  -<2: 

For  the  terms  perimeter^  vertices,  angles,  and  base,  see  §  35. 

88.  Kinds  of  Quadrilaterals.  A  quadrilateral  may  be  gen¬ 
eral  in  shape,  with  no  special  features,  or  it  may  be 

a  trapezoid,  having  two  sides  parallel ; 
a  parallelogram,  having  the  opposite  sides  parallel. 

/ 

Trapezoid  Paralleeograjm  RectajsGle  Rhombus 

If  the  nonparallel  sides  of  a  trajiezoid  are  equal,  the  trapezoid  is 
said  to  1)6  isosceles,  lint  the  isosceles  trapezoid  is  not  often  used. 

89.  Kinds  of  Parallelograms.  A  parallelogram  may  be 
a  rectangle,  having  all  its  angles  right  angles ; 

a  rhombus,  having  all  its  sides  equal. 

In  a  jiarallelogram  or  a  trajiezoid  tlie  side  parallel  to  the  base  is 
called  the  upper  base,  the  base  itself  being  then  called  the  lower  base. 

90.  Height  or  Altitude.  The  perpendicular  distance  be¬ 
tween  the  bases  of  a  parallelogram  or  a  trapezoid  is  called 
the  height  or  the  altitude. 

The  perpendicular  distance  from  the  vertex  of  a  triangle 
to  the  base  is  called  the  height  or  the  altitude  of  the  triangle. 

91.  Diagonal.  In  any  rectilinear  figure  the  line  joining 
any  two  vertices  not  consecutive  is  called  a  diagonal. 
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92.  Inferences  as  to  Parallelograms.  If  we  look  at  a 
parallelogram  we  infer  from  its  appearance  certain  facts 
wliicli  seem  to  be  worth  proving. 

1.  H  ow  do  AB  and  DC  seem  to 
be  related  as  to  length?  How  do 
BC  and  AD  seem  to  be  related 
as  to  length  ?  Write  a  statement 
about  the  relative  lengths  of  the  opposite  sides  of  a 
parallelogram. 

2.  H  ow  do  Z.A  and  AC  seem  to  be  related  as  to  size? 
Do  A  B  and  AD  seem  to  be  equal,  or  do  they  seem  to  be 
unequal  ?  Write  a  statement  about  the  relative  sizes  of  the 
opposite  angles  of  a  parallelogram. 

3.  Can  you  judge,  by  the  aid  of  a  protractor  if  neces¬ 
sary,  the  number  of  degrees  or  the  number  of  right  angles 
in  the  sum  of  Z  A  and  Z  B  ?  of  Z  B  and  AC^  W  rite  a 
statement  concerning  the  sum  of  two  consecutive  angles 
of  a  parallelogram. 

4.  Suppose  that  a  diagonal  AC 
is  drawn  as  here  shown  ;  what  do 
you  infer  as  to  the  triangles  ABC 
and  CDZ? 

If  the  parallelogram  is  cut  from  paper  and  is  then  cut  into  two 
triangles,  the  correctness  of  the  inference  is  more  apparent. 

5.  It  is  not  known  that  this  ligure  is  a  parallelogram, 
but  it  is  known  i\vAi  AB  =  DC  and  that  BC=Aj.D.  Do 
you  infer  that  ABC!)  must  neces¬ 
sarily  be  a  parallelogram  ?  Would 
drawing  a  diagonal  A  C  help  to  decide 
the  question  ?  W ould  it  enable  you 
to  prove  your  statement  ?  Write  a  statement  about  tlie 
kind  of  quadrilateral  that  has  its  opposite  sides  equal. 
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93.  Examination  of  the  Inferences.  We  shall  now  con¬ 
sider  the  inferences  suggested  on  page  206. 

1.  If  this  figure  is  a  parallelogram  and  the  diagonal 
AC  is  drawn,  how  does  x  compare  in  size  with  x\  and 
why  ?  How  does  y  compare  in  size 
with  y' ^  and  why  ?  What  reason 
is  there  for  knowing  that  A  ABC 
and  CD  A  are  congruent?  What  is 
then  true  as  to  Z.B  and  ZD?  as 
to  AB  and  CD"}  as  to  BC  and  ZD?  as  to  A  A  and  ZC? 


h 

x'y<A 

_ In 

While  we  have  used  the  symbol  Zx,  the  student  should  use  merely 
X  when  no  confusion  will  arise.  Similarly,  he  should  speak  of  A  A  in¬ 
stead  of  ZB  A  I),  although  there  are  several  angles  at  Z,  because  com¬ 
mon  sense  shows  that  ZBAD  is  meant.  When  we  ask  what  is  true 
as  to  ZB  and  ZD,  the  student’s  judgment  should  suggest  that  we 
mean  with  respect  to  size. 

2.  In  this  figure  suppose  that  it  is  known  only  that 
AB  =  DC  and  that  BC=AD.  What  reason  is  there  for 
knowing  that  A  ABC  and  CD  A 
are  congruent?  If  this  is  known, 
what  is  then  known  as  to  x  and 
Z?  If  this  is  known,  what  is 
then  true  about  the  parallelism 
of  AB  and  DG?  Can  you  show  the  same  thing  for  LC 
and  ZD?  What  kind  of  quadrilateral  is  ABCD"? 

3.  In  the  preceding  figure  suppose  that  it  is  known 
that  ZD  is  both  equal  to  and  parallel  to  DC,  nothing 
being  known  as  to  BC  and  ZD.  Because  AB  is  parallel 
to  DC,  what  is  known  about  x  and  Z?  In  A  ABC  and 
CD  A,  what  parts  are  now  known  to  be  equal  ?  What  can 
then  be  said  about  the  congruency  of  the  triangles  ?  What 
can  then  be  said  about  BC  and  ZD?  What  kind  of  quad¬ 
rilateral  is  ABCD"^  Why? 
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Theorem,  equal  Parts  of  a  parallelogram 

94.  The  opposite  sides  of  a  parallelogram  are  ecpial, 
the  opposite  angles  are  equals  either  diagonal  divides 
the  qyaraUelograin  into  two  congruent  triangles,  and  the 
two  diagonals  bisect  each  other. 

Given  the  parallelogram  ABCD  with  diagonals  AC  and  BD 
intersecting  at  O. 

To qwove  that  BC=AI),  AB  =  DC,  AA^^ZC,  AB  =  AB^ 
A  ABC  and  CD  A  are  congruent,  AABD  and  BCD  are 


congruent,  AO=  OC,  and  BO=  OD. 

Proof.  ABAC  =  ADCA  §84 

{For  AB  is  II  to  DC,  and  these  are  alternate  A.) 

and  AACB  =  AI)AC.  §84 

Also  AC  =  AC. 

Therefore  A  ABC  and  CD  A  are  congruent.  §  68 

Hence  BC  =  AD,  AB  =  DC,  §  54 

and  AB  =  Ad.  §  54 

In  the  same  way  it  can  be  proved  that  AABD  and  DCB 
are  congruent  and  hence  that  AA=AC. 

Then  in  A  ABO  and  CDO\yq  have 

A  B  =  DC,  P  roved 

ABAO^ADCO, 

and  Z  OBA  =  Z  ODC.  §  84 

Therefore  A  ABO  and  CDO  are  congruent.  §  68 

Therefore  AO  —  OC  and  BO  =  OD.  §  54 


95.  Application.  Show  how  the  proposition  applies  witli 
respect  to  the  baseball  diamond  shown  on  the  opposite  page. 
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Exercise  20.  Parallelograms 

1.  Two  pay^allel  lines  are  everywhere  equally  distant  from 
each  other. 

If  AB  is  II  to  CD,  and  AC  and 
BD  are  J_  to  CD,  prove  that  AC  is  II 

to  BD.  Then  it  follows  that  A  CDB>  -  ^  ^ 

is  a  parallelogram. 

2.  A  parallelogram  having  one  of  its  angles  a  right  angle 
is  a  rectangle. 

3.  It  is  proved  in  physics  that  two  forces  acting  on 
an  object  0  have  the  same  effect  as  a  single  force  known 
as  their  resultant.  If  one  force  of  100  lb. 

Y 

is  pulling  in  the  direction  OA,  and  the  '  " " 

other  of  50  lb.  is  pnlling  in  the  direction 
OF,  the  resultant  will  be  represented  by  ^ 
the  diagonal  OR  of  the  parallelogram  OXRY.  By  taking 
OX  to  represent  100  1b.  and  OF  to  represent  50  lb.,  and 
measuring  OR  and  AXOR,  we  can  find  the  magnitude  and 
direction  of  the  resultant.  Using  a  protractor  and  ruler, 
find  these  in  the  above  case. 

4.  Two  forces  at  right  angles  to  each  other  are  exerted 
upon  an  object.  One  force  is  300  lb.  to  the  riglit  and  the 
other  is  400  lb.  upwards.  Find  the  resultant  as  in  Ex.  3. 

5.  An  airplane  moving  horizontally  at  the  rate  of  176 
ft. /sec.  drops  a  bomb  which  starts  falling  at  the  rate  of 
16  ft./sec.  Find  the  direction  and  rate  of  the  bomb. 

Tlie  expression  ft./sec.  means  feet  j^er  second. 

Proceed  as  witli  tlie  p(traUelo(ir<nii  of  forces  in  Exs.  3  and  4. 

6.  The  diagonals  of  a  rhombus  form  four  right  angles. 

7.  The  perpendiculars  from  two  opposite  vertices  of  a 
parallelogram,  drawn  to  the  diagonal  determined  by  the 
other  vertices,  are  e(|nal. 
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Theorem.  Opposite  Sides  Equal 

96.  If  both  pairs  of  opposiU  sides  of  a  epiadr Hater al 
are  equal,  the  figure  is  a  par cdlelogr am. 


Given  the  quadrilateral  ABCD,  having  BC  equal  to  AD, 
and  AB  equal  to  DC. 

To  prove  that  ABOD  is  a  q)ar  cdlelogr  am. 

Proof.  DraAv  the  diagonal  AC. 

In  the  A  ABC  and  CD  A, 

BC  =  DA,  Given 

AB  =  DC,  Given 

and  AC  =  AC. 


Therefore 

A  ABC  and  CDA  are  congruent. 

§72 

(Two  triangles  are  congruent  if  the  three  sides  of  one  are  equal 
respectively  to  the  three  sides  of  the  other.) 

Therefore 

Z.BAC  =  /^DCA, 

§54 

and  so 

AB  is  11  to  DC. 

§86 

(For  A  BA  C  and  DC  A  are  equal  alternate  A  made  by  the  trans¬ 
versal  AC  with  the  lines  AB  and  DC.) 

Similarly, 

AACB  =  ACAD, 

§54 

and  so 

BC  is  II  to  AD. 

§86 

Therefore 

ABCD  is  a  parallelogram. 

§88 

(For  both  pairs  of  opposite  sides  are  jgarallel.) 
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Exercise  21.  Criterion  of  a  Parallelogram 


1.  This  figure  represents  four  hinged  rods,  AB  being 
equal  to  DC^  and  BC  being  equal  to  AD.  As  the  angles 
change,  does  the  figure  continue  to  be 

a  parallelogram  ?  Upon  what  theorem  ^ 

does  your  answer  depend  ? 

2.  In  the  figure  of  Ex.  1,  if  Z.A  is  110°,  how  large  is 
ZR?  ZU?  Zi>? 

3.  In  the  figure  of  Ex.  1,  if  ZD  is  10°,  how  large  is 
ZT?  ZR?  ZU? 

4.  This  figure  represents  a  parallel  ruler.  Explain  its 

construction  and  use  _ 

and  state  tlie  theorem  /f”" - n - 

on  whicii  its  principle  _ jl _ (I 

depends.  I  - ^ - °  .  ■■■■■  W 

5.  This  figure  represents  six  hinged  rods,  all  the  angles 

being  right  angles  and  R,  Q,  R,  S  bisecting  TR,  RU,  CD,  DA 
respectively.  Prove  that  the  figure  can  fie  ^  ^  ^ 

pulled  into  different  shapes,  the  angles  then 
ceasing  to  fie  right  angles,  l)ut  that  all  the 
quadrilaterals  remain  parallelograms.  a  p  b 

6.  If  the  diagonals  of  a  quadrilateral  l:>isect  each  other, 
the  quadrilateral  is  a  parallelogram. 

7.  If  the  diagonals  of  a  quadrilateral  l^isect  each  other 
at  right  angles,  the  quadrilateral  is  a  rhombus. 

8.  In  this  figure  the  quadrilaterals  AJ>CD  and  ABPQ 

are  both  parallelograms.  Prove  b  Q  c  p 

that  the  triangles  AQD  and  BBC 
are  congruent. 

Observe  that  CD  is  equal  to  PQ,  for 
each  is  equal  to  a  certain  other  line. 
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Theorem.  Two  Sides  Equal  and  parallel 

97.  If  two  sides  of  a  quadrilateral  are  equal  and 
jKtrcdlel,  then  the  other  two  sides  are  equcd  and  q)arcdlel, 
and  the  figure  is  a  imrcdlelogram. 


Given  the  quadrilateral  ABCDy  having  side  AB  equal 


and  parallel  to  side  DC. 

To  qwore  that  ABCD  is  a  'parcdlelogram. 

Proof.  Draw  the  diagonal  AC. 

In  the  A  ABC  and  CD  A, 

AC=AC\ 

AB  =  DC,  Given 

and  ZBAC=ZDCA.  §84 

{For  AB  is  given  II  to  DC,  and  these  are  alternate  A.) 
Tlierefore  A  ABC  and  CD  A  are  congruent.  §  58 

Therefore  BC=  DA^ 

and  AACB  =  A  CAD.  §  54 

Therefore  BC  is  II  to  AD.  §  86 

{For  AACB  and  CAD  are  alternate  A  made  by  a  transversal 
and  have  been  proved  to  be  equal.) 

But  AB  is  II  to  DC.  Given 

Therefore  ABCD  is  a  parallelogram.  §  88 

{For  both  pairs  of  opposite  sides  are  parallel.) 


It  will  be  seen  that  §  94  gives  properties  of  parallelograms,  while 
§§  90  and  97  give  tests  for  finding  if  figures  are  parallelograms. 
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Exercise  22.  Quadrilaterals  as  Parallelograms 

1.  It  is  given  that  AB  is  equal  and  parallel  to  CD,  that 
F  is  the  mid-point  of  AB,  and  that  Q  is  the  mid-point  of 
CD.  Prove  that  FBQC  is  a  parallelogram. 

2.  In  Ex.  1  prove  that  AFDQ  also  is  a 
parallelogram. 

-*  p 

3.  In  the  above  figure  for  Exs.  1  and  2 

hnd  another  parallelogram  and  prove  the  truth  of  your 
statement  concerning  it. 

4.  In  laying  out  a  tennis  court  it  is  desired  to  draw  a 

line  through  a  point  P  parallel  to  a  line  AB  already  fixed. 
To  do  tliis,  a  line  is  drawn  from  P  to  Q,  ^  y  p  ^ 
any  point  on  AB,  and  the  mid-point  31  of 
FQ  is  found.  Then  from  any  other  point 
A"  on  AB  a  tape  is  stretched  through  31,  ^  ^ 

and  a  point  V  is  found  such  that  d/P  is  equal  to  X3L 
A  line  CD  is  then  drawn  through  Y  and  F.  Prove  that 
CD  is  parallel  to  AB. 

5.  In  surveying  it  often  becomes  necessary  to  run  a 

straight  line  beyond  an  object  through  which  it  is  impos¬ 
sible  to  sight  and  over  which  it  is  impossible  to  pass.  One 
of  the  methods,  applied  to  the  adjoining  ^  ^ 

figure,  is  as  follows :  Suppose  the  surveyor 
runs  the  line  AB  to  B ;  he  then  runs  a 
line  BC  at  right  angles  to  AB at  C  he 

runs  a  line  CD  at  right  angles  to  BC',  at  D  he  runs  a  line 
DX  at  right  angles  to  CD ;  on  DX  he  lays  off  DE  equal 
to  CB,  and  at  E  he  runs  a  line  EE  at  right  angles  to  DE. 
Prove  that  EF'  is  part  of  the  straight  line  AB  prolonged. 

6.  If  two  adjacent  angles  of  a  parallelogram  are  equal, 
the  parallelogram  is  a  rectangle. 
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7.  If  tie  diagonals  of  a  parallelogram  are  equal,  the 
parallelogram  is  a  rectangle. 

8.  If  two  equal  lines  bisect  each  other  at  right  angles, 
they  form  the  diagonals  of  a  certain  square.  Draw  the 
square  and  prove  the  theorem  as  stated. 

9.  In  the  trapezoid  ABCD,  AB  being  parallel  to  DC, 
if  CE  is  drawn  to  meet  AB  at  E  so  as  to  make  Z.BEC 
the  supplement  of  AD,  the  figure  AECD  is  a  parallelogram. 

10.  The  line  joining  the  mid-points  of  two  opposite  sides 
of  a  parallelogram  divides  the  figure  into  two  congruent 
parallelograms. 

Prove  the  congruence  by  superposing  one  parallelogram  on  the 
other  and  proving,  as  in  §  58,  that  the  two  coincide. 

11.  The  mid-points  of  the  sides  a,  h,  c  of  the  equilateral 
triangle  ABC  are  X,  Y,  Z  respectively.  Prove  that  A,  Z,  X, 
and  Y  are  the  vertices  of  a  parallelogram. 

12.  In  this  rectangle  AB,  BB,  CP,  and  DP  are  the 
respective  bisectors  of  the  angles.  Prove 
that  PQBS  is  a  rectangle.  Consider  whether 
or  not  it  is  also  a  square. 

13.  Consider  Ex.  12  when  ABCD  is  a 
parallelogram  but  not  a  rectangle. 

14.  A  certain  figure  can  be  proved  to  be  a  parallelogram 
if  it  can  be  shown  that  certain  angles  are  right  angles.  If 
it  can  be  shown  that  these  angles  are  right  angles,  does  it 
follow  that  the  figure  is  a  parallelogram  ?  If  the  figure 
is  a  parallelogram,  does  it  follow  that  these  angles  are 
right  angles  ?  Explain  your  answers. 

15.  Certain  goods  can  be  proved  to  be  all  wool  if  it  can 
be  shown  that  they  were  bought  from  a  certain  dealer. 
The  goods  are  all  wool.  What  conclusion  do  you  draw  as 
to  where  they  were  bought  ?  Explain  your  answer. 
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Theorem.  Transversals  and  Parallels 

98.  If  three  or  more  imredlels  intercept  eepteil  segments 
on  one  trcmsversal,  they  intercept  equal  segments  on 
every  transversal. 


Given  the  parallels  AR,  CZ>,  EF,  GHy  intercepting  equal 
segments  BD^  DF^  FH  on  the  transversal  BH^  and  intercepting 
segments  AC,  CE,  EG  on  another  transversal. 

To  prove  that  AC  =  CE=EGr. 

Proof.  Suppose  AP,  CQ,  and  ER  drawn  II  to  BH. 

Since  ADPA  =  APDF  (§  84),  AAPC  =  ABDC.  §  32 
Similarly,  Z  CQE  =  ADFE  and  AERG  =  AFHG. 


Also,  ABDC  =  ADFE  ^  AFHG. 

Therefore  AAPC=  A  CQE  =  AERG, 
and  each  of  these  is  equal  to  AQCP  and  REQ.  §  84 

Therefore  AP,  CQ,  EJR  are  parallel.  §  86 

As  above,  Z  CAP  =  A  ECQ  =  AGER. 

Now  AP  =  BD,  CQ  =  DF,  and  ER  =  FH  §  94 
But  BD  =  DF  =  FIT.  Given 

Therefore  AP  =  CQ  =  ER. 

{For  they  are  equal  to  equal  quantities.) 


Therefore  A  CPA,  EQC,  and  GRE  dU!Q  congruent.  §  68 
Therefore  AC=CE=EG.  §54 
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99.  Corollary  1.  If  a  line  is  'parallel  to  one  side  of  a 
triangle  and  bisects  anotlter  side^  it  bisects  the  third  side  also. 

Let  DE  be  parallel  to  BC  and  bisect  A  R.  Suppose  a  line  drawn 
through  A  parallel  to  BC.  Then  how  do  we 
know  this  line  to  be  parallel  to  DE  ?  Since  it 
is  given  that  the  three  parallels  intercept  e(pial 
segments  on  the  transversal  AB,  what  can  we 
say  of  the  segments  intercepted  on  A  C?  AATiat 
can  we  then  say  that  DE  does  to  AC? 

100.  Corollary  2.  The  line  tohich  joins  the  mid-points 
of  two  sides  of  a  triangle  is  parallel  to  the  third  side  and  is 
equal  to  half  the  third  side. 

A  line  DE  drawn  through  the  mid-point  of  AB,  II  to  BC,  divides 
AC  in  what  way  (§  99)?  Therefore  the  line  joining  the  mid-points 
of  AB  and  A  C  coincides  with  this  parallel  and 
is  II  to  BC.  Also,  since  EE  drawn  II  to  AB 
bisects  AC,  how  does  it  divide  BCl  AVhat 
does  this  prove  as  to  the  relation  of  BE,  EC, 
and  BCl  How  do  we  know  that  BFED  is 
a  parallelogram?  AVhat  do  we  know  as  to 
the  equality  of  DE,  BE,  and  RC? 

101.  Corollary  3.  The  line  joining  the  mid-points  of  the 
non-parallel  sides  of  a  trapezoid  is  parallel  to  the  bases  and 
is  equal  to  half  their  sum. 

Draw  the  diagonal  DB.  In  the  AABD  join  E,  the  mid-point 
of  ADj  to  F,  the  mid-point  of  DB.  By  §  100,  what  relations  exist 
between  EE  and  A  R  ?  In  the  A  DB  C  join 
F  to  G,  the  mid-point  of  BC.  AVhat  rela¬ 
tions  exist  between  EG  and  DC  I  Since 
these  relations  exist,  what  relation  exists 
between  A  R  and  EG  ?  But  only  one  line 
can  be  drawn  through  F  II  to  A  R  (§  80,  2). 

Therefore  EG  is  the  prolongation  of  EE. 

Hence  EFG  is  II  to  AR  and  CD,  and  is  equal  to  ^  (AR  +  DC). 

AA^rite  out  proofs  of  Corollaries  1,  2,  and  3  in  full,  as  in  §  98. 
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Exercise  23.  Review 


1.  Segments  of  parallel  lines  cat  off  hg  parallel  lines 
are  equal. 

2.  Tam  rectangles  having  equal  bases  and  eepial  heights 
are  congruent. 

Prove  by  superposition,  that  is,  by  placing  one  figure  on  the  other 
and  sliowing  that  the  two  figures  coincide,*  as  in  §§  58  and  68. 


3.  Two  parallelograms  are  congruent  if  two  sides  and  the 
included  cuigle  of  one  are  equal  respectively  to  two  sides  and 
the  included  angle  of  the  other. 

Prove  by  superposition,  as  in  Ex.  2. 

4.  Explain  geometrically  why  this 
telephone  extends  horizontally  when  it  is  pulled  out. 

State  each  proposition  involved  in  the  answer. 

5.  A  board  8  in.  wide  is  to  be  sawed  into  five  strips 

of  equal  width.  In  order  to  draw  the  lines  for  sawing,  a 
carpenter  lays  his  steel  square 
as  here  shown,  placing  the  cor¬ 
ner  on  one  edge  and  the  10-inch 
mark  on  tlie  other.  He  then 
marks  the  board  at  the  divisions  2,  4,  6,  8  on 
the  square.  He  then  moves  the  square  along  the 
board  and  repeats  the  process  of  marking.  Through  the 
respective  marks  he  now  draws  straight  lines.  Prove  that 
these  lines  satisfy  the  requirements.  ^ 


6.  The  rectangular  frame  here  shown 
has  a  plumb  line  MP  hung  from  J/,  the 
mid-point  of  the  upper  strip  of  wood. 

Show  geometrically,  stating  each  propo¬ 
sition  used,  that  when  the  line  crosses  the  mid-point  of 
the  base  AB  this  base  is  level. 


n  { 

)P^  B 

REVIEW 
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7.  Write  four  independent  conditions  which  make  a 
quadrilateral  a  parallelogram  and  draw  the  figure  illus¬ 
trating  each  condition. 

8.  Describe  by  name  each  of  tlie 
lettered  figures  included  in  this  com¬ 
plete  figure. 


B 

c/A 

\  ^ 

G 

^  / 

J  / 

/Ky 

'H  \ 

Aa/m 

9.  If  the  mid-points  of  the  sides  of  a  parallelogram  are 
joined  in  order  by  straight  lines,  the  resulting  figure  is 
also  a  parallelogram. 

10.  In  this  parallelogram  ABCD  it  n _  R  n 

is  given  that  FB  =  DIx  and  AS=CQ. 

Prove  that  PQliS  is  a  parallelogram. 

Show  first  that  AP  =  CR. 


11.  A  draftsman  placed  a  ruler  r  as  shown  in  the 
figure,  making  an  acute  angle  with  AB,  and  from  points 
on  r  that  were  1,  2,  3,  4,  and  5  inches 
from  A  he  drew  parallel  lines  cutting  AB. 

Prove  that  these  lines  divide  AB  into  five 
equal  segments. 


-A- 


12.  The  line  joining  the  mid-points  of  two  opposite  sides 
of  a  parallelogram  passes  through  the  intersection  of  the 
diagonals. 

13.  In  Ex.  11  show  that  the  draftsman 
might  have  divided  AB  into  five  equal  seg¬ 
ments  by  transferring  this  Ime  to  a  piece  of 
squared  paper,  as  here  shown. 

14.  In  certain  of  the  following-named  figures  the  diago 


nals  bisect  each  other :  a  square,  a  rhombus,  a  trapezoid,  a 
rectangle,  a  parallelogram,  any  other  quadrilateral.  State 
in  which  figures  this  is  the  case,  and  prove  that,  in  general, 
it  is  not  the  case  with  the  other  figures. 
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15.  Two  rectangles  are  congruent  under  certain  of  tlie 
following  cases :  (1)  Two  sides  of  one  equal  respectively 
to  two  sides  of  the  other;  (2)  Four  sides  of  one  equal 
respectively  to  four  sides  of  the  other;  (3)  Two  adjacent 
sides  of  one  equal  respectively  to  two  adjacent  sides  of  the 
other ;  (4)  A  diagonal  of  one  equal  to  a  diagonal  of  the 
other.  State  in  what  cases  they  are  congruent  and  draw 
hgures  to  show  they  are  not  congruent  in  the  other  cases. 

16.  In  Ex.  15  substitute  parallelograms  for  rectangles 
and  then  consider  the  four  cases  mentioned. 


17.  A  dentist’s  working  table  is  adjusted  as  shown  in 
this  figure.  State  in  full  the  geometric  proof  that  table  T 
is  always  horizontal  provided  the 
apparatus  is  properly  made  and  is 
fastened  to  a  vertical  wall  IF. 

The  bar  A  is  fastened  to  ]"at  right  angles. 

18.  In  laying  out  a  tennis  court  it 

is  desired  to  run  a  line  through  F  parallel  to  AB.  This  is 
a  convenient  method :  stretch  a  tape  from  F  to  any  point 
G  on  u4F;  then  with  (>  as  center  swing  the  ^ 

tape  to  cut  AB  at  B ;  with  F  and  B  as  7 
centers  and  the  same  radius  as  before  mark  .  /  ■  ^ 

arcs  intersecting  at  A;  and  draw  a  line 
through  F  and  S.  Prove  that  FS  is  the  line  required. 

19.  A  student  l)elieves  he  can  prove  a  certain  theorem 
if  he  can  prove  that  B  =  B'  and  0=  O'.  Another  student 
proves  the  theorem.  Can  any  definite  conclusion  be  drawn 
as  to  how  he  did  it  ?  A  meclianic  believes  that  he  can 
make  a  machine  run  properly  if  he  tightens  a  certain  bolt 
and  oils  a  certain  bearing.  Another  mechanic  makes  the 
machine  run  properly.  Can  any  definite  conclusion  be 
drawn  as  to  how  he  did  it  ? 
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V.  ANGLE  SUMS 

102.  Inference  as  to  Angles  of  a  Triangle.  If  yon  cut 

several  kinds  of  triangles  from  paper  and  then  cut  off  the 
three  angles  of  each  triangle  and  fit  them  together  as  here 


ning  thus: 

TJie  sum  of  the  angles  of  a  triangle  is  equal  to 

103.  Examination  of  the  Inference.  Although  the  above 
inference  may  seem  to  l)e  correct  for  several  triangles,  it 
does  not  follow  that  it  is  correct  for  all  triangles.  Even 
in  the  case  of  any  triangle  we  examine,  our  eyes  may  be 
deceived,  and  the  sum  of  the  angles  may  really  be  179°  40', 
or  180°  25',  or  some  other  angle  that  is  approximately 
180°.  We  tlierefore  proceed  to  see 
if  there  is  any  way  of  proving  that 
the  inference  is  always  true. 

Suppose  that  the  line  p  is  drawn 
through  the  vertex  of  Z  2  of  a  tri¬ 
angle,  and  parallel  to  the  opposite  side,  as  here  shown. 
Then  in  the  figure,  to  what  angle  is  x  ecjual,  and  why  ? 

To  what  angle  is  y  equal,  and  why  ? 

How  does  X  y  compare  with  x’-\-  z  +  y',  and  why  ? 

But  x'  z-\-  f  is  equal  to  what  kind  of  angle  ? 

Then  x-\r  y  is  equal  to  what  kmd  of  angle  ? 

Does  the  proof  depend  in  any  way  upon  the  kind  of 
triangle  taken  ?  That  is,  is  the  proof  equally  valid  for  an 
equilateral,  isosceles,  or  right  triangle  as  for  any  other  kind  ? 

What  is  your  conclusion  as  to  the  sum  of  the  angles  of 
any  triangle  ? 
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THEOREM.  Angles  of  a  Triangle 

104.  The  Sinn  of  the  three  angles  of  a  triancjle  is 
eciual  to  a  straight  angle. 


Given  the  triangle  ABC^  with  angles  jr,  y,  and  z. 

To  prove  that  x  -\r  g  -[-  z  =  a  straight  angle. 

Proof.  Suppose  p  to  be  drawn  through  C  parallel  to  AB 
making  angles  x'  and  f  with  sides  AiC  and  BC  respectively. 

Then  U  +  2  a  straight  angle.  §20 

But  T  =  X  and  f  =  y.  §  84 

Substituting,  x  z  y  =  x  straight  angle. 

105.  Exterior  Angle.  The  angle  included  by  one  side  of 
a  plane  figure  and  an  adjacent  side  produced  is  called  an 
exterior  einyle  of  the  figure.  c 


For  example,  /.XBOr  is  an  exterior  angle  of 
A.l/tC’,  an<l  ^.1  and  ZC  are  called  the  ojijmsile 
interior  (oie/les. 


106.  CoROLLArvY.  exterior  coiyle  of  a  triangle  is 

eepial  to  the  sum  of  the  two  opposite  interior  angles. 


and 


Therefore  Z  .1  +  Z  G  +  Z  CBA  —  Z  XBt ' 
Snl)tracting  Z  CBA,  /.A  Z  C  =  ZX BC. 


For 


ZXBC  +  Z  CBA  =a  st.  Z, 

Z  A  +  Z  C  +  Z  CBA  ^  a  st.  Z. 

Z  A  +  Z  C  +  Z  CBA  =  Z  XBC  +  Z  CBA. 
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Exercise  24.  Angles  of  a  Triangle 

1.  If  two  angles  of  one  triangle  are  equal  respectively 
to  two  angles  of  another  triangle,  how  do  the  third  angles 
of  the  triangles  compare  in  size  ?  Prove  your  statement. 

2.  In  a  draftsman’s  triangle,  Z.B  is  often 
a  right  angle,  as  shown  in  the  figure,  and 
ZA  is  30°.  In  such  a  triangle  how  many 
degrees  are  there  in  Z  (7  ? 

3.  Prove  that  the  sum  of  the  two  acute  angles  of  a 
right  triangle  is  equal  to  90°. 

Given  these  two  angles  of  a  triangle^  find  the  third  angle : 

4.  27°,  30°.  7.  50°,  37°.  10.  120°,  40°  305 

5.  42°,  18°.  8.  82°,  41°  275  11.  132°,  16°  505 

6.  68°,  29°.  9.  78°,  53°  455  12.  128°  43^  26°. 

It  heing  asserted  that  the  angles  of  a  triangle  are  as  given 

helow^  find  the  impossible  cases : 

13.  48°,  37°,  95°.  16.  27L°,  62|°,  90°. 

14.  39°,  62°,  87°.  17.  59°  6',  47°  54',  73°. 

15.  56L°,  48i°,  75°.  18.  42°  10',  21°  18',  98°  325 

19.  How  many  degrees  are  there  in  each  angle  of  an 
equilateral  triangle  ?  Prove  your  statement. 

20.  If  the  vertical  angle  of  an  isosceles  triangle  is  40°, 
how  many  degrees  are  there  in  each  of  the  other  angles  ? 

21o  If  one  of  the  base  angles  of  an  isosceles  triangle  is 
40°,  liow  many  degrees  are  there  in  each  of  the  other  angles? 

22.  If  one  angle  of  a  triangle  is  48°,  find  the  sum  of 
the  other  two  angles.  Find  also  the  exterior  angle  at  the 
vertex  of  the  given  angle.  Compare  the  results. 
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23.  If  one  angle  of  a  triangle  is  29°  30',  what  is  the 
sum  of  the  otlier  two  ano-les  ? 

O 

24.  If  the  sum  of  two  angles  of  a  triangle  is  29°  30', 
how  many  degrees  are  there  in  the  other  angle  ? 

25.  An  exterior  angle  at  the  base  of  an  isosceles  trian¬ 
gle  being  100°,  find  the  number  of  degrees  in  each  angle 
of  the  triangle. 


26.  The  exterior  angle  at  the  vertex  of  an  isosceles 
triangle  being  100°,  find  the  number  of  degrees  in  each 
angle  of  the  triangle. 

27.  An  exterior  angle  of  an  isosceles  triangle  being 
120°,  what  other  special  name  can  be  given  to  the  trian¬ 
gle?  Prove  your  statement. 


28.  The  sum  of  the  two  exterior  angles  at  the  base  of 
an  isosceles  triangle  being  270°,  what  other  special  name 
can  be  given  to  the  triangle  ?  Prove  your  statement. 

29.  If  one  angle  of  a  triangle  is  right  or  obtuse,  each 


of  the  other  aimles  is  what  kind  of  ano-le  ?  Prove  it. 

O  O 


'B' 

A 


A*. 


30.  In  this  figure,  O'd'  is  perpendicular  to  Gd, 
and  O' B’  to  OB.  Name  all  the  })airs  of  ec^ual 
angles  in  the  figure  and  prove  each  statement. 

31.  In  Ex.  30  suppose  that  O'  lies  within  Z.AOB^  as 
shown  in  this  figure. 

Produce  B'O'  to  meet  OA,  as  at  A'.  Sliow  that 
the  angles  of  AXO'A'  are  respectively  ecpial  to  the 
angles  of  AX  OB'. 

32.  In  Ex.  31  suppose  that  O'  lies  on 
Oi>,  as  shown  in  this  figure. 

Show  that  the  angles  of  AX  O' A'  are  respec¬ 
tively  equal  to  the  angles  of  AXOO'. 


33.  In  Ex.  31  show  ZB' O' A'  to  be  supplementary  to  Z  0. 
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34.  Two  angles  tvliose  sides  are  perpendicular  to  each  other 
are  either  eepial  or  supplementary. 

35.  Of  the  angles  of  a  triangle  the  second  is  twice 
as  large  as  the  first  and  the  third  is  twice  as  large  as 
the  second.  Find  the  nninber  of  degrees  in  each  angle. 

36.  In  this  triangle  p  is  the  sum  of 
what  two  angles?  ([  is  the  sum  of  what 
two  ?  r  is  the  sum  of  what  two  ?  Com¬ 
pare  a h  c  with  jc  +  (/  +  r.  How  many 
degrees  are  there  in  ^  +  r  ? 

37.  If  a  ray  of  light  LP  strikes  a  mirror  OP  at  P  and 
is  reflected  to  a  mirror  OP'  perpendicular  to  the  first 
mirror,  striking  it  at  P'^  tlie  ray  is  reflected 
back  in  a  line  1*'L'.  The  angle  of  ioci- 
dence  QPL  is  equal  to  tlie  angle  of  reflec¬ 
tion  P’PQ.  Find  all  the  angles  in  the 
figure  in  terms  of  /,  and  show  that  P'L'  is  parallel  to  PL. 

38.  Two  triaoigles  are  congruent  if  Leo  angles  and  a  cor¬ 
responding  side  of  one  are  equal  respectively  to  two  angles  and 
a  corresponding  side  of  the  other. 

Ex.  38  adds  a  new  condition  of  congnience  to  the  list  given  in  §  76. 


39.  If  a  triangle  has  two  equal  angles.,  the  sides  opposite 
these  angles  are  equal. 

This  corollary  was  for  tlie  time  being  assmned  to  be  true  in 
§  61.  It  was  not  nsed  thereafter  in  any  proof  except  in  §  75,  and 
that  theorem  has  not  since  been  nsed.  It  wonld  have  lieen  possible 
to  ])rove  §  61  when  it  was  given,  and  it  wonld  be  pos¬ 
sible  to  prove  §  75  without  using  §  61.  For  an  ele¬ 
mentary  treatment,  however,  the  arrangement  given 
is  the  most  satisfactory.  We  can  now  prove  §  64. 

Suppose  that  ZB  = /.C.  We  have  then  to  prove 
that  h  —  c.  Suppose  a  perpendicular  AP  to  be  drawn 
from  A  to  BC  and  ^wove  that  M^ABP  and  ACP  are  congruent. 


226 


AXGLE  SUMS 


107.  Polygon.  A  closed  plane  figure  formed  by  joining 
a  succession  of  points,  each  to  the  foUoAving  one  and  the 
last  to  the  first,  is  called  a  jmlygon. 

The  terms  x'ldes^  perbneter,  (tnf/les,  rertices,  and  diagonals  are  em¬ 
ployed  as  usual. 

108.  Polygons  classified  as  to  Sides.  A  polygon  is  called 
a  triangle  if  it  has  three  sides,  a  epiadrilateral  if  it  has  four, 
a  pentagon  if  it  has  five,  a  liexagon  if  it  has  six. 

These  names  are  sufficient  for  most  cases.  The  next  few  names  in 
order  are  heptagon,  octagon,  nonagon,  decagon,  undecagon,  dodecagon. 

A  polygon  is  equilateral  if  all  of  its  sides  are  equal. 

109.  Polygons  classified  as  to  Angles.  A  polygon  is  equi¬ 
angular  if  all  of  its  angles  are  equal ;  convex  if  each  of  its 
angles  is  less  than  a  straight  angle ;  concave  if  it  has  one 
or  more  angles  greater  than  a  straight  angle. 


Equilateral  Equiangular  Convex  Concave 


An  angle  of  a  polygon  greater  than  a  straight  angle  is  called  a 
7-e-entrant  angle.  When  the  term  polygon  is  used  without  restriction, 
a  convex  i»olygon  is  always  understood. 

110.  Regular  Polygon.  A  polygon  which  is  both  equi¬ 
angular  and  equilateral  is  called  a  regular  polygon. 

111.  Relation  of  Two  Polygons.  Two  polygons  are: 

Mutually  equiangular  if  the  angles  of  one  are  equal  to  the 
angles  of  the  other  respectively,  taken  in  the  same  order ; 

Mutually  eepdlateral  if  the  sides  of  one  are  equal  to  the 
sides  of  the  other  respectively,  taken  in  the  same  order ; 

Cong  relent  if  one  can  be  made  to  coincide  with  the  other. 
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112.  Inference  as  to  a  Polygon.  Having  considered  the 
sum  of  the  angles  of  a  triangle,  we  shall  now  see  if  there 
is  an  equally  important  relation  as  to 
the  sum  of  the  angles  of  a  polygon. 

Considering  the  pentagon  ABCDE^ 


it  is  natural  to  divide  it  into  triangles 
because  we  have  already  found  the 
sum  of  the  angles  of  a  triangle. 

What  is  the  sum  of  the  angles  of  each  triangle  ?  What  is 
the  sum  of  the  angles  of  the  pentagon  ? 

In  the  case  of  a  hexagon,  how  many  triangles  are  there? 
What  is  the  sum  of  all  the  angles  ? 

How  many  triangles  would  there 
be  in  the  case  of  a  figure  of  seven 
sides  ?  What  would  be  the  sum  of 
all  the  angles  ? 

Using  figures  divided  as  shown 
above,  the  number  of  triangles  is 
always  how  many  less  than  the  number  of  sides  ?  Then 
the  number  of  straight  angles  in  the  sum  of  the  angles  of  a 
polygon  is  always  how  many  less  than  the  number  of  sides  ? 

Let  ns  try  another  way  of  dividing 
the  polygon  into  triangles,  connecting 
any  point  P,  within  the  polygon,  with 
the  vertices. 

What  is  the  sum  of  the  angles  of 
each  triangle  ?  of  all  the  triangles  ? 

How  many  straight  angles  must  be 
subtracted  because  of  the  angles  about  P  which  are  not 
angles  of  the  polygon  ?  Then  how  many  straight  angles 
are  there  in  the  sum  of  the  angles  of  the  polygon  ? 

Write  the  statement  as  to  the  sum  of  the  angles  of 
any  polygon. 
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Theorem.  Angles  of  a  polygon 

113.  The  sum  of  the  hiterior  ancjles  of  a  2^olycjon  is 
efiuril  to  as  many  straight  angles  as  the  figure  has 
sides,  less  two. 

Given  the  polygon  ABCDEFy  having  n  sides. 

7o  j^f'ove  that  the  sum  of  the  interior  angles  is  equcd 
to  {n  — 2)  straight  angles. 

Proof.  From  A  draw  the  diagonals  AC,  AD,  AE. 

The  sum  of  the  angles  of  the  triangles  is  equal  to  the 
sum  of  the  angles  of  the  polygon. 

There  are  fi  —  2)  triangles. 

{For  there  is  one  for  each  side  except  the  two  skies  adjacent  to  ^4.) 

The  Slim  of  the  angles  of  each  of  these  triangles  is  equal 
to  one  straight  angle.  § 

Tlierefore  the  sum  of  tlie  angles  of  the  (n  —  2)  triangles 
is  equal  to  (n  —  2)  straight  angles. 

Therefore  the  sum  of  the  angles  of  the  polygon  is  equal 
to  (/?  —  2)  straight  angles. 

We  may,  of  course,  express  the  sum  as  (n  —  2)  180°. 

Ill  a  re,q;ular  polyt>’ou  of  a  sides,  each  angle  is  -  •  ~  180°. 

n 

114.  Application.  In  the  lower  figure  on  the  opposite 
page  two  surveyors  are  measuring  a  field  of  six  sides. 
They  have  an  instrnmejit  for  measuring  the  angles,  and 
tliey  find  tliese  angles  to  be  128°  30',  125°  15',  87°  45', 
132°  30',  85°  45',  and  150°  45'.  Is  this  result  correct? 
If  not,  what  is  the  error  in  the  sum  of  the  angles  ? 

Surveyors  actually  make  use  of  this  })roposition  or  one  similar 
to  it  to  check  the  work  in  measuring  the  angles  of  a  field.  In  case 
the  work  does  not  check  the  error  is  due  to  carelessness  or  to  the 
inaccuracy  of  the  instruments  used. 
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Exercise  25.  Angles  of  a  Polygon 

1.  Show  that  the  theorem  of  §  113  holds  for  a  triangle. 

2.  What  is  the  sum  of  the  angles  of  a  pentagon  ?  of  an 
octagon  ?  of  a  decagon  ? 

3.  Find  the  number  of  degrees  in  each  angle  of  an 
equilateral  triangle,  of  a  regular  hexagon,  and  of  a  regular 
polygon  of  16  sides. 

4.  Five  angles  of  a  hexagon  are  115°,  130°,  98°  30', 
100°,  and  102°  15'.  Find  the  sixth  angle. 

5.  How  many  sides  has  a  regular  polygon,  each  angle 
of  which  is  1|^  right  angles  ?  each  angle  of  which  is  108°  ? 
each  angle  of  which  is  140°  ? 

6.  The  angles  of  a  triangle  are  u,  2^/,  and  1.5  u  degrees. 
Find  the  number  of  degrees  in  each  angle. 

7.  The  angles  of  a  quadrilateral  are  n,  n  n  and 
n  +  3  degrees.  Find  the  number  of  degrees  in  each  angle. 

8.  The  angles  of  a  certain  pentagon  are  all  equal 
except  one,  and  that  is  an  angle  of  80°.  Find  the  num¬ 
ber  of  degrees  in  each  of  the  four  equal  angles. 

9.  In  surveymg  a  four-sided  field  it  was  found  that 
the  angles  were  respectively  109°  30',  80°  30',  110°  15', 
and  59°  45'.  Check  the  work  by  the  aid  of  §  113. 

10.  Find  the  number  of  degrees  in  the  vertical  angle 
of  an  isosceles  triangle,  given  that  one  of  the  equal  angles 
of  the  triangle  is  72°  15' 45". 

11.  A  manufacturer  carries  a  certain  number  of  lines 
of  goods  on  his  list,  and  he  has  a  salesman  for  every  line 
except  two.  The  salary  of  each  salesman  is  fl80  a  month. 
If  the  manufacturer  carries  7i  lines  of  goods,  how  much 
is  his  pay  roll  per  month  for  his  agents? 
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115.  Inference  as  to  Exterior  Angles.  If  we  produce  the 

sides  of  a  polygon  as  Iiere  shown,  we  shall  have  the  exte¬ 
rior  angles  a/,  b',  d',  e\  and  In  speaking  of  the 

exterior  angles  of  a  polygon,  the 
sides  are  supposed  to  be  produced 
in  the  same  order  about  the  figure, 
as  in  this  case. 

W e  may  easily  infer  what  the  sum 
of  these  angles  is.  Suppose  that  you 
are  walking  along  the  line  FA,  from 
F  towards  A,  and  suppose  that  you  turn  at  A  and  walk  from 
A  towards  B.  You  turn  at  A  through  the  angle  a!.  Similarly, 
at  B  you  turn  through  h' \  at  G,  through  c';  at  i),  through 
d’ ;  at  F,  through  c';  and  at  F,  through  /'.  You  now  notice 
that  you  have  turned  completely  around  and  are  again 
facing  in  the  direction  FA. 

Through  how  many  straight  angles,  or  through  how 
many  right  angles,  do  you  turn  when  you  turn  completely 
around  ?  What  is  then  the  sum  of  the  exterior  angles 

The  series  of  dots  in  this  case  means  "  and  so  on  to.” 

116.  Examination  of  the  Inference.  What  is  the  sum  of 

a  and  of  h  and  A?  of  c  and  c'?  of  each  interior  angle 
and  its  corresponding  exterior  angle  ? 

If  the  figure  has  n  sides,  it  has  how  many  vertices  ? 
It  has  how  many  such  sums  as  a  + 

Then  the  sum  of  all  the  interior  and  all  the  exterior 
angles  is  how  many  straight  angles  ? 

But  what  is  the  sum  of  all  the  interior  angles? 

Subtracting  this  sum  of  the  interior  angles,  what  is  the 
sum  of  the  exterior  angles  ? 

State  the  result  of  this  proof  as  a  theorem. 
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Theorem,  sum  of  the  Exterior  Angles 

117.  The  sum  of  the  exterior  angles  of  a  g^ohjgon  is 
e filial  to  two  straight  angles. 


Given  the  polygon  ABCDE^  having  its  n  sides  produced  in 
succession. 

To  prove  that  the  sum  of  the  exterior  angles  is  equal 
to  two  straight  angles. 

Proof.  Denote  the  interior  angles  by  h,  c,  d,  and 
the  corresponding  exterior  angles  by  If  c\  d\  e'. 

Then,  considering  the  angles  at  A, 

Zn -}- Z(i^'=  a  st.  Z.  Post.  9 

Similarly,  the  sum  of  the  interior  angle  and  the  exterior 
angle  at  each  of  the  n  vertices  is  a  straight  angle. 

Therefore  the  sum  of  all  the  interior  and  all  the  exterior 
angles  of  the  polygon  is  equal  to  nst.A. 

But  tlie  sum  of  all  the  interior  angles  is 

(/i-2)st.  Zs.  §113 

{The  sum  of  the  interior  angles  of  a  polygon  is  equal  to  as 
many  st.  A  as  the  figure  has  sides^  less  two.) 

'Subtracting,  we  see  that  the  sum  of  all  the  exterior  angles 
is  n  —  —  2)  st.  Z,  or  2  st.  Z. 
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Exercise  26.  Exterior  Angles 

1.  Two  of  the  exterior  angles  of  a  triangle  are  110° 
and  100°  respectively.  Find  the  nninber  of  degrees  in 
each  of  the  three  angles  of  tiie  triangle. 

By  the  angles  of  a  polygon  is  meant  the  interior  angles. 

2.  Two  of  the  angles  of  a  triangle  are  88°  and  72° 
respectively.  Find  the  number  of  degrees  in  each  exterior 
angle  of  the  triangle. 

3.  Find  the  number  of  degrees  in  each  exterior  angle 
of  a  regular  pentagon. 

4.  Jn  a  certain  right  triangle  one  acute  angle  is  three 
times  the  other.  Find  the  number  of  degrees  in  each 
exterior  angle  of  the  triangle. 

5.  Each  exterior  angle  of  a  certain  regular  polygon  -is 
36°.  Find  the  number  of  sides  of  the  polygon. 

6.  Make  out  a  talde  showing  the  number  of  degrees 
in  each  interior  angle  and  each  exterior  angle  of  regular 
polygons  of  three,  four,  live,  six,  •  •  • ,  ten  sides. 

7.  Five  of  the  exterior  angles  of  a  hexagon  are  56°, 
63°,  57°,  70°,  49°.  Find  the  number  of  degrees  in  each 
angle  of  the  hexagon. 

8.  Seven  of  the  angles  of  an  octagon  are  150°,  112°, 
120°,  130°,  140°,  132°,  125°.  Find  the  number  of  degrees 
in  each  exterior  angle  of  the  octagon. 

9.  Each  exterior  angle  of  a  certain  regular  polygon  is 
20°.  Find  the  sum  of  the  angles  of  the  polygon. 

10.  The  total  expenses  for  work  done  inside  and  outside 
a  certain  shop  in  a  day  is  n  dollars.  The  expenses  for 
work  done  inside  the  shop  is  (ji  —  2)  dollars.  Find  the 
expenses  for  work  done  outside  the  shop. 
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Exercise  27.  Review 

1.  The  two  base  angles  of  an  isosceles  triangle  are 
bisected  by  lines  meeting  at  P.  The  vertical  angle  of  the 
isosceles  triangle  is  40°.  Find  the  number  of  degrees  in  ZP. 

2.  In  the  isosceles  triangle  ABC  each  base 
angle  is  twice  the  angle  at  the  vertex.  If  the 
line  BD  bisects  ZP,  what  kind  of  triangle  does 
BCD  seem  to  be  ?  Prove  that  yonr  inference  ^ 
is  correct. 

3.  Two  consecutive  angles  of  a  rectangle  are  bisected 
by  lines  meeting  at  P.  Draw  the  figure  carefully,  study 
it  particularly  with  respect  to  PP,  write  a  tlieorem  con¬ 
cerning  it,  and  prove  this  theorem. 

4.  Study  this  figure  with  respect  to  the 
sum  of  the  marked  angles,  write  a  theorem 
concerning  it,  and  prove  this  theorem. 

5.  In  a  certain  right  triangle  one  of  the  angles  is  45°. 
Tlie  two  acute  angles  are  bisected  by  lines  meeting  at  P. 
Draw  the  figure,  study  it,  write  a  tlieorem  concerning  the 
bisectors,  and  prove  this  theorem. 

6.  Find  the  sum  of  the  angles  at  the  five  a 
points  of  the  usual  form  of  the  five-pointed  star. 

Such  a  star  is  souietimes  called  a  pentcKjram.  It 
was  used  as  a  badge  l)y  the  followers  of  Pythagoras,  one  of  the 
greatest  of  the  Greek  uiathematicians,  about  525  b.c.  At  the  five 
points  were  the  Greek  letters  r,  7,  i,  e,  a,  the  word  v^leia.  (hygieia) 
meaning  "  health,”  the  single  letter  e  being  used  for  eo 

7.  A  lawyer  knows  that  if  A  has  told  the  truth  in  a 
certain  case,  then  B  has  also  told  the  truth.  He  also 
knows  that  B  has  actually  told  the  truth.  What  can  he 
or  can  he  not  mfer  with  respect  to  A  ? 
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VI.  AREAS 


The  area  of  any  surface  is 
that  the  surface  contains, 
of  area  of  a  rectangle  is 


118.  Area  of  a  Rectangle. 

the  number  of  square  units 
The  number  of  square  units 
equal  to  tlie  product  of  the 
number  of  units  in  the  base 
and  the  number  of  units  in 
the  height. 

For  example,  in  this  figure  there  are  10  units  in  the  base  ami 
3  units  in  the  height,  the  number  of  square  units  being  3  x  10,  or  30. 

In  measuring  a  rectangle  we  may  take  any  units  we  wish,  such  as 
inches  and  scpiare  inches,  feet  and  square  feet,  tenths  of  an  inch  and 
hundredths  of  a  square  inch,  or  centimeters  and  square  centimeters. 

It  should  be  noticed  that  although  the  area  of  a  square  that  is 
1  in.  on  a  side  is  1  sq.  in.,  we  may  have  an  area  of  1  sq.  in.  that  is 
triangular,  circular,  or  oblong,  or  of  any  other  shape. 

In  a  small  rectangle  we  can  expect  to  find  the  lengths  of  the  sides 
correct  to  0.05  in.  and  to  compute  the  area  correct  to  0.05  sq.  in.  If 
onr  measurements  are  correct  only  to  two  decimal  places,  the  results 
will  probably  be  correct  only  to  two  (not  four)  decimal  places. 

For  brevity  it  is  usually  stated  that  the  area  of  a  rec¬ 
tangle  is  equal  to  the  product  of  the  base  and  height." 

The  rectangle  of  the  lines  AB  and  RC  is  usually  indicated  by 
AB  •  BC  and  the  square  on  AB  is  indicated  by  AB“. 

By  the  product  of  lines  we  mean  the  product  of  their  numerical 
measures  considered  as  abstract  numbers. 


A  reetangle  is  often  named  by  using  the  letters  of  two 
opposite  vertices. 

Thus  a  rectangle  A  BCD  may  be  named  AC  or  BD. 

119.  Equivalent  Polygons.  Polygons  which  have  equal 
areas  are  called  ecfiivalent  polygous. 

It  is  customary  to  say  that  two  polygons  are  equal  when  they  are 
equal  in  area,  unless  some  misunderstanding  is  likely  to  arise. 

JM3 
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THEOREM.  RECTANGLES 


120.  The  rectangle  confained  hij  one  line  and  the  sum 
of  severed  other  lines  is  eeiaal  to  the  sum.  of  the  rectangles 
contained  lag  the  first  line  and  each  of  the  other  lines. 


p 

Q 

R 

a 

b 

c 

A  B 

Given  the  line  x  and  the  lines  a,  and  c. 

To  prove  that  the  rectangle  x{a  +  ^  +  c)  is  equal  to 
the  sum  of  the  rectangles  xa,  xh,  and  xc. 

Proof.  Place  a,  h,  and  c  in  one  line  so  that  their  sum 
is  AB,  and  place  x  at  right  angles  to  AB  at  the  point  A. 
Complete  the  rectangle  ABCl)  and  from  the  ends  of  a  and 
h  draw  parallels  to  x  as  shown  in  the  figure. 

Theii  F  is  the  rectangle  of  x  and  u,  Q  is  the  rectangle 


of  X  and  h,  and  It  is  the  rectangle  of  x  and  c. 

{Fur  their  opposite  sides  are  parallel  hij  construction  or  hij 
§  80,  3,  and  the  angles  are  right  angles.) 

Also  P  =  xa, 

Q  =  xh 

R  =  xc. 

AC  =  P  +  Q  +R  =  xa  +  xh  +  a’c. 
AC  =  x(a  +  l>  A-  c). 

X (a  +  h  A-  c)  =  xa  A-  xh  -h  xc. 


$89 


§118 


and 
But 
Also 
Hence 

Thus  we  see  that  a  certain  algebraic  product  is  represented  in 
geometry  by  a  rectangle. 
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Theorem,  square  on  the  Sum 


121.  The  square  on  the  suni  of  two  lines  is  equal  to 
the  sum  of  the  squares  on  the  two  lines^  together  with 
twice  the  rectangle  contained  hy  the  lines. 


X 


R  Q 


A  C  B 

Given  the  two  lines  AC  and  CB. 


To  2^rove  that  (AO +CBY- =  AiT  +  + ‘1  AO ■  OB. 

Proof.  Place  AC  and  CB  so  that  A,  C\  and  7^,  in  this 
order,  are  in  one  straight  line. 

Suppose  squares  constructed  on  AB  and  CB  as  shown 
and  lettered  in  the  tignre,  and  CZ  produced  to  7?,  and 
YZ  to  X.  Then  CX  and  YB  are  rectangles. 

{For  their  opposite  sides  are  II,  and  one  Z  of  each  is  a  rt.  Z.) 


Also 

ZP  =  AC"^, 

§  118 

{For  XZ 

^AC,  and  ZR^  XP  =  AP -  AX  =AB- 

-  CB=AC.) 

and 

bz=cTT. 

§118 

Also 

CX=AC-  CB, 

and 

YE  =  AC-  CB. 

§118 

{For  CZ  =  CB,  YZ  =  CB,  and  YQ  =  XP  =  AC,  as  above.) 
Adding  and  remembering  that  ZP  -C  BZA-  CX-{-  Yli  =  BP., 
lB^=JC'^+7iB^  +  2AC.  CB. 


Thus  we  see  the  geometric  form  of  the  algebraic  identity 
(a  +  hY  =  cF  +52  +  2  ab. 
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Theorem,  square  on  the  Difference 

122.  The  square  on  the  difference  hetiveen  two  lines 
is  eeimd  to  the  sum  of  the  scjuares  on  the  two  lines,  less 
twice  the  reet angle  of  the  lines. 


Given  the  two  lines  AB  and  BC,  AB  being  the  longer. 

To  prom  that  [AB  -  BCf  =  AB'^ +  -  2AB  .  BO. 

Proof.  Place  AB  and  BC  so  that  A,  C\  and  B,  in  this 
order,  are  in  one  straight  line. 

Suppose  squares  constrncted  on  AB  and  CB  as  shown 
and  lettered  in  the  figure,  and  CZ  produced  to  A,  and  YZ 
to  A'^  Then  CX  and  YB  are  rectangles. 

{For  their  opposite  sides  are  II,  and  one  Z  of  each  is  a  rt.  Z.) 

Also,  XR=1c‘'%  §118 

( For  XZ  =  A  C,  and  XP  =  AP  -  A  A'  =  AB  -  CZ  =  AB  -  BC  =  A  C.) 

AY  =  AB  .  BC\ 

and  CQ  =  ABXiC.  §118 

{For  BY  =  AC,  and  BQ  =  A  B.) 

But  XB  =  AQ-  A  Y -  ZQ 

=  AQ-AYA-CY-CQ. 

T1  leref ore  AC'‘^  =  AB‘^  +  Wf- -'2AB  ■  B C. 

Thus  we  see  the  geometric  form  of  the  algebraic  identity 
(rt  —  h)-  =  rt^  +  —  2  ab. 
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Theorem,  rectangle  of  sum  and  difference 

123.  The  rectangle  of  the  sum  and  the  difference 
of  two  lines  is  eciual  to  the  difference  of  the  squares 
on  the  lines. 


p _ R  Q 


z 

A  c  B 


Given  the  two  lines  AB  and  SC,  AB  being  the  longer. 

Toqqjrore  that  QAB  +  BC')  •  {AB  —  BC^  =  AB‘^  —  BC‘^. 

Proof.  Place  the  lines  AB  and  BC\  as  in  the  lignre,  so 
that  C  lies  between  A  and  B. 

Suppose  the  rest  of  the  lignre  to  be  constructed  as 
in  §  122,  each  separate  figure  then  being  a  rectangle. 

Then  ATr-BC‘^  =  AQ-CY  =  AR  +  ZQ. 

(For  AQ  —  CY  and  AR  +  ZQ  are  each  equal  to  the  figure  ACZYC^P.) 


But 

AR  =  AC^AP 

§118 

=  AC -AB 

and 

ZQ  =  ZR>ZY 

§118 

=  AC  -BC. 

Hence 

AB^-‘ =  AC  •  AB  Y AC  •  BC 

=  (NS  +  SC)  AC 

§120 

=  (NS+SC)(AS-i?C). 

Thus  we  see  the  geometric  form  of  the  algebraic  identity 
fd  —  =  (a  +  h)  (a  —  h). 


240 


AKEAS 


Exercise  28.  Areas  of  Rectangles 

1.  The  side  of  a  square  is  found  to  be  2.85  in.  Find 
the  area  to  the  proper  number  of  decimal  places  (§118). 

2.  The  sides  of  a  rectangle  are  4.35  in.  and  2.65  in. 
Find  the  area  to  the  proper  number  of  decimal  places. 

3.  The  perimeter  of  a  square  is  21.2  in.  Find  the  area. 

4.  A  rectangle  is  8  in.  long  and  has  an  area  of  27.2  sq.  in. 
Find  the  width. 

5.  A  square  and  a  rectangle  have  equal  perimeters, 
84  in.,  and  the  lengtli  of  the  rectangle  is  twice  the  width. 
Find  the  difference  in  the  areas  of  the  figures. 

6.  A  square  and  a  rectangle  have  equal  areas,  100  sq.  in., 
and  the  length  of  the  rectangle  is  four  times  the  width. 
Find  the  difference  in  the  perimeters  of  the  figures. 

7.  From  a  square  piece  of  tin  which  is  10  in.  on  a  side 
there  are  cut  at  the  corners  four  squares,  each  1  in.  on  a 
side.  The  tin  is  then  folded  up  so  as  to 
form  a  rectangular  box  with  base  8  in.  on 
a  side  and  with  height  1  in.  Find  the  vol¬ 
ume  of  this  box.  Also  find  the  volume  if 
the  small  squares  cut  out  at  the  corners 
are  3  in.  on  a  side. 

8.  The  perimeter  of  a  rectangle  is  21  in.  and  one  side 
is  6.3  in.  Find  the  area. 

9.  Illustrate  the  fact  that  a  square  has  a  greater  area 
than  any  other  rectangle  having  the  same  perimeter. 

10.  If  A  is  true,  then  it  is  known  that 
B  is  also  true.  But  it  is  known  that  B  is 
true.  Does  it  necessarily  follow  that  A  is 
true  ?  Explain  your  answer. 


["nith 

in 
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0 
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124.  Inference  as  to  Parallelograms.  Consider  the  par¬ 
allelogram  ABCD  and  the  rectangle  ABXY^  each  of  which 
is  shown  in  this  figure.  As  yon 
look  at  the  rectangle  and  then 
at  the  parallelogram,  how  do  the 
areas  of  the  two  figures  seem  to 
compare  ? 

If  yon  should  cut  the  figure 
out  of  paper,  is  there  any  part  of  the  parallelogram  that 
you  could  cut  off  and  move  to  another  position  so  as  to 
show  that  the  parallelogram  has  the  same  area  as  the 
rectangle  ? 

Could  this  be  done  with  a  parallelogram  of  different 
shape?  Draw  two  parallelograms  of  different  shape  on  the 
blackboard,  or  cut  two  such  parallelograms  from  paper,  to 
illustrate  yonr  answer. 

What  do  you  infer  as  to  the  area  of  a  parallelogram 
compared  with  the  area  of  a  rectangle  of  the  same  base 
and  the  same  height?  Write  out  this  statement. 

How  do  you  find  the  area  of  a  rectangle? 

How  would  you  proceed  to  find  the  area  of  a  parallelo¬ 
gram  ?  State  the  reason. 

Write  a  complete  statement  of  the  method  of  finding 
the  area  of  a  parallelogram. 

What  do  yon  infer  as  to  the  comparative  areas  of  two 
parallelograms  having  equal  bases  and  equal  heights  ? 
Draw  a  figure  to  explain  yonr  answer. 

Are  two  parallelograms  necessarily  congruent  if  they 
have  equal  bases  and  equal  heights  ?  Are  two  such  paral¬ 
lelograms  necessarily  equivalent  ? 

Are  two  rectangles  necessarily  congruent  if  they  have 
equal  Imses  and  equal  heights  ?  Are  they  necessarily 
equivalent  ? 


242 


AREAS 


Theorem.  Area  of  a  parallelogram 

125.  The  area  of  a  2^aredlelo(jram  is  equal  to  the 
produet  of  its  base  aud  its  heiqht. 


Given  the  parallelogram  ABCDy  with  base  b  and  altitude  a. 

To  q) rove  that  the  area  of  qmrcdleloqram  ABCI)  =  ah. 

Proof.  Suppose  BX  drawn  from  B  ±  to  CD  or  to  CD  pro¬ 
duced,  and  A  Y  drawn  from  A  _L  to  CD  or  to  CD  produced. 

Then  ABXY  is  a  rectangle,  Avitli  base  h  and  height  a. 

Now  AD  =  BC,  and  A  Y=  BX.  §  94 

Tlierefore  rt.  AADY  and  BCX  are  congruent.  §  75 

From  ABCY  irXe  ABCX‘  then  nA/AYFis  left. 

From  ABCY  take  AADY;  then  EJABCD  is  left. 

Therefore  □  ABXY=  EJA  BCD.  Ax.  2 

Rut  the  area  of  EE  ABXY  =  ah.  §  118 

Therefore  the  area  of  [I]ABCD=ah. 

126.  C(  )K()LLARY  1.  ParaUelaqrams  liaving  equal  bases 
and  equal  altitudes  are  erfdvaJent. 

127.  Corollary  2.  A  parallelogram  is  e(juivalent  to  a 
rectangle  having  its  base  and  height  eepial  respectivelg  to  the 
base  a)id  height  of  the  parallelogram. 

This  theorem  was  regarded  as  very  interesting  by  the  ancients, 
since  it  might  at  first  be  thought  impossible  that  the  areas  of  two 
parallelograms  could  remain  the  same  although  their  perimeters 
differed  ^^ithout  limit. 
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Exercise  29.  Areas  of  Parallelograms 

Find  the  areas  of  joarallelograins  udiose  bases  and  heights 
are  respectively  as  folloivs  : 

1.  3.2  in.,  0.5  ill.  3.  6.2  ft.,  8  in.  5.  3  ft.  8  in.,  11  in. 

2.  4.8  in.,  2.7  in.  4.  5.8  ft.,  2.4  ft.  6.  4  ft.  6  in.,  3  ft. 

Find  the  heights  of  j^drallelogranis  ivhose  areas  and  bases 
are  respectively  as  follows  : 

7.  7  sq. in.,  2  in.  9.  9  sq.ft.,  1-|  ft.  11.  8sq.  in.,  9in. 

8.  8.4  sq.  in.,  2  in.  10.  8  sq.  in.,  16  in.  12.  9sq.  in.,  8in. 


In  this  figure  it  being  known  that  d  is  perpendhndar  to  b 
produced,  and  that  c  is  perpendicular  to  a  produced^  prove  that: 


13.  ac  =  bd. 

14.  The  perimeter  of  tlie  reetangle  with 
sides  a  and  c  is  less  tlian  the  perimeter  of 
the  parallelogram  with  sides  a  and  b. 


15.  Without  reference  to  a  rectangle  as  in  §  125,  prove 
that  parallelograms  on  the  same  base  and  between  tlie 
same  parallels  are  equivalent. 

Ly  parallelograms  between  the  same  paral¬ 
lels  we  mean  j^arallelograms  having  each  a  pair 
of  opposite  sides  on  the  same  two  parallel  lines. 

Prove  that  QD  —  PC  and  that  ^ADQ  and 
BCP  are  congruent.  Consider  the  case  in  which  the  point  1)  falls 
to  the  right  of  the  point  P. 


16.  A  rectangle  is  a  parallelogram,  a  S(|uare  is  a  paral¬ 
lelogram,  therefore  a  rectangle  is  a  square.  Is  the  reasoning 
correct  ?  If  not,  where  is  the  error  ?  Does  it  invalidate 
a  statement  that  is  often  given  as  an  axiom,  that  quantities 
equal  to  the  same  quantity  are  equal  to  each  other  ? 
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THEOREM.  Area  of  a  Triangle 

128.  The  area  of  a  triangle  is  ef[ual  to  half  the  prod- 
net  (f  its  base  and  its  height. 

F  A  E  F  E  A 


B  D  G  B  CD 

Given  the  triangle  ABCy  with  base  BC  and  height  AD. 

To  prom  that  the  area  of  A  ABC  =hBC  •  AB. 

Proof.  SiH)pose  that  a  line  is  drawn  tlirongli  A  parallel 
to  BC\  and  that  BB  and  CE  are  drawn  perpendicular  to 
this  parallel. 

Then  BDAF,  DCEA,  and  BCEE  are  rectangles.  §  89 

{For  the  sides  are  II  hy  const,  or  by  §  80,  1,  and  the  A  are 
right  angles  by  const,  or  by  §  04.) 

Also  A  A  BI)  =  h  FIK  §  94 

(.1  diagonal  divides  the  CJ  into  two  congruent  A.) 

S i milarl}^  A  A  DC  =  h  BE. 

Therefore,  in  the  left-hand  figure, 

AABB  FA  AB  C  =  h  FB  +  h  BE,  Ax.  1 

and  therefore  A  ABC  =  h  BE. 

Similarly,  in  tlie  right-liand  figure, 

A  ABB  -  A  A  DC  =  h  FB  -  h  BE,  Ax.  2 

and  therefore  A  ABC  =  h  BE. 

Again,  BE  =  BC  •  AB.  §  118 

Therefore,  in  eitlier  case, 

AABC:^hBC  •  AB. 
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Exercise  30.  Areas  of  Triangles 


1.  The  product  of  the  two  sides  of  a  right  triangle  is 
equal  to  the  product  of  the  hypotenuse  by  the  perpendicu¬ 
lar  from  the  vertex  of  the  right  angle  to  the  hypotenuse. 

2.  What  can  be  said  as  to  the  compai'ative  areas  of 
the  two  triangles  ABC  and  ABC'  if  CC’  is 
parallel  to  AB  ?  Prove  your  statement. 

3.  The  base  and  height  of  a  triangle 
are  14.75  in.  and  7.25  in.  respectively.  What  is  the  area? 


w 


In  Exs.  3-0  the  lengths  are  su})posed  to  l)e  found  by  ineasnrement 
and  to  be  correct  only  to  the  nninber  of  decimal  places  stated.  Hence 
the  areas  are  subject  to  the  limitation  mentioned  in  §  118. 


Find  the  areas  of  trianffles  whose  bases  and  heights  are 


respectivelg  as  folloivs : 

4.  2.3  in.,  1.7  in. 

5.  4.8  in.,  2.6  in. 

6.  7.75  in.,  9.35  in. 


7.  17.45  in.,  18.65  in. 

8.  3  ft.,  2  ft.  4  in. 

9.  4  ft.  64-  in.,  ll£  in. 


Find  the  heights  of  triangles  whose  areas  and  bases  are 
respectively  as  follows : 

10.  144  sq.  in.,  12  in.  13.  476  sq.  ft.,  28  ft. 

11.  350  sq.  ft.,  70  ft.  14.  320  sq.  yd.,  40  yd. 

12.  684  sq.  in.,  18  in.  15.  480  sq.  mi.,  96  mi. 

16.  A  triangle,  a  rectangle,  and  a  parallelogram  have 

each  a  base  14.6  in.  and  a  height  7.3  in.,  and  a  square  has 
a  side  7.3  in.  Compare  the  areas  of  the  figures. 

17.  The  three  sides  of  a  right  triangle  are  21  in.,  28  in., 
and  35  in.  Find  the  area  of  the  triangle. 

In  all  cases  in  which  a  proldem  gives  more  than  is  required  for 
the  solution,  use  only  what  is  necessary. 
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18.  SI  low  how  a  line  should  be  drawn  through  one 
vertex  of  a  triangle  so  as  to  bisect  the  area. 

19.  Find  the  area  of  the  parallelogram  ABCD  if  AC  is 
17.4  in.  and  the  perpendicular  from  B  on  AC  is  9.3  in. 

20.  Draw  a  triangle  and  a  parallelogram  on  the  same 
base  and  between  the  same  parallels,  write  a  statement 
as  to  the  comparative  areas,  and  prove  the  statement. 

A  triangle  and  ,a  parallelograin  are  said  to  be  between  the  same 
parallels  when  their  bases  are  segments  of  the  same  line  and  the 
vertex  of  the  triangle  is  inline  with  the  upper  base  of  the  parallelogram. 

21.  Triantjles  liavhvj  equal  bases  and  equal  altitudes  are 
equivalent. 

22.  A  triangle  is  equivalent  to  half  of  a  ]?arallelogram 
of  the  same  base  and  the  same  altitude. 

This  theorem  is  a  formal  statement  of  Ex.  20. 

23.  In  the  right  triangle  ABC,  given  that  Ji5?  =  10in., 
BC  =  8  in.,  and  CA  =  6  in.  A  line  is  drawn  frcnn  the  mid¬ 
point  of  BC  to  the  mid-point  of  AB,  thus  cutting  oft  a 
small  triangle.  Find  the  area  of  the  small  triangle. 

24.  In  this  figure,  given  that  BAC  is  a  right  angle,  that 
CD  is  parallel  to  AB,  and  that  ABJ  is  parallel  to  BD,  find 
a  formula  for  the  distance  from  BJ  to  BD.  o  e  b 

25.  In  the  figure  of  Ex.  24  find  the 
distance  of  the  point  E  from  the  line  BI) 
when  b  =  4:  in.,  a  =  6  in.,  and  c  =  8  in. 

26.  In  the  figure  below,  given  that  BAD  is  a  right  angle, 
that  DC  is  parallel  to  ABi,  and  that  AC  is  perpendicular 
to  BD,  find  a  formula  for  the  length  of  BBJ. 

27.  In  this  figure,  using  the  formula  of 
Ex.  26,  find  the  lengtli  of  BBJ  when  a  — 11  in., 
b  =  1  in.,  and  c  =  15  in. 
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129.  Area  of  a  Trapezoid.  If  we  consider  the  trapezoid 
ABCD,  we  see  that  it  can  be  divided  into  two  triangles 
by  drawing  either  diagonal.  Since 
we  have  learned  how  to  find  the 
area  of  a  triangle,  we  can  see  at 
once  a  simple  method  of  finding 
the  area  of  a  trapezoid. 

Suppose  that  the  bases  of  the  trapezoid  are  h  and  h'  and 
that  the  height  is  li.  What  is  then  the  base  of  IaABC^. 
the  height  of  AABC^  the  area  of  A  ABC? 

What  is  the  base  of  AACD? 

What  is  the  height  of  AACD? 

Evidently  any  side  may  be  taken  as  base  of  A  A  CD,  but  since  we 
know  only  the  side  //,  and  since  /<  is  the  distance  from  .1  to  the  line 
through  C  and  D,  we  find  it  desirable  to  take  V  as  the  base,  even 
though  AACD  is  below  it. 

What  is  the  area  of  AACD? 

Since  you  now  have  the  area  of  A  ABC  and  the  area  of 
AACD,  how  can  yon  find  the  area  of  the  trapezoid? 

Let  ns  now  apply  this  method  to  finding  the  area  of  a 
trapezoid  whose  bases  are  8  in.  and  6  in.  and  whose  height 
is  4  in. 

Suppose  the  diagonal  AC  to  be 
drawn  dividing  the  trapezoid  into 
the  two  triangles  ABC  and  ACD. 

What  is  the  area  of  A  ABC? 

What  is  the  area  of  AACD? 

What  is  the  sum  of  these  areas ;  that  is,  what  is  the 
area  of  the  trapezoid  ? 

Write  a  statement  of  the  method  discovered  above  for 
finding  the  area  of  a  trapezoid. 

Write  a  formula  for  the  area  of  a  trapezoid  with  bases 
h  and  h'  and  with  height  4. 
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Theorem.  Area  of  a  Trapezoid 

130.  The  area  af  a  tr(q)ezoid  is  equal  to  half  the 
product  of  the  sum  of  its  bases  by  its  height. 

D  t)  c 


B 

Given  the  trapezoid  ABCD,  with  bases  b  and  V  and  height  h. 

To  prove  that  the  area  of  ABCI)  ^  \  h{b  d-b'). 

Proof.  Draw  the  diagonal  AC. 

Then  the  area  of  A  ABC  =  hid, 

and  the  area  of  AACD  =  hld'.  §  128 

the  area  of  ABCD  —  h  Id  +  h  hd 

§120 

131.  Corollary.  The  area  of  a  trapezoid  is  equal  to  the 
product  of  the  line  joining  the  midpoints  of  its  nonparallel 
sides  hy  its  altitude. 

132.  Area  of  an  Irregular  Polygon.  We  can  find  the 
area  of  an  irregular  polygon  by  dividing  the  pol3"gon  into 
triangles  and  finding  the  area 
of  each  triangle,  or  by  using  the 
method  suggested  by  this  figure. 

Draw  the  longest  diagonal  and 
perpendiculars  to  it  from  the  vertices. 

The  Slim  of  the  areas  of  the  right  tri¬ 
angles,  rectangles,  and  trapezoids  is  equal  to  the  area  of  the  polygon. 
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Exercise  31.  Areas  of  Trapezoids 


1.  An  excavatio]!  for  a  railway  track  is  24  ft.  deep, 
84  ft.  wide  at  the  top,  and  68  ft.  wide  at  the  bottom. 
Find  the  area  of  the  cross  section. 

2.  How  much  leather  will  just  cover  a  flat  window  seat, 
the  two  parallel  sides  being  4  ft.  and  3^  ft.,  and  tlie  dis¬ 
tance  between  the  parallel  sides  being  2  ft.  1  in.  ? 

3.  In  the  quadrilateral  ABCD  it  is  given  that  A/t  =  11  in., 
OD  =  8  in.,  ZJ5=80°,  Z  0  =  100°,  and  the  distance  from 
C  to  AB  is  7-J-  in.  Find  tlie  area. 

Use  only  such  data  as  are  necessary. 

4.  A  surveyor  measures  a  lot  ABCD  and  finds  that  B 
and  C  are  right  angles,  that  AB  =  120  ft.,  BC  =  68  ft.  6  in., 
and  CD  =  74  ft.  Find  the  area. 

Find  the  areas  of  trapezoids  'whose  parallel  sides  are  the 
first  two  of  these  'tiumhers  and  heights  the  third  ‘tmmhers : 


7,  3  ft.  7  in.,  2  ft. ;  3  ft. 

8.  6  ft.,  4  ft.  2  in. ;  3  ft. 


5.  3  ft.,  2  ft. ;  8  in. 

6.  U  ft.,  3^  ft. ;  11  ft. 


Find  approximate  areas  of  these  p}olijgons  hy  dranving  the 
figures  to  scale  and  finding  the  heights  of'  the  triangles  hy 
measuring : 


9.  A  field  ABCD,  of  four  sides,  having  AB  =  20  rd., 
RO=  30  rd.,  CD  =  40  rd.,  DA  =  40  rd.,  and  AC  =  25  rd. 

10.  A  field  ABCDF,  of  five  sides,  having  AB  =  30  rd., 
BC  =  40  rd.,  CD  =  50  rd.,  DE  =  80  rd.,  EA  =  AB  +  CD, 
AO=  60  rd.,  and  AD  =  90  rd. 

11.  A  field  ABCD  EE,  of  six  sides,  having  AB  =  60  rd., 
BC=DE=  50  rd.,  CD  =  FA  =  ^  BD  =  ^  CE  =  rd.,  and 
CA  =  BF-20  =  70tA, 
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Exercise  32.  Review  of  Areas 


1.  Find  the  side  of  a  square  whose  area  is  equal  to  tlie 
area  of  a  triaiio-le  of  base  2-1  in.  and  hei^lit  12  iii. 

2.  Find  the  height  of  a  parallelograui  of  base  88.2  iu. 
and  area  207.4  sq.  iu. 

3.  Find  the  lieiglit  of  a  trapezoid  whose  bases  are  !(>  iu. 
and  12  iu.  respeetively  and  whose  area  is  154  sq.  iu. 

4.  The  heiglit  of  a  trapezoid  is  10  iu.,  one  base  is  20  iu., 
and  the  area  is  170  sq.  iu.  Find  the  other  base. 

5.  Ill  this  figure,  given  that  the  paralleiograius  BCD  A 
and  CEFD  are  equivalent,  prove  that  tlie  triangle  formed 
by  joining  F  to  A  and  B  is  eipiivaleut 
to  eitfier  parallelogram. 

6.  In  the  same  figure  draw  AC  and 
FC.  Idieii  prove  cpiadrilateral  ACFD 
equivalent  to  either  parallelogram. 

7.  In  surveying  the  held  ABCD  the  surveyor  takes  a 
north  and  south  line  through  A,  draws  tlie  perpendiculars 
BB',  C6\  and  DO'  as  here  shown,  and  then  huds 
that  7^E'  =  19  rd.,  TT'  =  17.5  rd.,  Diy=7  rd., 

B'A  =  14  rd.,  B' C'  =  21  rd.,  and  AD’  =  13  rd. 

Find  the  area  of  the  held. 

From  the  sum  of  the  areas  of  trapezoids  B'BCC' 
and  C'CDiy  subtract  the  sum  of  the  areas  of  k^B'BA  and  ADD'. 

8.  Wishing  to  hud  the  area  of  a  held  ABCD  bounded 
on  one  side  by  a  river,  a  surveyor  plotted  the  map  as 
here  shown.  He  found  that  A/^'=13  rd.. 


P'  (/  =  9  rd.,  (/B'  =  11.5  rd.,  B'  B  =  9  rd., 
A/>  =  17.5rd.,  /^P'=21rd.,  QQ'  =  l{jvd., 
RB'  =  19  rd.,  and  BC  =  17.5  rd.  Find 
the  approximate  area  of  tlie  held. 


P'  Q' 
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133.  Pythagorean  Theorem.  You  have  learned  from 
arithmetic  or  from  Book  I  that  the  square  on  tlie  hypot¬ 
enuse  of  a  liglit  triangle  is  equiv¬ 
alent  to  tlie  sum  of  the  squares 
on  tlie  other  two  sides,  but  the 
fact  was  not  then  proved.  W e 
shall  now  prove  the  statement  true 
for  all  kinds  of  right  triangles. 

In  this  figure  can  you  see  any 
reason  for  believing  that  AJYO 
is  congruent  to  AABX^ 

Study  tlie  figure  carefully  and  make 
certain  that  the  reason  for  this  statement  as  to  congruence  is  clear. 

Can  you  see  any  reason  for  believing  that  A  A  VC  is 
equivalent  to  half  the  rectangle  AZ?  State  the  reason. 

Can  you  see  any  reason  for  believing  that  AABX  is 
equivalent  to  half  of  lA  ?  State  the  reason. 

Then  do  you  see  any  reason  for  believing  that  lA  is 
equivalent  to  rectangle  AZ^  State  the  reason. 

How  would  you  show  that  iA  =  BZ^. 

It  is  not  necessary  to  show  this  at  jiresent,  the  proof  being  given 
only  roughly  in  outline.  Simply  state  how  you  would  proceed. 

If  (A  =  BZ  and  IA  =  AZ,  to  what  square  is  a-  +  lA  equal  ? 

The  first  ])roof  of  this  theorem  is  attributed  to  Pythagoras  (about 
525  n.c.),  although  the  truth  of  the  proposition  was  known  earlier. 

134.  Projection.  If  from  the  ends  of  a  line  segment 

perpendiculars  to  another  line  are  c 

drawn,  the  segment  cut  off  on  the 
latter  is  called  the  projection  of 

the  first  line  upon  the  second.  !  V  ! 

A  c'  D'  B 

Here  V  is  the  projection  of  I  upon  AB 
and  in  §  ld3  YZ  is  the  projection  of  AC  upon  the  base  of  BY. 

JM3 
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Theorem.  Pythagorean  Theorem 

135.  The  square  on  the  hypotenuse  of  a  right  triangle 
is  equwalent  to  the  sum  of  the  squares  on  the  sides. 

Given  the  right  triangle  ABC  with  sides  a  and  h  and 
hypotenuse  c. 

lo  prove  that  c^  =  cd-\-W. 

Proof.  In  the  figure  suppose  CZ  drawn  parallel  to  AY. 
Draw  BX  and  6'!’. 


Since  and  r  are  rt. 


Anew  is  a  St.  Z, 

§21 

and 

line  BCTF  is  a  straight  line. 

§  20 

Similarly, 

line  ACT"  is  a  straight  line. 

Also 

AY=AB  and  AC=AX. 

§34 

F  urthermore. 

,  AYAC=ABAX. 

{For  each  is  the  sian  of  a  rt.  Z  and  the  ZB  AC.) 

Therefore  A  JVC  and  ABX  are  congruent. 

§  58 

Also 

AABX=hh\  §§  128,  118 

{For  they  have  the  same  base  AX  and  equcd  heights  AC.) 

and  similarly, 

AAYC=iAZ. 

Therefore 

n^^AZ. 

{For  their  halves  are  equal  A.) 

Similarly, 

11 

Therefore 

AZYBZ=a^  +  l?-, 

Ax.  1 

or 

c2  =  a^  + 

136.  Application.  In  the  lower  figure  on  the  opposite 
page  the  man's  eye  is  5  ft.  from  the  ground  and  48  ft. 
from  the  cliff,  and  the  cliff  is  33  ft.  high.  How  can  you 
find  the  distance  of  the  man’s  eye  from  the  top  of  the  cliff  ? 
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Exercise  33.  Pythagorean  Theorem 

1.  A  ladder  55  ft.  long  is  placed  against  a  wall,  the 
foot  of  the  ladder  being  33  ft.  from  the  base  of  the  wall. 
How  far  up  the  wall  does  the  ladder  extend? 

Carry  approximate  square  roots  to  two  decimals  and  use  the 
table  ou  page  280  for  s(piare  roots  of  whole  numbers  from  1  to  100. 

2.  A  schoolroom  is  40  ft.  long  and  30  ft.  wide.  Find 
the  length  of  a  diagonal  of  the  floor. 

3.  Find  the  height  of  an  isosceles  triangle  whose  base 
is  8  in.  and  whose  other  sides  are  each  15  in. 

4.  A  man  walking  directly  east  at  the  rate  of  4  mi.  an 
hour  leaves  a  station  just  as  a  train  passes  north  at  the  rate 
of  40  mi.  an  hour.  If  their  respective  rates  and  directions 
are  maintained,  how  far  apart  are  they  in  15  min.? 


Given  the  sides  of  a  right  tricmgle  cls  follows^  find  the 
length  ofi  the  hypotenuse : 


5.  20  ft.,  30  ft. 

6.  15  ft.,  10  ft. 

7.  18  yd.,  23  yd. 

8.  1.7  in.,  2.3  in. 


9.  0  mi.,  44  mi. 

10.  1  ft.  0  in.,  2  ft. 

11.  3  ft.,  4  ft.  2  in. 

12.  32  in.,  1  yd.  2  hr 


Given  the  hypotenuse  euid  one  side  of  a  right  triaoigle  as 
follows,  find  the  lengtli  ofi'  the  other  side: 

13.  35  in.,  28  in.  16.  2.3  in.,  0.9  in. 

14.  40  ft.,  30  ft.  17.  2  ft.  3  in.,  1  ft. 

15.  25  ft.,  15  ft.  18.  4  ft.,  2  ft.  3  in. 

19.  A  baseball  diamond  is  a  square  90  ft.  on  a  side. 
Find  to  the  nearest  tenth  of  a  foot  the  distance  from 
the  home  plate  to  second  base. 
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20.  Show  that  the  three  sides  of  a  right  triangle  may  be 

represented  by  2  —  1,  and  -\-l. 

We  here  assume  that  a  triangle  is  a  right  triangle  if  the  sum  of 
the  squares  on  two  sides  is  eijuivalent  to  the  s([uare  on  the  third 
side,  'this  is  a  converse  proposition  that  can  easily  l)e  proved,  but 
since  it  is  not  needed  in  sul)se(iuent  propositions  we  may  assume  its 
truth  for  the  purposes  of  these  exercises. 

21.  In  Ex.  20  give  to  n  fonr  values  and  thus  find  in 
integers  the  sides  of  four  different  right  triangles. 

22.  Show  that  the  three  sides  of  a  right  triangle  may  be 

represented  by  +  (f^  and  2 

23.  From  Ex.  22  find  in  integers  the  sides  of  fonr  dif¬ 
ferent  right  triangles. 

24.  A  room  is  25  ft.  long,  20  ft.  wide,  and  10  ft.  high. 
How  far  is  it  from  an  upper  corner  diagonally  through  the 
room  to  the  opposite  lower  corner  ? 

First  make  a  sketch ;  then  find  a  diagonal  of  the  fioor,  and  find 
the  hypotenuse  which  is  the  required  diagonal. 

25.  As  in  Ex.  24,  find  the  length  of  the  diagonal  of 
a  cube  whose  volume  is  27  cu.  in. 

26.  In  the  quadrilateral  ABCD  the  angles  A  and  B  are 
right  angles  and  AD  =  6  in.,  AB  =  2  in.,  BC  =  S  in.  Find 
the  length  of  CD. 

27.  In  the  quadrilateral  ABCD  the  angles 
right  angles  and  AB  =  10  in.,  BC  =  30  in.,  and 
Find  the  two  possible  lengths  of  AD. 

28.  Prove  the  Pythagorean  Theorem  by 
the  aid  of  this  figure. 

O 

By  taking  away  the  four  nundiered  triangles 
there  is  left  the  square  on  the  hypotenuse.  By 
taking  away  the  two  shaded  rectangles,  each  being 
twice  one  of  the  numbered  triangles,  there  is  left  the  sum  of  the  squares. 


A  and  B  are 
CD  =  26  in. 


V 
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Shoiv  that  triangles  with  sides  as  folloivs  are  right  triayigles  : 
29.  V2,  1,  1.  31.  V5,  2,  1.  33.  +1,  2  :r,  x^-1. 


30. 


34. 


X 


2. 


35.  A  parallelogram  ABXY  and  a  rectangle  ABCD  stand 
on  the  same  base  Ai>,  and  V  is  the  mid-point  of  Cl).  If 
AB  =  7  in.  and  /?6'=3in.,  what  is  the  length  of  BX? 

36.  In  Ex.  35  find  tlie  length  of  the  diagonal  AX. 

37.  Upon  any  two  sides  AC  and  BC  of  any  triangle 
ABC  two  parallelograms  CM  and  CX^  are  constructed. 
Two  sides  of  these 
parallelograms  are 
produced  to  meet  at 
Pas  here  shown.  FC 
is  produced  so  that 
QFi=FC\  and  the 
parallelogram  AT  is 

^  ^  ,  R  T 

constructed  with  BT 

equal  to  and  parallel  to  QR.  Prove  that  CM CN  =  AT. 

This  interesting  generalization  of  the  Pythagorean  Theorem  is 
due  to  a  Greek  geometer,  Pappus,  about  a.  d.  300.  It  is  not  difficult 
to  derive  the  Pythagorean  Theorem  from  it  by  starting  with  a  right 
triangle  and  by  making  CM  and  CN  scpiares. 


38.  A  lawyer  wishes  to  corroborate  the  testimony  of  a 
witness  C.  lie  can  corroborate  part  of  the  testimony  by 
A  if  he  can  prove  that  A  was  at  A^  at  a  certain  time, 
lie  can  corroborate  the  rest  of  the  testimony  by  B  if 
he  can  prove  that  B  made  a  certain  statement  to  Y. 
What  should  he  now  attempt  to  do  in  order  to  complete 
his  corroboration  of  C’s  testimony  ? 

Notice  that  the  argument  is  substantially  like  that  used  in  §  135. 
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VII.  PROBLEMS  OF  CONSTRUCTION 

137.  Problems  of  Construction.  In  Book  I,  and  also  on 
pages  140-147  of  this  book,  directions  were  given  for 
making  simple  constructions.  It  was  not  proved  at  either 
time  that  these  constructions  were  correct,  because  no 
theorems  had  been  studied  on  which  proofs  could  be  based. 
It  is  now  purposed  to  review  these  constructions,  to  prove 
that  they  are  correct,  and  to  apply  the  methods  employed 
to  the  solution  of  other  problems. 

138.  Nature  of  a  Solution.  A  solution  of  a  problem  has 
one  requirement  that  a  proof  of  a  theorem  does  not  have. 

In  a  theorem  we  have  three  general  steps:  (1)  Give% 
(2)  To  fTove^  (3)  Proof. 

In  a  problem  we  have  four  steps:  (1)  Given,  (2)  Re- 
quired  (to  do  some  defmite  thing),  (3)  Oonstrnction 
(showing  how  to  do  it),  (4)  Proof  (that  the  construction 
is  correct). 

We  prove  a  theorem,  but  we  solve  a  problem,  and  then 
prove  that  our  solution  is  a  correct  one. 

In  the  figures  of  this  text  the  given  lines  are  shown  as  full,  black 
lines ;  construction  lines  are  shown  as  dotted  lines. 

139.  Discussion  of  a  Problem.  Besides  the  four  neces¬ 
sary  general  ste})S  in  treating  a  })roblem,  there  is  another 
desirable  step  to  be  taken  in  many  cases.  This  step  is  the 
discussion  of  the  problem,  in  which  is  considered  whether 
there  is  more  tlian  one  solution,  under  what  conditions  the 
construction  is  impossilde,  and  other  similar  questions. 

In  like  manner  we  may  have  the  discussion  of  a  theorem. 

It  often  happens  that  a  full  statement  of  all  the  excep¬ 
tional  cases  of  a  proposition  would  be  too  long  to  be  readily 
understood.  The  discussion  of  the  proposition  allows  all 
these  cases  to  be  brought  up  and  explained. 
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Problem.  Bisecting  a  Line 


140.  Bisect  a  cjwen  line. 


/'V'' 

Given  the  line  AB. 

Refiuired  to  bisect  AB. 


Construction.  With  A  and  B  as  centers  and  radius 
greater  than  ^  AB,  draw  arcs. 

Call  the  points  of  intersection  of  the  arcs  X  and  F, 
and  draw  XY. 

Then  XY  bisects  AB. 


Proof.  Draw  AX,  BX,  AY,  and  BY. 

Let  the  intersection  of  AB  and  A^Fbe  called  AI. 

Then  AAYX  and  BYX  are  congruent,  §  72 

{Two  is  are  congruent  if  the  three  sides  of  one  are  equal  respectively  to 
the  three  sides  of  the  other.) 

and  hence  ZAX)'=ZBXY.  §64 

Hence  A  and  />A61/ are  congnient,  §58 

{Two  A  are  congruent  if  two  sides  and  the  included  Z.  of  one  are  equal 
respectively  to  two  sides  and  the  included  Z  of  the  other.) 

and  A  AT ^  BAT.  §54 

That  is,  AB  is  bisected  at  AL  §  14 


This  proves  the  accuracy  of  tlie  construction  given  in  §  15. 
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Problem.  Equal  Angles 

141.  Fr  ovi  a  cjwen  j^oint  hi  a  given  line,  constriiet  a 
line  making  eui  angle  eegual  to  a  given  emgle. 


Given  the  angle  AOB,  the  line  PQ,  and  the  point  P  in  PQ. 

Reriuirecl  from  P  to  eonstruct  a  line  making  ivith 
the  line  PQ  an  angle  eeiual  to  Z.AOB. 

Construction.  Witli  O  as  center  and  any  radius  draw  an 
arc  cutting  OA  at  C  and  OB  at  D,  and  draw  CD. 

With  P  as  center  and  OC  as  radius  draw  an  arc  cutting 
UQ  at  31. 

AVitli  J/as  center  and  CD  as  radius  draw  an  arc  cutting 
at  N  the  arc  which  was  just  drawn. 


Draw  FN. 

Then  Z  QPN  =  Z  A  OB. 

Proof. 

Draw  AIN. 

Then 

A\P3IN  and  OCT)  are  congruent, 

§72 

and  hence 

AQPN^AAOB. 

§  64 

This  jiroves 

the  accuracy  of  the  construction 

X 

given  in  §  19. 

n- 

_ rNo 

In  particular  we  can  now  draw  a  line  CD 

through  a  point  P  parallel  to  a  given  line  AB^ 

— 7^ - ^ 

since,  in  this 

figure,  we  can  draw  any  line 

/ 

A' r  through  P  and  cutting  AB,  and  can  then 

Y 

make  Zp  equal  to  /.q. 
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Problem.  Bisecting  an  angle 

142.  Bisect  a  ejiven  amile. 


Given  the  angle  AOB. 

Required  to  bisect  /-AOB. 

Construction.  With  0  as  center  and  any  convenient 
radius  draw  arcs  intersectinof  OA  at  X  and  OB  at  Y. 

With  A"  and  Y  as  centers  and  radius  greater  than  half 
the  distance  from  X  to  Y  draw  arcs. 

Call  the  point  of  intersection  of  these  arcs  F. 

Draw  OF.  Post.  1 

Then  OF  bisects  /AOB. 

Proof.  Draw  F*X  and  F  Y. 

Then  AOXF  and  OYF  are  congruent,  §  72 

and  hence  /AOF=/FOB.  §54 

Therefore,  by  definition  of  the  bisection  of  an  angle, 

/AOB  has  been  bisected.  §  23 

This  proves  the  accuracy  of  the  construction  given  in  §  28,  an 
accuracy  that  was  inferred  when  §  28  was  studied  but  that  is  now 
proved  beyond  all  question. 

In  particular  we  can  now  bisect  a  straight  angle,  which  would 
mean  constructing  a  Hue  ])er])endicular  to  a  given  line,  but  this  is 
more  conveniently  done  by  the  method  of  §  148. 
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PROBLEM.  Perpendicular  at  a  point  on  a  Line 

143.  Construct  a  ideridcndiculcrr  to  a  given  line  at  a 
given  point  in  the  line. 

\C/' 


1 


Given  the  point  P  in  the  line  AB. 

B.eguired  to  construct  a  ^Jerpenclicular  to  AB  at  P. 

Construction.  With  P  as  center  and  any  convenient 
radius  draw  arcs  cutting  AB. 

Call  the  points  of  intersection  X  and  Y. 

With  X  as  center  and  radius  greater  than  half  XY  draw 
an  arc  and  with  Y  as  center  and  the  same  radius  draw 
another  arc.  Call  one  intersection  of  the  arcs  C. 


Draw  CP. 

Then  CP  is  T  to  AB. 

Proof. 

Draw  CX  and  CY. 

Then 

A.XPC  and  YFC  are  congruent, 

§72 

and  hence 

XCPX  =  XCPY. 

§54 

Hence 

CP  is  J_  to  AB. 

§22 

In  this  case 

the  point  P  was  not  at  the  end  of  the  line  AB. 

If  it 

is  at  the  end  of  the  line,  we  may  produce  the  line  in  ordinary  cases 
and  proceed  as  above. 

Suppose,  however,  that  AB  is  the  edge  of  a  beam  between  two 
walls,  so  that  it  cannot  be  produced.  tVe  may  then  construct  a 
perpendicular  at  some  other  point  and  construct  a  parallel  to  this 
perpendicular  through  the  point  required. 
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PROBLEM.  Perpendicular  from  a  Point  Outside 

144.  Construct  ci  j^erpendkidar  to  a  given  line  tlirougli 
a  given  point  outside  the  line. 


p 


Given  the  line  AB  and  the  point  P  outside  the  line. 

Required  through  P  to  construct  a  tine qjerpendicidar 
to  AB. 

Construction.  With  P  as  center  and  any  convenient 
radius  draw  arcs  cutting  AB. 

Call  the  points  of  intersection  X  and  Y. 

AVith  .Y  and  Y  as  centers  and  any  convenient  radius 
draw  arcs  which  shall  intersect. 

Call  one  point  of  intersection  C. 

Draw  PC. 


Tlien  rC 

is  the  required  perpendicular. 

Proof. 

Draw  pa;  PF,  CA;  and  Ci; 

Then 

A  PCX  and  FCY  are  congruent, 

§72 

and  hence 

ZXPC=ZYBC. 

§54 

Hence 

APXM  and  PI  A/  are  congruent, 

§58 

and  hence 

ZPMX  =  ZFMY. 

§54 

Therefore 

PM  is  ±  to  AB. 

§22 

EXERCISE 


263 


Exercise  34.  Problems  of  Construction 

1.  Four  forts  are  so  situated  that  B  is  16  mi.  west  of  A, 
C  is  12  mi.  north  of  A,  and  is  12  mi.  south  of  A.  Con¬ 
struct  the  plan  to  the  scale  of  1  in.  to  4  mi.,  prove  that 
B  is  equidistant  from  C  and  D, 
and  find  the  distance  BC. 

2.  Show  how  this  instrument 
can  be  used  to  bisect  any  given 
angle,  as  Z.AOB. 

On  account  of  the  joints  and  other 
mechanical  features  of  such  an  instru¬ 
ment  this  method  of  bisection  is  not 
nearly  as  accurate  as  the  one  in  §  112. 

3.  Construct  the  bisector  of  the  vertical  angle  of  an 
isosceles  triangle  and  prove  that  it  is  the  perpendicular 
bisector  of  the  base. 

Ui<in<j  onlif  ruler  n}id  compasses^  eonstruet  these  anrjles : 

4.  45°.  6.  30°.  8.  150°.  10.  105°.  12.  75°. 

5.  60°.  7.  15°.  9.  120°.  11.  135°.  13.  22°  30'. 

If  the  student  checks  the  constructions  in  Exs.  4-13  with  a  j^ro- 
tractor,  he  will  see  that  the  geometric  method  of  ruler  and  compasses 
is  much  more  nearly  accurate  than  that  with  the  protractor  alone. 

Part  of  this  work  is  in  the  nature  of  review,  as  in  Exs.  4-7,  these 
cases  being  very  important. 

14.  Construct  a  parallelogram  such  that  one  of  the  four 
angles  is  one  third  of  a  right  angle. 

All  such  constructions  are  to  be  made  with  ruler  and  compasses 
alone  unless,  as  in  Ex.  15,  a  certain  measure  of  length  is  required. 

15.  Construct  a  square  whose  diagonal  is  1  in. 

16.  Construct  a  rectangle  such  that  one  diagonal  is  2  in. 
and  one  side  is  1  in. 


(> 
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17.  Draw  any  triangle  and  construct  the  bisectors  of 
the  three  angles.  Write  your  inference  as  to  the  way  m 
which  the  three  bisectors  intersect. 

If  the  figure  is  carefully  drawn,  a  correct  inference  will  probably 
be  made.  The  proof  of  this  inference  may  be  attempted  after  a 
study  of  loci  if  desired,  and  similarly  for  Exs.  18-22. 

18.  Draw  any  acute  triangle  and  construct  the  perpen¬ 
dicular  bisectors  of  the  three  sides.  Write  your  inference 
as  in  Ex.  17. 

19.  Consider  Ex.  18  for  a  right  triangle  and  also  for  an 
obtuse  triangle. 

20.  Draw  any  acute  triangle  and  construct  the  perpen¬ 
diculars  from  the  three  vertices  on  the  opposite  sides. 
Write  your  inference  as  in  Ex.  17. 

21.  Consider  Ex.  20  for  a  rio'ht  triang^le  and  also  for  an 
obtuse  triangle. 

22.  Draw  any  triangle  and  from  the  three  vertices 
construct  lines  bisecting  the  opposite  sides.  Write  your 
inference  as  in  Ex.  17. 

23.  Given  a  line  equal  to  the  perimeter  of  a  square, 
construct  the  square. 

24.  Given  two  of  the  angles  of  a  triangle,  construct  the 
triangle.  Discuss  the  question  whether  more  than  one 
such  triangle  can  be  constructed  and  give  the  reason. 

25.  Given  two  sides  and  the  included  angle  of  a  paral¬ 
lelogram,  construct  the  parallelogram. 

26.  Make  a  list  of  all  the  theorems  given  and  proved 
in  full  in  this  book,  stating  under  each  the  preceding 
theorems  used  in  its  proof. 

In  this  way  the  dependence  of  one  theorem  on  another  is  clearly 
seen,  and  the  significance  of  a  logical  sequence  becomes  apparent. 
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VIII.  LOCI 

145.  Locus.  Ill  the  geometry  in  Book  I  we  considered 
three  questions  relating  to  an  object :  What  is  its  shape  ? 
How  large  is  it?  Where  is  it?  We  shall  now  consider 
more  fully  tlie  geometry  involved  in  this  third  question. 

The  path  of  a  point  that  moves  according  to  certain 
given  geometric  conditions  is  called  the  locus  of  the  point. 

Thus,  considering  for  the  present  only  figures  in  a  plane,  a  j^oint  at 
a  given  distance  from  a  given  line  of  indefinite  length  is  evidently  in 
one  of  two  lines  parallel  to  the  given  line 
and  at  the  given  distance  from  it.  Thus, 
if  AB  is  the  given  line  and  d  the  given 
distance,  the  locus  is  evidently  the  pair  of 
parallel  lines  VF  and  X'Y'. 

The  locus  of  a  point  in  a  plane  at  a  given  distance  r  from  a  given 
point  0  is  evidently  the  circle  described  with  center  0  and  radius  r. 

The  plural  of  locus  (a  Latin  word  meaning  ”  place  ”) 
is  loci  (usually  pronounced  lo-si). 

We  may  think  of  the  locus  as  the  place  of  all 
points  that  satisfy  certain  given  geometric  conditions, 
and  speak  of  the  locus  of  points.  Both  expressions, 
locus  of  a  point  and  locus  of  points,  are  used. 


Exercise  35.  Loci 

State  without  loroof  the  loci  of  these  points  in  a  plane : 

1.  A  point  2  in.  from  the  right-hand  edge  of  this  page. 

2.  A  point  1  ill.  from  this  dot  (•). 

3.  A  point  at  the  center  of  the  hub  of  an  automobile 
wheel  of  diameter  38  in.,  moving  straight  on  a  level  road. 

4.  A  point  that  moves  so  as  always  to  be  equidistant 
from  the  lower  edge  and  the  right-hand  edge  of  this  page. 

5.  A  point  e(|uidistant  from  two  given  parallel  lines. 

6.  The  lowest  point  of  the  pendulum  of  a  clock. 
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146.  Proof  of  a  Locus.  To  prove  that  a  certain  line  or 
group  of  lines  is  the  locus  of  a  point  that  fulfills  a  given 
condition,  it  is  necessary  and  sufficient  to  prove  two  things : 

1.  That  any  point  in  the  supposed  loeus  satisfies  the  given 
eonditioii. 

2.  That  any  2V)i}it  oatside  the  supposed  hens  does  not  satisfy 
the  given  condition. 

For  example,  if  we  wish  to  find  the  locus  of  a  i)oiiit  equidistant 
from  the  intersecting’  lines  AH  and  Cl),  shown  in  tlie  figure,  it  is 
not  sutiicient  to  prove  that  any  point  on  the 
angle-bisector  PQ  is  equidistant  from  AB  and 

CD,  because  the  line  PQ  may  be  only  })art  _ Q 

of  the  locus.  Tt  is  necessary  to  laove  that  ^ 

^ 

no  point  outside  of  J^Q  satisfies  the  condition.  / 

In  fact,  in  this  case  there  is  another  line  in 

the  locus,  the  bisector  of  the  Z.BOD,  as  will  be  shown  in  §  148. 


Exercise  36.  Drawing  Loci 

Draw  the  loci  of  these  points  in  a  jyhme,  giving  no  jacoofs : 

1.  A  point  ^  in.  from  the  vertex  of  a  given  isosceles 
triangle. 

2.  A  point  in.  below  the  base  of  the  triangle  in  Ex.  1. 

3.  A  point  in.  from  the  base  of  the  triangle  in  Ex.  1. 

4.  A  point  -J-  in.  from  either  of  the  two  equal  sides  of 

the  triangle  in  Ex.  1. 

5.  A  point  -J-  in.  within  the  circle  described  with  radius 
1  in.  about  a  given  point  0. 

6.  A  point  -A-  in.  from  the  circle  in  Ex.  5. 

7.  A  point  less  than  1  in.  from  a  given  point. 

From  Ex.  7  we  see  that  a  locus  need  not  always  be  a  line  or  a 
group  of  lines.  In  this  ca.se  the  locus  is  a  portion  of  the  plane. 
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Theorem.  Points  equidistant  from  points 


147.  The  locus  of  a  point  ecptidistant  from  the  ex- 
tremities  of  a  rjiveii  line  is  the  perpendieular  bisector  of 
the  line. 


Given  FO,  the  perpendicular  bisector  of  the  line  AB. 

To  prove  that  YO  is  the  locus  of  a  point  equidistant 
from  A  and  B. 

Proof.  Let  P  be  any  point  in  TO;  C  any  point  not  in  YO. 


Draw  the  lines  PA,  PB,  CA,  and  CB. 

Now  AO  =  BO,  Given 

OP  =  OP, 

and  YAOP  =  YBOP.  §21 

Therefore  AAOP  and  BOP  are  congruent,  §  58 

and  lienee  PA  =  PB.  §  54 

Let  CA  cut  the  perpendicular  at  D,  and  draw  I)B. 
Then,  as  above,  DA=I)B. 

But  CB  <  CD  +  DB.  Post.  2 

Therefore  CB  <  CD  A- DA, 

or  CB  <  CA. 

Therefore  TO  is  the  required  locus. 


JM3 


§146 
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Theorem,  points  Equidistant  from  Lines 

148.  The  locus  of  a  point  equidistant  from  two  gwen 
intersecting  lines  is  the  pair  of  lines  hisecting  the  ancjles 
formed  hj  the  lines. 


Given  XX'  and  YY'  intersecting  at  0,  AC  the  bisector  of 
angle  X'OF,  and  BD  the  bisector  of  angle  YOX. 

To  proee  that  the  qjair  of  lines  AC  and  BD  is  the 
locus  of  a  point  equidistant  from  XX'  and.  YY’ . 

Proof.  Suppose  that  P  is  any  point  on  AC  or  i>i),  and 
tliat  Q  is  any  point  not  on  either  AC  or  BD. 

Construct  Js  PM  and  QR  from  P  and  Q  upon  XX’ ^  and 
Js  PN  and  QS  from  P  and  Q  upon  YY'.  §  144 

Now  Z  MOP  =  /  NOP,  Given 

and  OP  =  OP. 

Also  AAI  and  are  rt.  Z. 

{For  PM  is  _L  to  XX'  and  PN  is  _L  to  YY\  by  construction.) 

Hence  A  OMJ*  and  ONP  are  congruent,  §  74 

{For  we  have  the  case  of  the  hypotenuse  and  an  acute  A.) 

and  hence  PM  =  PN.  §  54 

Therefore  every  point  on  AC  is  on  tlie  locus.  Similarly 
every  point  on  BD  is  on  the  locus. 


EQUIDISTANT  POINTS 


269 


Since  the  point  Q  is  so  taken  that  it  is  not  on  AC\  it 
must  lie  either  above  AC  or  below  NU,  and  hence  either 
QR  or  QS  must  cut  AC. 

Su^^pose  that  QS  cuts  AC  at  P'. 

Draw  F'T  1.  to  XX\  and  draw  QT.  §  ld4 

Then,  as  before,  F'T  —  R'S. 


But 

and 

Therefore 


F’T  +  F'Q>QT, 
QT>  QR. 
F’TXF’Q>  QR. 


Post.  2 
Post.  8 


(For,  if  P'T+  P'Q>  QT  and  QT>  QR,  so  much  the  more  is 
P'T+P'Q>QR.) 


In  this  inequality,  substituting  F'S  for  its  equal,  F' T, 
we  have  F'SA-  F'Q>QR,  or  QS>  QR. 


Hence  any  point  not  on  AC  or  BT)  is  not  on  the  locus, 
dlierefore  the  pair  of  lines  A  Uand  BI)  is  the  locus.  §  146 

{For  it  has  been  proved  that  all  'points  on  AC  and  RD,  and  no  other 
points,  are  equidistant  from  XX'  and  YY'-.) 

149.  Method  of  Finding  a  Locus.  To  find  the  locus  of 
a  point,  first  find  several  possible  positions  of  the  point, 
so  as  to  fix  in  mind  the  nature  of  the  locus. 


It  the  locus  appears  to  lie  a  circle,  try  to  prove  that  the  i)oint  is 
always  at  the  same  distance  from  a  fixed  point ;  if  it  ajipears  to  be  a 
straight  line,  or  two  or  more  straight  lines,  try  to  prove  that  the 
point  is  always  equidistant  from  two  fixed  pmnts  or  two  fixed  lines, 
or  that  it  is  always  at  the  same  distance  from  a  fixed  line,  or  that 
the  line  joining  this  point  to  some  fixed  point  always  makes  the 
same  angle  with  some  fixed  line. 

If  a  particular  point  is  required,  try  to  show  that  it  lies  on  each 
of  two  intersecting  lines,  in  which  case  it  is  the  point  of  iiitersection. 

If  the  locus  of  a  point  is  required,  the  distance  of  this  point  from 
a  fixed  line  being  less  than  ^  in.,  the  locus  is  evidently  a  strip  of  the 
plane  bounded  by  lines  4  in-  on  either  side  of  the  fixed  line. 
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Exercise  37.  Loci 

1.  A,  B,  and  C  are  three  villages  located  as  here  shown. 
It  is  decided  to  establish  a  union  school  for  tliese  three 
villages,  locating  the  building  so  as  to  be 

equidistant  from  them.  Show  by  con¬ 
struction  the  location  of  the  building. 

In  a  inactical  case  of  course  the  distance  along  established  roads 
would  have  to  be  considered,  and  similarly  for  Ex.  2. 

2.  A  ma[)  is  here  shown,  R  representing  a  railway  and 
A  and  B  ttvo  villages.  It  is  proposed  to  build 
a  station  S  on  the  railway  at  a  point  equidis¬ 
tant  from.!  and  B.  Construct  the  position  of  S. 

3.  hhnd  the  locus  of  the  vertices  of  all  triangles  having 
a  common  base  and  the  same  area. 

In  every  such  case  limit  the  locus  to  one  plane  and  give  the  proof. 

4.  Find  the  locus  of  points  less  than  in.  from  a 
given  point. 

In  such  a  case  the  locus  is  part  of  the  plane. 

5.  Find  the  locus  of  points  ^  in.  from  a  given  line  passing 
through  a  given  point  and  less  than  1  in.  from  that  point. 

6.  Find  tlie  locus  of  })oints  within  a  given  inch  square  and 
more  than  ^  in.  from  the  intersection  of  the  diagonals. 

7.  (Tiven  the  triangle  .1/>C,  find  a  point  that  is  equi¬ 
distant  from  AB  and  BC  and  also  equidistant  from  AB 
and  A(\  If  it  is  e({uidistant  from  all  three  sides,  where 
does  it  lie  with  respect  to  the  bisector  of  AC? 

8.  (liven  the  triangle  AB>C\  find  a  point  that  is  e(pii- 
distant  from  .1  and  B  and  also  equidistant  from  A  and  C. 
If  it  is  equidistant  from  all  three  points,  where  does  it  lie 
with  respect  to  the  perpendicular  bisector  of  BC^. 
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IX.  REVIEW 

150.  General  Suggestions.  Having  now  proved  some  of 
the  most  important  theorems  upon  whicli  the  science  of 
^  geometry  rests,  and  having  solved  some  of  the  basal  prob¬ 
lems  of  construction,  we  shall  review  the  work  accom¬ 
plished,  doing  this  by  means  of  original  exercises  involving 
the  propositions  which  liave  been  studied. 

As  soon  as  it  could  profitaljly  be  done  we  gave  a  num¬ 
ber  of  directions  (§  77)  for  attacking  an  original  exercise, 
but  the  time  has  now  come  for  adding  furtlier  directions 
based  upon  the  leading  propositions  which  have  been  given. 
This  is  particularly  necessary  at  this  time  because  the  ex¬ 
ercises  no  longer  follow  some  particular  theorem  or  prol)- 
lem,  and  lienee  there  is  no  hint  as  to  the  propositions  liy 
which  they  can  probably  be  proved  or  solved.  Ihirt  of  the 
interest  of  tlie  student  in  geometry,  however,  comes  from 
tlie  necessity  for  discovering  the  way  for  himself. 

The  student  should  lirst  review  §  77  and  then  consider 
the  following  additional  suggestions : 

1.  If  two  are  to  he  proved  equal,  tri/  to  prove  them  corre- 
spojidin//  sides  of  eone/ruent  triangles,  or  sides  of  an  isosceles  tri¬ 
angle,  or  opposite  sides  of  a  ptarallelogram,  or  segments  between 
parallels  that  cut  equal  segments  from  a  transversal. 

2.  If  two  amgles  are  to  he  proved  equal,  try  to  qvrove  them 
alternate  angles  of  parallel  lines,  or  corresqoomluig  a}agles  of 
congruent  triangles,  or  base  angles  of  an  isosceles  triangle, 
or  opposite  angles  <f  a  parallelogram. 

3.  If  no  other  method  seems  to  promise  good  results,  assume 
that  the  theorem  is  false  and  then  show  that  this  assumq)tion 
leads  to  an  edtsurdity. 

This  is  called  the  indirect  method  or  the  red  actio  ad  absurd  am.  It 
will  be  illustrated  in  the  exercises  on  page  27(J. 
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Exercise  38.  Equal  Lines 

Prove  the  foUowiny  theorems  relating  to  equal  lines  : 

1.  (liven  any  point  F  on  the  bisector  of  an  angle  AOB, 
i>A  l)eing  ecpial  to  prove  that  BF  —  AP. 

2.  In  Ex.  1  prove  that  the  perpendiculars  to  the 
line  OF  from  the  points  A  and  B  are  equal. 

3.  In  Ex.  1  prove  that  the  perpendiculars  from  the 
point  F  to  the  lines  ()A  and  OB  are  equal. 

4.  Tn  this  ligiire  AB  =  AF  and  BC  —  DC. 

Prove  that  C  lies  on  the  bisector  of  A  A. 

5.  In  Ex.  4  prove  that  A  lies  on  the  bisector  of  A  BCD. 

6.  In  this  figure,  AC  and  BC  have  been  produced  to 
A'  and  B'  respectively  so  that  CA'  =  AC 

and  CB'  —  BC.  State  four  other  pairs  of 
equals  and  prove  the  statements. 

7.  If  AB  =  AC  in  the  A  ABC,  and  on  AB  and  AC  there 
are  laid  oft'  from  A  the  equal  segments  AiM  and  AN  re¬ 
spectively,  prove  that  BN  =  CAL 

8.  In  a  parallelogram  A  BCD  perpendiculars  are  drawn 
from  A  and  C  upon  the  diagonal  BD.  Find  three  pairs  of 
congruent  triangles  and  prove  the  congruence  in  each  case. 

9.  In  a  parallelogram  ABCD,  if  BQ 
bisects  AD  and  DP  bisects  BC,  then 
F>(^)  and  DF  divide  AC  into  three  equal 
segments. 

10.  The  perpendiculars  from  the  three  vertices  of  an 
equilateral  triangle  to  the  opposite  sides  are  equal. 

11.  From  the  vertex  of  the  right  angle  of  a  right  tri¬ 
angle  a  line  is  drawn  to  the  mid-point  of  the  hypotenuse. 
Prove  that  this  line  is  equal  to  half  the  hypotenuse. 
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Exercise  39.  Equal  Angles 


Prove  the  folloiving  theorems  relating  to  equal  angles : 

1.  A  line  drawn  parallel  to  any  side  of  an  equilateral 
triangle  makes  an  equilateral  triangle  with  the  other  sides, 
or  with  those  sides  produced. 


2.  The  bisector  of  the  exterior  angle  at  the  vertex  of 


an  isosceles  triangle  is  parallel  to  the  base. 

3.  In  this  hgare,  OF  is  the  bisector  of 
/LAOB^  FM  is  parallel  to  BO,  and  FN  to 
AO.  Prove  that  OF  bisects  Z.NFAL 


4.  Lines  drawn  perpendicular  to  the  bisector  of  an 
angle  make  equal  angles  with  the  arms  of  the  angle. 

5.  In  this  figure,  AB  =  AC,  and  AM=AN. 

Name  all  the  pairs  of  equal  angles  in  tlie 
figure  and  prove  your  statements. 

6.  If  a  line  drawn  perpendicular  to  BC, 
the  base  of  an  isosceles  triangle  ABC,  cuts  AB  at  F,  and 
cuts  CA  produced  at  Q,  prove  that  AAFQ  =  Z.FQA. 

7.  The  bisectors  of  any  two  angles  of  an  equilateral 
triangle  form  at  their  point  of  intersection  an  angle  equal 
to  any  exterior  angle  of  the  triangle. 

8.  The  bisectors  of  the  equal  angles  of  an  isosceles 
triangle  form  with  the  base  an  isosceles  triangle. 

9.  The  bisectors  of  two  adjacent  angles  of  a  rectangle 
are  perpendicular  to  each  other. 

10.  T  wo  lines  perpendicular  respectively  to  the  two 
arms  of  a  given  angle  form  an  angle  which  is  eitlier 
equal  to  or  supplementary  to  the  given  angle.  Consider 
the  two  cases,  prove  each,  and  state  in  which  case  the  twm 
angles  are  equal  and  in  which  case  they  are  supplementary. 
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Exercise  40.  Congruent  Triangles 

Prove  the  following  theorems  hg  shoiving  that  two  triangles 
are  congruent : 

1.  A  perpendicular  to  the  bisector  of  an  angle  forms 
with  the  arms  an  isosceles  triaimle. 

O 

2.  If  two  lines  bisect  each  other  at  right  angles,  any 
point  in  either  is  equidistant  from  the  ends  of  the  other. 

3.  If  the  equal  sides  xiB  and  /I C'  of  an  isosceles  triangle 
are  produced  to  F  and  Q  respectively  so 
as  to  make  AF  =  A(f  then  FQ  =  CF. 

4.  In  Ex.  3  state  two  pairs  of  e(pialities 
of  angles  and  prove  the  two  statements. 

5.  In  Ex.  4  prove  that  FX=(JX. 

6.  If  M  is  the  mid-point  of  the  side  Cl)  of  a  square 

ABCD,  the  A  ABM  is  isosceles.  m 

7.  If  J\[  is  the  mid-point  of  the  side  CF 
of  the  rectangle  ABC  I),  then  AF=BF. 

8.  In  Ex.  7  show  that  MO  produced  bisects  the  side  AB. 

9.  If  either  diagonal  of  a  parallelogram  bisects  one  of 
the  angles,  the  sides  of  the  parallelogram  are  all  equal. 

10.  Tlie  diagonals  of  a  square  are  perpendicular  to  each 
other  and  bisect  the  angles  of  the  square. 

11.  In  bridge  building  the  simple  construction  here 
shown  is  occasionally  used.  The  beams  AF  and  AF^  rest 
loosely  on  the  perpendicular 

plate  of  the  support  OA.  The 
rods  OF  and  OF'  are  fastened 


o 

at  0,  P,  and  F' .  Show  by  means 
of  the  congruence  of  certain 

triangles  that  the  bridge  will  support  a  weight  at  A. 
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Exercise  41.  Parallels  and  Angle  Sums 

Prove  the  following  theorems  relating  to  parallels  or  to 
angle  sums : 

1.  The  bisectors  of  any  two  angles  of  a  parallelogram 
are  either  perpendicular  to  or  parallel  to  each  other. 

The  discussion  should  show  that,  in  special  cases,  the  bisectors 
coincide.  Theorems  are  usually  stated  iii  a  general  form  like  this 
theorem,  and  it  is  left  to  the  student  to  consider  the  special  cases. 

2.  The  line  joining  the  mid-points  of  the  equal  sides  of 
an  isosceles  triangle  is  parallel  to  the  base. 

3.  From  any  point  P  on  the  side  AB  of  a  pentagon 
ABODE  draw  FC^  FD^  FE  and  prove  that  the  sum  of 
the  interior  angles  of  the  pentagon  is  three  straight  angles. 

4.  In  the  figure  here  shown  prove  that 
ZG  ffb+ed  =  EBCD. 

5.  Discuss  Ex.  4  when  /.BCD  is  a 
straight  angle  ;  when  /  BCD  is  greater  than  a  straight  angle. 

6.  Find  the  sum  of  the  angles  of  the  figure  in  Ex.  4. 

7.  In  the  figure  here  shown,  ABC  is  an 
equilateral  triangle  and  F  and  Q  are  the 
mid-points  of  AC  and  BC  respectively. 

Prove  that  /AXB  is  the  supplement  of  /C, 

8.  The  opposite  angles  of  the  quadrilateral  formed  by 
the  bisectors  of  the  interior  angles  of  any  quadrilateral 
are  supplementary. 

9.  Find  the  sum  of  the  angles  in  a  figure  of  17  sides: 

10.  What  is  the  number  of  degrees  in  each  angle  of  a 
regular  polygon  of  24  sides  ? 

11.  If  each  angle  of  a  regular  polygon  is  156°,  how 
many  sides  has  the  polygon  ? 
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Exercise  42.  Indirect  Method  of  Proof 

1.  Given  ABC  and  ABD,  two  triangles  on  the  same 
base  AB,  and  on  the  same  side  of  it,  the  vertex  of  each 
triangle  being  outside  the  other.  If  G(7is  equal 
to  AD^  prove  that  BC  cannot  be  equal  to  BD. 

Assume  that  BC  =  BD  and  show  that  the  result  is 
absurd,  since  the  e({uality  of  BC  and  AD  would  make 
1)  fall  on  C,  which  is  contrary  to  the  given  conditions. 

If  the  result  is  absurd,  the  assumption  that  BC  =  BD  must  be 
false.  But  if  RC  cannot  be  ecpial  to  BD,  then  the  theorem  is  proved. 

This  illustrates  the  indirect  method  referred  to  in  §  150. 

2.  On  the  sides  of  the  angle  ATdVtwo  equal  segments  OA 
and  OB  are  taken.  On  AB  a  trianq-le  APB  is  constructed 
with  AF  greater  than  BP.  Prove  that 
OP  cannot  bisect  the  angle  XOY. 

Assume  that  OP  does  bisect  ZXOY.  What  is 
the  result?  Is  this  result  possible? 

3.  From  d/,  the  mid-point  of  a  line  AB,  AIC  is  drawn 
oblique  to  AB.  Prove  that  CA  cannot 
be  equal  to  CB. 

Assume  that  CA  does  equal  CB.  What  is  the 
result?  Is  this  result  possible? 

4.  If  perpendiculars  are  drawn  to  the  sides  of  an  acute 
angle  from  a  point  within  the  angle,  they  cannot  inclose  a 
rip^ht  ancrle  or  an  acute  anp-le. 

o  o  o 

Assume  that  they  inclose  a  right  angle  and  show  that  this  leads 
to  an  absurdity.  Similarly  for  an  acute  angle. 

5.  One  of  the  equal  angles  of  an  isosceles  triangle  is 
five  ninths  of  a  right  angle.  Prove  that  the  angle  at  the 
vertex  cannot  be  a  right  angle. 

Assume  that  the  angle  at  the  vertex  is  a  right  angle.  Is  the 
result  })Ossible?  If  not,  what  is  your  conclusion? 
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Exercise  43.  Miscellaneous  Exercises 

1.  Write  the  theorems  relating  to  parallel  lines,  and 
under  each  one  write  the  theorems  used  in  the  proof. 

Exs.  1-3  refer  to  the  basal  theoreiiis  proved  in  the  book. 

2.  Write  the  theorems  relating  to  congruent  triangles, 
and  under  each  write  the  theorems  used  in  the  proof. 

3.  Write  the  theorems  relating  to  equal  angles,  and 
nnder  each  write  tlie  theorems  used  in  the  proof. 

Write  a  list  of  the  more  important  special  properties  of 
each  of  the  following  figures  : 

4.  Isosceles  triangle.  6.  Right  triangle. 

5.  Equilateral  triangle.  7.  Parallelogram. 

8.  If  the  opposite  sides  of  a  hexagon  ABCDEF  are 
equal,  and  if  one  pair  of  opposite  sides  are  parallel,  then 
the  opposite  angles  of  the  hexagon  are  equal. 

LetqZi  and  DE  be  the  parallel  sides.  Draw  AE  and  BD. 

9.  If  one  of  the  eciual  sides  of  an  isosceles  triangle  is 
produced  through  the  vertex  by  its  own  length,  the  line 
joining  the  end  of  the  side  produced  to  the  nearer 
end  of  the  base  is  perpendicular  to  the  base. 

Z  DBA  is  a  rt.  Z  if  it  is  equal  to  the  sum  of  what 
angles  of  EABD'l  It  is  equal  to  this  sum  if  Z p  is  equal 
to  what  angle  and  Z  ry  is  equal  to  what  other  angle  ? 

10.  If  the  line  drawn  from  the  vertex  of  a  triangle  to 
the  mid-point  of  the  base  is  equal  to  half  the  base,  the 
angle  at  the  vmrtex  is  a  right  angle. 

11.  If  through  any  point  in  the  bisector 
of  an  angle  a  line  is  drawn  parallel  to  either 
arm,  the  triangle  thus  formed  is  isosceles. 
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12.  The  bisectors  of  the  angles  of  a  triangle  are  con¬ 
current  in  a  point  ecinidistant  from  the  sides  of  the  triangle. 

Lines  are  concurrent  when  they  all  meet  in  the  same  point. 

(riven  the  ])isect()rs  of  AB  and  C  meeting  at  0.  Draw  OA,  and 
from  O  draw  UD,  (>E,  and  OF  A  to  7tC,  CA,  and  AB  respectively. 
We  must  prove  that  OA  bisects  A  A.  First  prove  OE  =  01),  and 
then  Ol"=0l).  AVhat  follows?  Ese  §  148. 


13.  The  bisectors  of  two  exterior  angles  of  a  triangle 
intersect  on  the  bisector  of  the  third  interior  angle. 

14.  T1  le  perpendicular  bisectors  of  the  sides  of  a  triangle 
are  concurrent  in  a  point  equidistant  from  the  vertices. 

(riven  two  of  the  A  meeting  at  O.  Join  O  to  the  mid-point  of  the 
third  side.  What  must  he  })roved  about  this  joining  line?  AVhere 
does  O  lie  with  res])ect  to  the  _L  l)isector  of  the  third  side? 


15.  The  perpendiculars  from  the  vertices  of  a  triangle 
to  the  opposite  sides  are  concurrent.  c 

(liven  theJsJgy,  BB,  and  CF.  'Flirongh 
.1,  B,  ('  draw  B'O',  C'A',  and  A'B'  i)arallel  to 
(7rWl(Vaud  BA  respectively.  Now  show  that 
C'A  =BC  =  AB'.  In  the  same  way,  what  are 
the  mid-points  of  C'A'  and  A'B'‘i  IIow  does 
this  ]>rove  that  .4(^,  BR,  and  CP  are  the  ±  bisectors  of  the  sides  of 
the  AA'B'C').  Proceed  as  in  Ex.  14. 
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16.  The  lines  joining  the  vertices  of  a  triangle  to  the 
mid-points  of  the  opposite  sides  are  concurrent  in  a  point 
two  thirds  of  the  distance  from  each  vertex  to  the  mid-point 
of  the  opposite  side. 

Fwo  such  lines,  as  A  Q  and  CP,  meet  as  at  0.  If 
1"  is  the  mid-point  of  .4  O,  and  A'  the  mid-point  of 
CO,  show  that  IhY  and  77?  are  II  to  J  C  and  ecpial 
to  Then  show  that  AY—YO=OQ  and 

that  CX  =  XO=OP.  Hence  amj  such  line  cuts 
off  on  anil  other  such  line  what  fraction  of  the  distance  from  the 
vertex  to  the  mid-point  of  the  opposite  side  ? 
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Length 

12  inches  (in.)  =  1  foot  (ft.) 

3  feet  =  1  yard  (yd.) 

5|  yards,  or  16|  feet  =  1  rod  (rd.) 

320  rods,  or  5280  feet=l  mile  (mi.) 

Square  Measure 

144  square  inches  (sq.  in.)  =  1  square  foot  (sq.  ft.) 

9  square  feet  =  1  square  yard  (sq.  yd.) 
30|  square  yards  =  1  square  rod  (sq.  rd.) 

160  square  rods  =  1  acre  (A.) 

640  acres  =  1  square  mile  (sq.  mi.) 

Equivalents 

231  cu.  in.  =  l  gal.  2150.42  cu.  in.  =  1  bu. 

Metric  Length 

10  millimeters  (mm.)  =  1  centimeter  (cm.) 

10  centimeters  =  1  decimeter  (dm.) 

10  decimeters  =  1  meter  (m.) 

1000  meters  =  1  kilometer  (km.) 

Metric  Weight 

1000  grams  (g.)  =  1  kilogram  (kg.) 

1000  kilograms  =  1  metric  ton  (t.) 

Metric  Capacity 

100  liters  (1.)  =  1  hektoliter  (hi.) 
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TABLES  FOR  REFERENCE 


PowEifs  AXD  Roots 


No. 

Squares 

Cubes 

Sfiuare 

Roots 

Cube 

Roots 

1; 

Squares 

Cubes 

Square  j 
Roots 

1 

Cube 

Roots 

1 

1 

1 

1 .000 

1 .000 

.51 

2,001 

132,051 

7.141 

3.708 

2 

4 

8 

1.414 

1 .200 

52 

2,704 

140,008 

7.211 

3.  /  3t5 

3 

9 

27 

1.7.32 

1 .112 

5.3 

2.809 

148,877 

7.280 

3.750 

4 

10 

01 

2.000 

1.587 

54 

2,910 

1.57,404 

7.348 

3.780 

5 

25 

125 

2.230 

1.710 

55 

3,025 

100,375 

7.410 

3.803 

6 

30 

210 

2.449 

1.817 

50 

.3,130 

175,010 

7.483 

3.820 

7 

4'.) 

313 

2.040 

1.913 

.57 

3,249 

185,193 

7.550 

3.849 

S 

04 

512 

2.828 

2.000 

58 

3,304 

195,112 

7.010 

3.871 

9 

81 

729 

1.000 

2.080 

59 

3,481 

205,379 

7.081 

3.893 

10 

100 

1 ,000 

S.102 

2.154 

00 

3,000 

210,000 

7.710 

3.915 

11 

121 

1,.331 

1.317 

2.224 

01 

3,721 

220,981 

7.810 

3.930 

12 

114 

1.728 

1.104 

2.289 

02 

3,844 

238,.328 

7.874 

3.958 

lo 

109 

2,197 

3.000 

2.354 

03 

3,909 

250,017 

7.937 

3.979 

14 

190 

2,714 

1.742 

2.410 

04 

4,090 

202,114 

8.000 

4.000 

15 
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